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Software

Program Title: IGA-ADS (Isogeometric Analysis Alternating
Directions Solver)

Code: git clone https://github.com/marcinlos/iga-ads
Licensing provisions: MIT license (MIT)

Programming language: C++

Nature of problem: Solving non-stationary problems in 1D, 2D and
3D

Solution method: Alternating direction solver with isogeometric
finite element method

If you use this software in your work, please cite

Marcin tos, Maciej Wozniak, Maciej Paszynski, Andrew Lenharth,
Keshav Pingali IGA-ADS : Isogeometric Analysis FEM using ADS

solver, Computer & Physics Communications 217 (2017) 99-116
(available on researchgate.org)



Software

Program Title: IGA-ADI-SM (Isogeometric Alternating Directions
Implicit Shared Memory Solver)

Code https://github.com/kboom/iga-adi-sm

Programming language: JAVA

Nature of problem: Solving 2D projections and non-stationary
problems

Solution method: Alternating direction solver with isogeometric
finite element method

Details described in

Grzegorz Gurgul, Maciej Paszynski, Object-oriented implementation
of the Alternating Directions Implicit Solver for Isogeometric
Analysis, submitted to Advances in Engineering Software (2018)



Recursive definition of 1D B-splines

J.A. Cottrel, T.J.R. Hughes, Y. Bazilevs, Isogeometric Analysis.
Toward Integration of CAD and FEA, Wiley, (2009).
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Figure: Recursive formulae for B-spline basis functions and its explanation
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Representation of B-splines by knot vectors

J.A. Cottrel, T.J.R. Hughes, Y. Bazilevs, Isogeometric Analysis.
Toward Integration of CAD and FEA, Wiley, (2009).

Figure: B-spline basis functions represented by knot vector
{0,0,0,1,2,3,4,4,5,5,5}
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Tensor product definition of 2D B-spline basis functions

Figure: Tensor products B-splines basis funcitions

o 1D B-splines basis By (x), ..., Bf, (x), B{(y).-.., By, (¥).

@ 2D B-splines basis B; j(x,y) = B¥(x) * Bj.’(y)
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Projection with isogeometric finite element method

Figure: 2D terrain bitmap and its continuous B-spline approximation

@ We want to approximate a BITMAP(x,y) with a linear
combination of B-splines
u(x,y) ~ BITMAP(x, y)
where u(x, y) = 3=; ; ui ;B (x) B/ ()

@ How to construct a system of linear equations to get the
coefficients wu; ;? 8/83



Projection with isogeometric finite element method

@ We choose several “test functions” v, and use them to average
the BITMAP at test functions supports
Ju(x,y)v(x,y)dx = [ BITMAP(x,y)v(x,y)dx

@ Each selection of v = B}(x)B/(y) leads to one equation
Ju(x,y)B*(x) = B}/(y)dx =/ BITMAP(X,y)B;((X)B}/(y)dX

R

Figure: One exemplary selection of v =B7(x)B/(y)
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Projection with isogeometric finite element method

We end up with several equations
(one equation per one testing B-spline in 2D)

Ju(x,y)Bf(x)Bj (y)dx = [ BITMAP(x, y)Bf (x) By (y)dx
Ju(x,y)Bf(x)B3(y)dx = [ BITMAP(x, y) B (x) B3 (y)dx
.f u(x,y)By(x)B (y)dx = [ BITMAP(x, y)B}(x)By (y)dx

[ u(x,y)B, (0B, 1 (y)ox =

[ BITMAP(x, y) By, (x)By,_1(y)dx
[ 6, y) By (x)Bl (1) =

[ BITMAP(x, y) By, (x)By, (v)dx
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Projection with isogeometric finite element method

We approximate u(x,y) ~ 3=; ; u;jBX(x) B/ (y)
Julx,y)Br(x)Bi (y)dx = [ BITMAP(x, y) By (x) By (v)dx
Julx,y) By (x)B3(y)dx = [ BITMAP(x, y) By (x) By (y)dx

J u(x, v)BE(x)B) (y)dx = [ BITMAP(x, y) B} (x)B (y)dx

Julx,y) By, (x) By, _1(y)dx =

[ BITMAP(x, y) By, (x)By, 1 (y)dx
[ u(x, ) B3 (VB () =

[ BITMAP(x, y) By, (x)By, (v)dx
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Projection with isogeometric finite element method

fZi,jUIJ () ( B()*By( )dx:
fB/TMAP( ,¥)Bi (x) * By (y)dx

J 2 uiiBi(x)B; T (v) By (x )*By( Ydx =
fBlT/\//AP(X, y)By(x) * BY(y)dx

We approximate u(x,y) ~ 3; ; ui jB(x)B (y) to get
X

J S0 5B (x)BY (1) BE (%) + BY (y)dx =
[ BITMAP(x, y)B(x) = BY (y)dx

(x) * By,

f BITMAP(X, Y)By, (x) + BY, 1 (y)dx
(
)
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Projection with isogeometric finite element method

We take the sum out
> uij [ BX(x)B] (v)Bi(x) * Bl (y)dx =
J BITMAP(x,y)B;(x) * Bf/(y)dx
and we end up with a system of linear equations

Y Y Yy gx gY
fBlp 1,p lpBlp fBlp 1p2pBlp fBlpBlp Ny ,p Nyp 1
Y Y Y Y px Y !
fszslpBlpslp fsz Y BB f 2pBlp 0B 1
Uy N,
X Y X Ry X Y . BY BX Y x> Ny
fBNXYPBNy,pBlaPBLP fBNx PBN P 2P 1p fBpr Ny ,p Nx pBNyp

f BITMAP(x, y)B (x) * B! (y)dx
f BITMAP(x, y)B} (x) = B} (v)dx

f BITMAP(x, y)By, () * B}, (y)dx
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Projection with isogeometric finite element method

X Y X Y X X BX Y
fB,pBlpB,p lp fBlpBlpB,p lp fB,p 1,p NXvPBNyp
Y X Y X Y X Y
fBZ PBl pB 1,p lp fBZ PBl pB 2,p 1P f 2PBl pBNx,PBNyp

X Y X BY X Y X gY X Y X Y
Nx,pBNy,pBlypBl,p BNx,PBNy,pBZPBl,p BNX#PBNnyBNXvPBNny

Figure: The resulting system of linear equations can be solved
with O(N'®) time in 2D, or O(N?) time in 3D
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Fast isogeometric L2 projections

Longfei Gao, Kronecker Products on Preconditioning, PhD. Thesis,
KAUST (supervised by Prof. Victor Calo), 2013.

Projection problem matrix on 2D domain Q = Q, x Q.
My = [ ByBud = | BX(x)B/()Bi(x)B} (1) 4 =
| (BB (BiE)v 42 = | EiBedx [ BBidy = MiM;
X y

M= M@ M” (Kronecker product)
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Fast isogeometric L2 projections

Longfei Gao, Kronecker Products on Preconditioning, PhD. Thesis,
KAUST (supervised by Prof. Victor Calo), 2013.
Two steps — solving systems with A and B in different directions

[An Az o+ 0] [yir vy 0 ym bir b1 - bm
Ay Ax - 0 | [yi2 Y22 0 Ym B bio by -+ bmp
L 0 0 R Yin Y2n - Ymn bin ban -+ bmn
(Bi1 B - 0 X11 ottt Xin Yii Y12 ' Yin
By By -+ 0 X1ttt Xen| Y21 Y22ttt Yon

0 0 -+ Bmm Xml - Xmn Ymi Ym2 - Ymn

Two 1D problems with multiple RHS, linear cost O(N)
@ n X n with m right hand sides — O(n* m) = O(N)
e m x m with n right hand sides — O(m * n) = O(N)
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Fast isogeometric L2 projections

Longfei Gao, Kronecker Products on Preconditioning, PhD. Thesis,
KAUST (supervised by Prof. Victor Calo), 2013.

B-spline basis functions have local support (over p + 1 elements)
M*, MY, .. .— banded structure

Mi=0 <= |i—j|>p

Exemplary basis functions and matrix for cubics

(B1,B1)2 (B1,B2)2  (B1,B3)2 (B1, Bs),2 0 0 0

(B2,B1)2  (B2,B2)2 (B2, B3)2 (B2, Bs) 2 (B2, Bs),2 0 0

(B3, B1)2 (B3, B2)2 (B3, B3)2 (B3, Bs),2 (B3, Bs) 2 (B3, Bs) 2 e 0
0 0 ce (Bn, Bn73)L2 (anBn—Z)LZ (Bn:anl)L2 (BnaBn)LZ

Multi-diagonal matrix can be factorized in linear O(N) cost.
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Parallel shared-memory task-based implementation

P2)1

int
(P3)
&

M (eo, eo) .ﬂ_l 0 0
M (&, e1)jM (&1, e, fM(e;, &) | 0 0
]

T 1
M (e,-‘ e,-_;)lM(e,-. ey Mle e-q1
| B

o ooco
o ooco
'

A

U

0
t+1
0 - .. 0 %
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M. Paszynski, Fast solvers for mesh-based computations,
Taylor & Francis, CRC Press (2016)

o o|lo o
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Parallel shared-memory task-based implementation

Construction Initialization Merging & Elimination Backwards substitution

(m22sk226 ) ((BS2s6 )

(me2se226 ) ((Bs2s

M. Paszynski, Fast solvers for mesh-based computations,
Taylor & Francis, CRC Press (2016)
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Parallel shared-memory task-based implementation

40
- 30
ok
I
w20t
@ 10|
. Data points
—— Approx. speedup
0 :

|
10 20 30 40 50

Thread count N [-]

Node with two Intel Xeon E5-2680 CPUs with 56 threads in total
(two processors with 14 physical cores and 28 threads each)
with 64 gigabytes of RAM.
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Parallel shared-memory task-based implementation

For 16,000,000 dofs which is 212 tasks along axis
(1 — P)=percentage of the algorithm which does not benefit from
parallel speedup
P = percentage of the algorithm which benefits from speedup
% = how much does it benefit using n threads
S(n) = measured speedup when using n threads
1
S(n)=——7"——=5
RN
We substitute n = 20 threads and S(20) = 16 into the Amdahl’s law
-1 2 20) -1 7
p_ne(S()—1) _20x(SQ0)-1) 75 _ .
(n—1)*xS(n) (20—1)%S5(20) 76

The percentage of the algorithm that benefits from parallelization is
98%.

1

fim, e =6
75 76
1-7)+3

The speedup limit is equal to 76.
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Generalization to time-dependent problems

Maciej Wozniak, Marcin to$, Maciej Paszynski, Lisandro Dalcin,

Victor Manuel Calo, Parallel fast isogeometric solvers for explicit dynamics,
Computing and Informatics, 36(2) (2017) 423-448. (Fortran code)
Marcin tos, Maciej Wozniak, Maciej Paszyniski, Andrew Lenharth,
Keshav Pingali, IGA-ADS : Isogeometric Analysis FEM using ADS solver,
Computer & Physics Communications 217 (2017) 99-116 (C++ code)

In general: time dependent problem of the form
du(x, t)
ot
u(x, t) - the unknown field
(its meaning depends on the simulated physical phenomena)
du(x,t)
ot

— L(u(x,t)) = f(x,t)

- changes of the phenomena in time
L - the physics (well-posed linear spatial PDE)

f(x,t) - the forcing
with some initial state ug(x, t) and boundary conditions

N
N
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Generalization to time-dependent problems

We introduce the time steps

Up U1 e Uk Uggg UN

time steps
to t1 tk tk+1 tN

We approximate the time derivatives using two consequtive time

ou . Uty1—Ut
Steps 5 X ~at

Uty1 — Ut

™ —L(u)="f

We also introduce the solution from the previous time step into the
operator and the forcing (so-called explicit scheme)

Uty1 — Ut
dt

Upr1 = up + dt * L(ue) + f

— L(us) = £



Generalization to time-dependent problems

up Uy U Ug4q UN

time steps
to t1 tk tk+1 tN

Previous state Time step Physics Forcing

Ut+1 = Ut + dt * L(Ut) + ft(X, t)

\_Y_) \ Y }

Projection ,Bitmap”

Sequence of projections:
previous time step state + changes enforced by physics and forcing
— next time step state
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Generalization to time-dependent problems

Applications to time-dependent problems (C+-+ code)

Marcin tos, Maciej Wozniak, Maciej Paszynski, Andrew Lenharth,
Keshav Pingali IGA-ADS : Isogeometric Analysis FEM using ADS

solver, Computer & Physics Communications 217 (2017) 99-116

Examples
The “physics” operator £ =
@ heat transfer problem L(u) = Au = % + giyg

@ non-linear flow in heterogeneous media (oil extraction problem)
L(u) =V - (k(x, u) exp(pu) Vu) =
8% (FL(X, u) exp(uu)%) + % (Ii(x, u) exp(ﬂu)g—;)

@ propagation of the pollutant L(u) =5 -Vu—V - (KVu) =
/Bx% + ﬁy% - a% (Kll%) + % (Mz%)

@ propagation of elastic waves (L=complicated)

@ tumor growth (L=very complicated)

25
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Example 1. Heat transfer equation

Previous state Time step Physics Forcing

Upr1 = up + dt x L(ug) + fe(x, t)

\_Y_) \ Y }

Projection ~Bitmap”

The “physics” operator L(u;) = Auy = 8x2 I d2ut

The forcing f¢(x,t) =0
The initial state = ball of heat in the center of the domain

5000 time steps, time step size dt = 107
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Click in the middle
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Code for Example 1 (Heat transfer equation)

"problems/heat/heat_2d.cpp"

#include "problems/heat/heat_2d.hpp"

using namespace ads;

using namespace ads::problems;

pilot for the simulation

int main() {

quadratic B-splines, 12 elements along axis
dim_config dim{ 2, 12 };

5000 time steps, time step size 10~/
timesteps_config steps{ 5000, 1le-7 };

we will need to compute first derivatives during the computations
int ders = 1;

some auxiliary objects for configuration and simulation

config 2d c{dim, dim, steps, ders};

heat 2d sim{c};

run the simulation

sim.run();

-

28 /83



Implementation

Marcin to$, Maciej Wozniak, Maciej Paszynski, Andrew Lenharth,
Keshav Pingali IGA-ADS : Isogeometric Analysis FEM using ADS
solver, Computer & Physics Communications 217 (2017) 99-116

executed once before the simulation starts
void before() override

executed after every simulation step
void after_step() override

executed once after the simulation ends

void after() override

to t N
+—— —t — time steps
step() | step() stepO) _—— step()

compute_rhs () cgmguE’ngh;O//compﬁte_rhs() compute_rhs ()

implementation of generation of RHS

executed before every simulation step implementation of the simulation step
void compute_rhs() override

void before_step() override void step() override
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Code for Example 1 (Heat transfer equation)

"problems/heat/heat_2d.hpp"

#include "ads/simulation.hpp"

using namespace ads;

using namespace problems;

class heat_2d : public simulation_2d {

implementation of the initial state
double init_state(double x, double y, double z)
executed once before the simulation starts
void before() override

executed before every simulation step
void before_step() override
implementation of the simulation step
void step() override

executed after every simulation step

void after_step() override
implementation of generation of RHS
void compute_rhs() override
executed once after the simulation ends

void after() override 30/83



Code for Example 1 (Heat transfer equation)

"problems/heat/heat_2d.hpp"

this functions is called from the before at the beginning of the
simulation
the function returns the value of vy = u(x, y)|t=0)
computed at point (x,y)
double init_state(double x, double y) {
double dx = x - 0.5;
double dy =y - 0.5;
double r2 = std::min(8*(dx*dx+dy*dy),1.0);
return (r2 - 1) * (r2 - 1) *x (r2 + 1) * (r2 + 1);
s

31/83



Example 1. Heat transfer equation

/ut+1v:/ utv—dt*/Autv
Q Q Q

Integration by parts — [q Auev = [o Vue - Vv + [ $4vds

. . . ou __
and incorporation of boundary condition 5. =0

/utHv:/utv—dt*(VUt-Vv)
Q Q

value of test function a over element e at Gauss point g
value_type v = eval_basis(e, q, a);
value of u; at Gauss point
value_type u = eval_fun(u_prev, e, q);
computations of double gradient
double gradient = u.dx*v.dx+u.dy*v.dy;
RHS = u; — dtVu; - Vv
double val = u.val*v.val - steps.dt * gradient;
scale by Jacobian and weight
rhs(al[0],al1])+=val*u*J;

32/83



Code for Example 1 (Heat transfer equation)

void compute_rhs() {
auto& rhs = u; zero(rhs);
for (auto e : elements()) { loop through elements
double J = jacobian(e); compute Jacobian
for (auto q:quad_points()){ loop through Gauss points
double w = weigth(q); Gauss weight
for (auto a : dofs_on_element(e)){loop through dofs
value of basis function g over element e at Gauss point ¢
value_type v = eval_basis(e, q, a);
value of u; at Gauss point
this also computes derivatives and stored at *.dx
value_type u = eval_fun(u_prev, e, q);
computations of double gradient
double gradient = u.dx*v.dx+u.dy*v.dy;
RHS = u; — dtVu-Vv
double val = u.val*v.val - steps.dt * gradient;
scale by Jacobian and weight
rhs(a[0],al1])+=val*w*J; 33/83



Example 2: Non-linear flow in heterogenous media

Hydraulic fracturing - oil/gas extraction technique consisting in
high-pressure fluid injection into the deposit

M. Alotaibi, V.M. Calo, Y. Efendiev, J. Galvis, M. Ghommem,
Global-Local Nonlinear Model Reduction for Flows in Heterogeneous
Porous Media arXiv:1407.0782 [math.NA]
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Example 2: Non-linear flow in heterogenous media

Previous state Time step  Physics  Forcing

Ut41 = Ut + dt * ;C(Ut) + ft(X, t)

\_Y_} \ ’ J

Projection ,Bitmap”

u represents pressure
The ‘physics” operator L(

5% (/{(x u) exp(,uu )

= (l{,(x )eXP(MU)VU)
</< X, U) exp ,uu)

(u)
+ 2
Dy

Figure: k property of the terrain (permeability), = 10
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Example 2: Non-linear flow in heterogenous media

Previous state  Time step  Physics  Forcing

upy1 = ue + dt * L(ue) + fi(x, t)

\_Y_/ \ : J

Projection ,Bitmap”

Forcing f represents pumps P and sinks S, increasing and
decreasing the pressure locally at x, € P, xs € S locations

Fx,t) = > o (lxp = xI1) = D ulx, )6 (|Ixs — x])

peP seS

B (f—l)z(f—i—l)2 fort <r
o(t) {0 fort >r

0 r=0.15 0.4

36
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Click in the middle
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Code for Example 2 (Non-linear flow)

"problems/flow/flow.cpp"

#include "problems/flow/flow.cpp"

using namespace ads;

using namespace ads::problems;

pilot for the simulation

int main() {

quadratic B-splines, 20 elements along axis
dim_config dim{ 2, 20 };

10000 time steps, time step size 10~/
timesteps_config steps{ 10000, 1le-7 };

we will need to compute first derivatives during the computations
int ders = 1;

some auxiliary objects for configuration and simulation

config_3d c{dim, dim, dim, steps, ders};

flow_3d sim{c};

run the simulation

sim.run();

-
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Implementation

Marcin to$, Maciej Wozniak, Maciej Paszynski, Andrew Lenharth,
Keshav Pingali IGA-ADS : Isogeometric Analysis FEM using ADS
solver, Computer & Physics Communications 217 (2017) 99-116

executed once before the simulation starts
void before() override

executed after every simulation step
void after_step() override

executed once after the simulation ends

void after() override

to t N
+—— —t — time steps
step() | step() stepO) _—— step()

compute_rhs () cgmguE’ngh;O//compﬁte_rhs() compute_rhs ()

implementation of generation of RHS

executed before every simulation step implementation of the simulation step
void compute_rhs() override

void before_step() override void step() override

39/83



Code for Example 2 (Non-linear flow)

"problems/flow/geometry.hpp"

this functions is called from the before at the beginning of the simulation
the function returns the value of uy = u(x,y, z)|:=0) computed at (x, y, z)
double init_state(double x, double y, double z) {

double r = 0.1;

double R = 0.5;

return ads::bump(r, R, x, y, 2);

};

// r <R in [0, 1]
inline double bump(double r, double R, double x, double y, double
z) { double dx = x - 0.5, dy =y - 0.5, dz = z - 0.5;
double t = std::sqrt(dx * dx + dy * dy + dz * dz);
return falloff(r / 2, R/ 2, t);
}

this functions is called from the compute_rhs
inline double falloff(double r, double R, double t) {
if (¢t < r) return 1.0;
if (t > R) return 0.0;
double h = (¢t - 1) / (R - 1);
return std: pvow((h - 1) *x (h + 1) 92)- 40/83



Code for Example 2 (Non-linear flow)

"problems /flow /flow.hpp"

this functions is also called from the before at the beginning of the simulation
void fill_permeability_map() {
for(auto e:elements()) { loop through elements
for(auto q:quad_points()){loop through Gauss points
auto x = point(e, q);
kq(e[0], el1], e[2], ql[0], ql1], q[2]) =
env.permeability(x[0], x[1], x[2]1);
}
}

double permeability (index_type e, index_type q) const {
return kq(e[0], e[1], e[2], q[0], ql1], q[21);
}

41/83



Code for Example 2 (Non-linear flow)

"problems /flow /flow.hpp"

double forcing(point_type x, double /*t*/) const {
using std::sin;
double pi4 = 4 * M_PI;
four pumps one sink
double dx1=x-0.25; dyl=y-0.25; dz1=z-0.25;
double dx2=x-0.75; dy2=y-0.25; dz2=z-0.25;
double dx3=x-0.25; dy3=y-0.75; dz3=z-0.25;
double dy4=x-0.25; dy4=y-0.25; dz4=z-0.75;
double dz5=x-0.5; dz5=y-0.5; dz5=z-0.5;
return
max (0,sin(pid*dx1)*sin(pid*dyl)*sin(pid*dz1))
+max (0,sin(pid*dx2) *sin(pid*dy2) *sin(pid*d=z2))
+max (0,sin(pid*dx3) *sin(pid*dy3) *sin(pid*dz3))
+max (0,sin(pid*dx4)*sin(pid*dy4)*sin(pid*dz4))
-max (0,sin(pi4+*dx5)*sin(pid*dy5) *sin(pid*dz5));



Code for Example 2 (Non-linear flow)

/Qut+1v:/9(ut—|—f)v+dt*/QV-(/ﬁ(x,u)exp(,uu)Vu)v

integration by parts [ V - (k(x, u) exp(pu) Vu)v =
Jo(k eV u, - Vv) + [; kel®U %y and using Neumann b.c.

/ut+1v:/(ut—|—f)v—dt*/(Kq(x)elo*usUt-Vv)
Q Q Q

u; value over element e at Gauss point q
value_type u = eval_fun(u_prev, e, q);
the forcing is based on the location of pumps and sinks
h = forcing(x, t);
value of test function a over element e at Gauss point g
value_type v = eval_basis(e, q, a);
(_KQ(X) elo*Utv vut)Lz + (ha vV)L2
val= -kxstd::exp(10*u.val)*grad_dot(u, v)+h*v.val;
(ue + h,w)p, — dt x (ke Vu, Vw),2 *Jacobian*weight

U(aal0],aal1],aal[2])+=(u.val*v.val+steps.dt*val)*w*J; s



Code for Example 2 (Non-linear flow)

parallel processing of loop through elements
executor.for_each(elements(), [&](index_type e) {
double J = jacobian(e);
for (auto q : quad_points()) { Gauss points
weight and pointt for Gaussian quadrature
double w = weigth(q); auto x = point(e, q);
value of permeability at Gauss point
double k = permeability(e, q);
ur value over element e at Gauss point g
value_type u = eval_fun(u_prev, e, q);
the forcing is based on the location of pumps and sinks
double h = forcing(x, t);
for (auto a:dofs_on_element(e)) { test functions
remapping local to global index for aggregation of RHS
auto aa = dof_global_to_local(e, a);
value of test function a over element e at Gauss point g
value_type v = eval_basis(e, q, a);
double val = - kx*std::exp(10*u.val)*grad_dot(u, v)+h*v.val;
U(aal0],aal1],aa[2])+=(u.val*v.val+steps.dt*val)*w*J;
the update of RHS must be synchronized when processed in parallel
executor.synchronized( [ & ] { update_global_rhs(rhs, U, e); });
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Example 3: Melanoma growth model

Tumor cell
,sinks” b’

Tumor cell pressure P

Tumor cell
density b

Density of degraded

-cellular matrix A

Tumor
Angiogenic
Factor (TAF) ¢

Oxygen o

,sources” b*

Density of
extra-cellular
matrix (ECM) M

Vasculature
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Example 3: Tumor Angiogenic Factor (TAF) ¢

Tumor cell hypoxia rate
ofeatl — .01

TAF ,source”

. or deat
Tumor cell density b ct=b(1-¢) foro<o
zero otherwis

o .

&\ Ac—rw0c+c
ot \

\e =001 e =03

Vasculature Oxygen o Tumor TAF diffusion rate TAF decay rat:

Angiogenic
Factor (TAF) ¢

@

@ produced by oxygen-starved tumor cells
@ signal to the vasculature — ,,more oxygen is needed here”

@ influences vasculature evolution (discrete model)
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Example 3: Tumor Angiogenic Factor (TAF) ¢

Tumor cell hypoxia rate
”4I‘ ath _ 0.01

TAF ,source”

Tumor cell density b ¢t =b1-c) foro< o™
zero otherwis

\e = 0.01 ye=0.3

Vasculature Oxvgeno Tumor TAF diffusion rate  TAF decay rat

Angiogenic
Factor (TAF) ¢

@

oc
Fri XcAc —ycoc+ ¢t

@ xc = 0.01 TAF diffusion rate, 7. = 0.3 TAF decay rate
o ¢t — TAF “source” ¢t = b(1 —c) for o < odeath
e o9¢th — .01 TAF hypoxia rate
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Example 3: Density of normal extra-cellular matrix (ECM)

® O

Tumor cell density b Density of normal
Extra-Cellular Matrix (ECM) M

@ provides support for the cell structures

oM

or — mMb

@ By = 1.0 — ECM decay rate
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Example 3: Density of degraded extra-cellular matrix A

Tumor cell density b

Density of normal Density of degraded
ExtraCellular Matrix extra-cellular matrix A
(ECM) M

a = vaMb + xaaAA — 7oA
@ va = 0.5 — production rate of artefacts
@ Y.a = 0.01 — diffusion rate of degraded extra-cellular matrix

@ Yoa = 0.01 — decay rate of degraded extra-cellular matrix
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Example 3: Tumor cell pressure

1.0
Tumor
cell density b
1
T T 0.0
WY =10 bM =20
normal tumor maximum tumor
cell density cell density

Tumor cell pressure P

@ P — tumor pressure, present for tumor cell density exceeding bV

P:{o for b < bN

N
oy for BNV < b < pM
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Example 3: Tumor cell flux

Tumor
cell density b

Diffusion
Tumor cell pressure P of tumor cells
D, HYPODERMIS =0.05
Density of degraded Tumor cell flux J

extra-cellular matrix A

@ J — induced by pressure of tumor and extracellular matrix

J=—Dyb(VP+r,VA)

@ Dy — cell diffusion coefficient
@ rp, = 0.0001 — tumor cell chemoattractand sensitivity
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Example 3: Tumor cell density

Tumor cell

Density of degraded N
Lsources” b’

extra-cellular matrix A

Tumor cell
,sinks” b”

Oxygeno
Tumor cell density b

cell
fluxJ

o values between b™ = 0 (no cancer cells) and b = 2
o bV =1 - normal tumor cell density
db

—=-V-J+b +b"
ot

@ b, b~ — tumor cell proliferation and apopthosis factors
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Example 3: Tumor cell proliferation/death

b, b~ — governed by the oxygen concentration o

0> 0P = 0.1 - tumor cells multiply (b* > 0)
o < 0% = 0.01 — tumor cells die (b~ > 0)

b ThA b
bt = 1 Py ) (1——
o (14 a5 1P) (1= 50)

_ b
b™ =~ Tdeath

TP =10 tumor cell proliferation time
Tdeath — 100 tumor cell survival time
7p = 0.5 instantaneous reaction rate constant

tumor cell grows if the density is not too high

foro > o

foro<o

prol

death



Numerical results

Initial state:
@ tumor concentrated in the center of the domain
@ constant ECM in each skin layer
@ no TAF, no degraded ECM
Parameters:
@ 32 x 32 x 32 elements
@ cubic B-splines (p = 3)
o At=1
@ 1000 time steps

@ 30 minutes with parallel GALOIS solver on 16 cores of
GILBERT

M. tos, M. Paszynski, A. Ktusek, W. Dzwinel, Application of fast
isogeometric 12 projection solver for tumor growth simulations,
Computer Methods in Applied Mechanics and Engineering 316
(2017) 1257-1269.
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Click in the middle
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Click in the middle
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Click in the middle
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Click in the middle
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Click in the middle
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Numerical formulation

Explicit time discretization:

bii1 = b + At (=V - Jp + by + b]")
Cer1 = ¢+ At (XcAcr — Yeorc + ¢;)
or41 = 0r + At (apAor — Yobror + 0o(0™ — 01) 0°)
Miy1 = M + At (—BrpMeb;)
(

Ary1 = Ar + At (yaMibe + xX0aDA: — Y0oaAt)

J=—Dyb(VP + r,VA)

p_ 0 for b < bN
S\ gy for bV < b< M
b 7,A b
+__ O prol
b = T prol <1+TbA—|—1Pb> (1 bM> foro>o
b~ = __b for o < odeath
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Numerical formulation

Sequence of isogeometric L2-projections to be solved in every time
step

(bet1, Bi)i2 = (be, Bi)i2 + At (=V - Je + by + b, Bi),2
(ce+1,Bi)ie = (e, Bi)i2 + At (xcAce — veoree + ¢, Bi) 2
(0t4+1, Bi)12 = (o1, Bi) 2 + At (Aot — Yobror + do(0™* — 04) 0°€,
(Mey1, Bi) 2 = (Mg, Bi) 2 + At (—BmMebe, Bi) 2

i) (

(At—i-l, Bi)l_2 = (Atu 12 + At (yaMib: + xoaAA: — YoAA:, Bi)L2
u=(b,c,0,M,A) = (uts1,Bi)12 = (ut, Bi) 2 + F(ue, By)

The most expensive part is not the factorization, but the numerical
integration.
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Integration loop — parallel version

for each element E = [, &), +1] X {5@,5@“} X [&1,,&1,+1]) in parallel do
Uk« 0;
for each quadrature point £ = (XkX,Xkyka,) do
x <« Ve (8);
W < wy, Wi, Wk,
u,Du+0;
for | € Z(E) do
i ut UBIE)
Du « Du+ UPVB(€) ;
end
for | € Z(E) do
v Bi(&);
Dv + VB(¢) ;
Ufee « UPe + W |E| (uv + At F (u, Du, v, Dv)) ;
end
end
synchronized
for | € Z(E) do
‘ UI(H—I) - U/(H—l) + U/IOC
end
end

end

Implementation: Galois::for_each, Galois: :Runtime: :LL

::SimpleLock
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Strong scaling for quadratic B-splines

10*

=
o
w
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-
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# of threads

Figure: Strong scaling for quadratic B-splines

A straight line denotes ideal strong scalability, while any upward
deviation from the line denotes limited strong scalability. 63/83



Strong scaling for cubic B-splines

10°
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IS
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=
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4 8 16 32
# of threads

=
N

Figure: Strong scaling for cubic B-splines

A straight line denotes ideal strong scalability, while any upward
deviation from the line denotes limited strong scalability. 64/83



Serial fraction

The serial fraction of the algorithm can be determined from the
Amdahl's law

0.30

o
N
8]
Il
oo BN

> 3 35 3
Il
=
(e}

serial fraction
o o

= N

w o

N

e
=
o

©
o
o

0.00

12 4 8 16 32
# of threads

Figure: Sequential fraction of the parallel code for quadratic B-splines
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Weak scaling for quadratic B-splines

Each core is processing either 32 x 32 elements (first experiment) or
32 % 32 % 32 elements (second experiment), and we increase the

problem size and number of cores. The horizontal line denotes ideal
weak scaling, while the upward deviation represents limited scaling.

104
0
£
o — n=32?
E 3
5103 — Nn=32
©
8
1 2 4 8 16 32

# of threads 66 /83



Weak scaling for cubic B-splines

Each core is processing either 32 x 32 elements (first experiment) or
32 % 32 % 32 elements (second experiment), and we increase the

problem size and number of cores. The horizontal line denotes ideal
weak scaling, while the upward deviation represents limited scaling.
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Implicit dynamics

du

— —Lu=f

dt
assuming constant coefficients and regular cube shape domain,
where L = L, + L, is a separable differential operator, e.g.
Laplacian, where L = L, + L, = 227’2’ + iyg. First, we apply the
alternating direction method with respect to time. We introduce the

intermediate time steps

Ut40.5 — Ut

dt — Lyutios — Lyut = f

Ut4+1 — U405

p” — Lyutyos — Lyury1 = fryos

We obtain

U405 — dt * LXUt+0.5 = Uy + dt * Lyut + dt * ft
Uyl — dt x Lyurio1 = Uryos + dtx Lyupios + dt * fryos
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Implicit dynamics

We multiply by test functions v

82
/(ut+0,5 — dt * 5;20.5)\/ = /(ut + dt « Lyuy + dt « f)v

and we integrate by parts the second term

0 0
/ U405V + dt/ Ut10.5 oS 2V /(Ut +dt x Lyuy + dt « fi)v

Ox Ox

We test and approximate with 2D B-splines

t+05/Bx (X)*B{(y)
Fat / ABFCIB/ ) 8(8;(2&8% ) _

/(ut +dt * Lyuy + dt ft)ij(X)Bf/(y)
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Implicit dynamics

We have B’ (y) = 0 which results in

i (BY (x) * B (v)) = (B (x))B} (v)+ By (x) 5 (B! (v))

and

t+05/BX ( )*Bf(y)
+dt*/a((gi(x))Bf(Y)a(Bg)SX))B'y(y) -

/(ut + dt * Lyuy + dt % f;) Bi(x) * B (y)

so our left-hand-side matrix is the Kronecker product of

[ (B1(0BI) + dt (B ()5 - BE (<))

YEAOLAREY

and it can be factorized in a linear O(N) cost.
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Direction splitting for linear elasticity

We solve linear elasticity problem given by

poru=V-o+F onQx|[0,T]
u(x,0) = up for x € Q (1)
o-n=0 on 9%

where Q = [0, 1]3 is an unit cube, u is a 3-dimensional displacement
vector to be calculated, p is material density, F is the applied
external force, and o is the Cauchy stress tensor, given by

1
Oij = Cijkl€lk, €jj = 5 (3ju,- + 8,‘Uj) (2)

and c is the elasticity tensor.
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Direction splitting for linear elasticity

The above second-order system can be converted to system of 6
first-order equations by introducing additional variable v = 0:u:

{ oiu = v 3)

patV:v0+F

We assume an isotropic elastic material and thus the Lame
parameters,
o =2ue+ Atrel (4)

thus
V-o=2u(V-€)+AVtre (5)



Direction splitting for linear elasticity

Furthermore,

1 20, Ux + Oyt + Oyxty 4 Ozzux + Oxxly
v €= 5 axxuy + 8quX —+ 20yyUy + 8zzuy + azyuZ
Owxliy + Oy + Oy u, + Oyzuy + 20,,u,
(6)

and
Oxxlx + axyuy + Oxz Uz
Vitre = | Oyux + 0y, + Oyzu, (7)
Opx Uy + 6zy uy + Oz uy
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Direction splitting for linear elasticity

We split every timestep into three substeps

a4 %vm

(t+3) _ 0, 9t (t+1) ©
pviT3) = py +—(V-a 3+F)
3
a3 g+ 4 9 e
3 9
) 2 ©)

pulEF3) = py(t+3) 4 gt (V co(t3) 4 F)
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Direction splitting for linear elasticity

a1 g+ 4 9 42
3 (10)
pv(t+1) _pv(t+ )+ : (V 0(t+1)_|_F)

k .
and o(t*3) are constructed using

(451 | 9 (i)

u=u 3

in most places, except when u; appears inside i-th component
of V- o under a double derivative with respect to x (k =1), y
(k=2)orz(k=23).
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Direction splitting for linear elasticity

These cases are marked in equations (6) and (7) with red, brown,
and blue color, respectively. In other words, we separate the
operator into its diagonal part and the off-diagonal part, the
diagonal part we treat implicitly, while the remainder we treat
explicitly. After moving all the terms with values to be computed to
the left-hand side, substep equations have the following form:

1 dt 1
pu ) - S +2p) Doi ™3 =
1 dt 1
v = Suoun N CE)

Vz(t+%) _dt 0. (t+3)

3,u Vy =...

76 /83



Direction splitting for linear elasticity

v>(<t+%) — %u Oyyv)gﬂ_%) —
VAL %()\ L), = (12)
S PP .
P = LoD =
D = L - (13)
pvitth) %(A +2u) AV =

This formulation is then transformed into a sequence of
isogeometric projections in a standard way.
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Example 5: Pollution from a chimney with a wind

We seek the pollution concentration scalar field c: Q — R such as:

gi+u-Vc—V-(KVc):e on Q x [0, T]
Ve =0 ondQx[o, 7] (14
c(x,0) = co(x) on Q

where Q = [0,1]%,
i is a normal vector of the domain boundary,

T is a length of the time interval for the simulation,
u is the prescribed wind,

e is the prescribed emission from the chimney,
K is the diffusion,

and ¢p is an initial state.
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Example 5: Pollution from a chimney with a wind

Q = 5km x 5km x 5km

Mesh size = 100 x 100 x 100

Wind = F « (cosa(t), sina(t), v(t)) where

a(t) = w/3(sin(s) + 0.5sin(2.3s)) + 3/87

v(t) = 1/3sin(s)

s =t/150

chimney e(p) = (r — 1)?(r + 1)? where r = min(1, (|p — po|/25)?)
po = (3000, 2000, 2000)

Diffusion K = (50,50, 0.5)

We run 300 time steps of the implicit method
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Click in the middle
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Conclusions and future work

Conclusions

@ Explicit dynamics with isogeometric L2 projections

e Multiple applications (e.g. heat transfer, propagation of elastic
waves, tumor growth)

@ Possible extension to implicit dynamics (heat transfer,
propagation of elastic waves, pollution simulations)

@ Limitations: tensor product geometry, Kronecker product
material coefficients

Future work

@ GPGPU implementation
@ hybrid implementation

@ Stabilized simulations of Navier-Stokes and Maxwell
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