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Non-stationary Maxwell with Absorbing Boundary
Conditions on a Laptop

Computational domain [0, 600km] x [0, 600km] x [0, 200km],
Mesh 360 x 360 x 120 (total of 15,552,000 elements)

IGA with quadratic B-splines, 1000 time steps, dt = 107°
Source [250km,350km] x [250km, 350km] x [100km, 120km]
Ground [0, 600km] x [0, 600km] x [0, 60km].
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Background and motivation

Goal Efficient finite element simulations
@ traditionally, cost of linear solver is dominant

@ some problems have additional structure to exploit

Isogeometric Analysis Alternating-Directions Solver (IGA-ADS)

e fast O (N) solver for a class of time-dependent problems
@ some restrictions to preserve tensor product structure

e regular patch of elements
e requires special time marching schemes (or explicit dynamics)
e regular material data no longer a problem

Many applications: tumor growth simulations,
advection-diffusion-reaction, Navier-Stokes
IGA-ADS can be also employed as preconditioner

Examples for today: cloud formation, pollution removal by artificially
generated shock waves, and non-stationary Maxwell equations
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Strong form equation

We employ advection-difusion-reaction equation to model the
concentration of the water vapor forming a cloud, mixed with the
pollution particles.

Strong form equation

0
a—i:f+(b-V)u+V-(KVu)+cuinQ><(O,T] (1)
Vu-n=01in 00 x (0, T] (2)
u=upin 2 x0 (3)
where u is the concentration scalar field, b is the assumed air
K1100
velocity vector field, K = [ 0K220 | is an isotropic diffusion matrix,
00K33

c is the reaction parameter, and f is the source term.
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Explicit method and weak form formulations

We formulate the explicit method as:

Explicit method formulation

el
dt

u =ft4(b-V)ut +V  (KVu)+ cut

we derive the weak formulation, using test functions v, and
integrating by parts the diffusion term:

Weak form formulation

(um, V) = (u*,v) +dt (cu’ + ff,v) — dt (KVu',Vv)
+dt (b-Vut,v)Vv eV
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Figure: Two dimensional example of approximation with B-splines



Discrete weak formulation
B-splines for trial and test

> uit (BYB/BE, BiBLB;) =Y _ uly (BIB! B, B ByB;) —

ijk ijk
I oBf XaBy . XaB% .
dt[z “uk( ByBk: Bx ! ByBy) _Zu’f“ (KB 6; B, B) 5 B —
ijk i
oy OBL o OB 08 )
2. (KB’ B oz BBy )]+dt2“3k( o B Bi. B ByB)
ijk i
0B ) e Z
Z“uk(bB 815k’B/By5>+Zuuk<bB Bya" B,BVB>
ijk ijk
> ujy (cB; BB, B ByB;) + (f', B/ B1B;)
i

I=1,..,Nym=1,...,N;n=1,..., N,

where (u,v) = fﬂ u(x,y,z; t)v(x,y, z; t)dxdydz for a fixed t.
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Kronecker product

In general, Kronecker product matrix M = M* ® MY & M? over
3D domain Q = Q, x Q, x €, is defined as:

Kronecker product

Mijkimn = / B B! B B} BY, Bl dxdydz —

/ B B} dx / BY B, dy / B Brdz = MMM, (5)

Due to the fact, that one-dimensional matrices discretized with
B-spline functions are banded and they have 2p 4+ 1 diagonals
(where p stands for the order of B-splines), since:

(M)TH= (M oM © M) = (M) e (M) e (M)
we can solve our system in a linear computational cost.
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Cloud formation and thermal inversion

The scalar field u represents the water vapor forming a cloud, mixed
with the pollution particles.

Strong form equation

ou(x,y,z;t)  OT(y;t)Ou(x,y,z;t)
ot dy dy
0u(x,y,z;t)
0z2
(x,y,z;t) in Q x (0, T]
Vu(x,y,z;t) - n(x,y,z) =0, (x,y,z;t)in 0Q x (0, T]
u(x,y,2;0) = up in Q2 x 0

0?u(x,y, z; t) K 0u(x,y,z;t)

_K,
Ox? Y Oy?

- K, = f(x,y,z;t)

where u is the concentration scalar field, where the advection is driven by
the temperature gradient in the vertical direction
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8T(y t)

' 3

oy {0fory>4—5fory<:z (6)
1R3|alive et I ?zlahve height
34 [—— =

20 1‘0 «I) 71‘0 ,;0 ,‘30 ADDTemp[C] 5 4‘1 3I rz‘ ,1I 0‘ 1 DGradlem
Kx = K, = 1.0 the horizontal diffusion, K, = 0.1 the vertical
diffusion




f(x,y;t) = {50 — 400y for y < 0.125; 0 otherwise  (7)

Relative height

T 1




Simulation results
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Simulation results
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Figure: Formulation of the cloud through thermal inversion

Maciej Paszynski Splitting for Maxwell w/ absorbing BC



Reducing air pollution by the use of artificial shock wave

@ Due to the ground inversion pollutants can be trapped at low
altitude causing damage to humans and other living organisms.

@ Vertical air movement can break the inversion layer and
introduce temporary upward mixing effect which in turn cause
decrease in the pollution level at the lower altitudes.

@ Shock wave generator [Leszczynski et.al. The method of
reducing dust accumulation in the smog layer, which is the
inversion layer. European Patent Office EP20217680 (2020)]
The explosions of the acetylene-air mixture reaches a pressure
of about 1 MPa. One shock wave every 10 seconds.

Figure: The shock wave generator. The drop of the concentration of PM25

Maciej Paszynski Splitting for Maxwell w/ absorbing BC



Shock wave generation

template <int t_begin, int t_end>
double clock(double t) {

if (t < t_begin || t > t_end) return O;
t = (t - t_begin) / (t_end - t_begin);
return max(sin(2*MM*t) * cos(t), 0);

template <int t_begin, int t_end>

double cannon(double x, double y, double z, int
iter){

if ((x>0.2& x<0.8) && (y > 0.2 & y < 0.8)) {
double t = clock<t_begin, t_end>(iter);

if (t == 0) return 0;

return 300 * (1 - z) * max(cos(2*[M*x)* cos(2*M*y),

0)*t; } }

cannon<0, 300>(x, y, z, iter)
cannon<200, 500>(x, y, z, iter)
cannon<400, 700>(x, y, z, iter)

cannon<600. 900>(x. v. 7. iter)
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Simulation results

Two hours of parallel shared-memory solver using GALOIS.
40x40x40 elements, quadratic B-splines.

i7 8700 8th generation, 12 cores (6 hyperthreading) 16 GB RAM.
Time step dt = 10>, 30,000 time steps.
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Simulation results
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Simulation results

From the simulation results we can read that creating a shock wave
resulted in a local mixing of the layers and reduction of the water

vapor mixed with the polluted particles.
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Figure: Pollution reduction
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Future work: Physics Informed Neural Networks

PINN(x,y,z;t) = u(x,y, z; t)

OPINN(x,y,z;t)  Qdu(x,y,z;t)

6PINN(X>Y72; t) . aU(X,y7z; t)
dy - dy
&*PINN(x, y, z; t) 82u(x,y,z; t)
St = TS E S we {x,y,2)
PINN :
LOSSppe(x, y, z: t) = LINN(X, v, Zi8) |

ot
OT(y;t) OPINN(x,y, z; t) % O?PINN(x,y, z; t)
ot Ay x Ox?
O’PINN(x,y, z; ) O?PINN(x,y, z; t)
Oy? 0z2
—f(x,y,z;t) for (x,y,z) € Q,t [0, T]

~K, ~K,
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Future work: Physics Informed Neural Networks

PINN(x,y, z; t) = u(x,y,z; t)

OPINN(x,y,z;t)  Ou(x,y,z;t)

ot ot
OPINN(x,y,z;t)  Ou(x,y,z;t)
8W _ 8W w e {X7y7 Z}

LOSSnit(x,y,z; t) =PINN(x, y, z;0) — up(x, y, z; 0)
for (x,y,z) € Q,
LOSSgc(x,y,z;t) =VPINN(x,y,z;t) - n(x,y, z) for (x,y,z) € Q,

here n € (+/ —1,0,0),(0,+/ —1,0),(0,0,+/ — 1) so
VPINN(x,y,z;t) - n(x,y,z) = +/78PIgN(X’y’z;t), where

w

w e {x,y,z}.
v
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Future work: Physics Informed Neural Networks

10 = x, 1B = 5(1) (Wm 10 b<1>) e
) = ) (W(m J(n=1) 4 b(")) flout) — yy(out) f(n) . plout)
aLOSSPDE(X;f) aLOSSPDE(X;t)

ow ' o

U

wf) — wif) s LOSSP0ECAD) 0y, OLOSSroE( )

Select x € Q 99, select t € (0, T], compute

y ow (k) 8b
Select x € 0L, compute aL%S‘ji)C(X), BL%S;%C(X)
L L
wf = wif) gy LSBT oy, OLOSmclxi 1)
owlH 8b )

ij
OLOSSit(x;0)  OLOSSi(x;0)
ow® ' op®
(k) (k) 8LOSS/,,,t(x O) (k) (k) 8LOSS/n,t(x 0)
W’J = WU — 77 T bi = b’- — 77 T

~ L4

Select x € 2,t = 0, compute
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Variational Physics Informed Neural Networks

PINN(x, y, z; t) = u(x, y, z; t)

OPINN(x,y,z;t) _ Ou(x,y,z;t)

ot B ot
OPINN(x,y,z;t) _ Ou(x,y,z;t)
8W - 8W w e {X7y7 Z}
G e (WN/V(@X;%M), Yy, z)> n
OPINN(x,y, z; t)
(Kx o ,Vv(x,y,2)
OPINN(x,y, z; t)
(Kyﬁy ,Vv(x,y,z)
3 (KZdPINN(ax,y,z; t) ’ VV(X’%Z))
z

- f(XvY7Z; t)v V(X,y,Z))

OT(y;t) OPINN(x,y, z; t)
ot oy
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Variational Physics Informed Neural Networks

10 — 1) — 5(1) (W<1 4 b<1))
) = ) (W<n> J(n=1) 4 b<">) flout) — yylout) f(n) . p(out)

Select v (test function), t € [0, T], compute 6Losgﬁf)"(v;t), aLOSZ"Zf[}K(V;t)
§ ;

(k) _ (k) _ n* OLOSSweak(v; t)

(k) _ (k) OLOSSweak(v:t)
Wij © = W (k) b = by —nx 0
ow;; ob;

)

OLOSSnit(x;0)  OLOSS it (x;0)
w7 ab®)

Select x € Q,t = 0, compute

(k) _ W(k) _ OLOSSnit(x;0) b(k) _ b(k) _ OLOSSit(x;0)
if ij n* —6 ) i i Uk —6b

for n € (0,1).
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Maxwell equations

Maxwell equations in vaccuum:
1
O0E= —V xH
€o

1
8tH =—-——VXE
Ho

V-E=0
V-H=0
E — electric field, H — magnetic field

€0 — permittivity, po — permeability
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Splitting of rotation

0 —-03 O
Vx = 83 0 — 61
-0 01 O

Important properties

5B 0 0

Cl (¢] C2 = 0 8% 0

0 0 &
0 000 O

C1 o] Cl = 0 0 (9382
0105 0 0
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Time discretization

E"t: — EN 1 Hr+: — En 1
BE=—""% _ yYxH OH=— ""F _ _YxE
T/2 € T/2 1
Substep 1
n+i _ en l n+1 o n
E™": = E +2E(C1H 2 C2H>
VxH
ntt _gqn T n_ nt+l
H™2 = H o (ClE GE z)
VxE
Substep 2

En+1 _ En+% + 2% (ClHn—i-% _ C2Hn+1>

VxH
(ClE”H . C2En+%)

T

Hn+1 _ Hn—i—% .
2

VXE
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Time discretization — step 1

En+% — E" 4 21 (ClHnJr% _ CQH")

Hn+2 —H"— ﬂ (ClEn C2En+%)

E": =B+ — | G [H” — o (GE"— GE™})| —GH"
2¢e 2u
Hn+%
=E" 2 (ClHn C2Hn)*47C1En+7C1C2En+2
& —_———oo— —
V xH"
2

<1—4MC1C2> En+2_En+ v><Hn—47C\1E’1
H,_/

inconvenient
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Time discretization

2 2
(1_TC1C2>En+§:E" +2l€vXH" T

4ept dep
7-2 1 1 T 1 T2 2 1

1-—GG |E™M =E"2 + —V xH"2 - — CSE""?
4epn 2¢ 4ep

72

Fully expanded first substep with A = @

(1-23) EME gy + 52 (v x H"), — 201 Ef

(1-203) E

ntl
(1-202) B2 = B+ o (VXH”) — \O1O5ED

i _ =B+ o (VXH") — \D30,Ef
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Weak formulation

For example, the first equation: multiply by a test function v,
integrate over
1 n
(E{7+2,V> )\(82 +2,V> =
T
(E{,v)+ % ((VxH"),v) = X(0201E7,v)
Integration by parts to get rid of second derivatives:
0 of
/f 98 gy = /—gdx—i—/ fg oy do
OXqa Q OXa o9
(fa aag) = - (8af7g) + <f7gﬁa>
(-,+) — scalar product of L?(), (-,-) — scalar product of L2(0Q)
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Weak formulation

After integrating LHS by parts we get

1 n 1 n 1
<E1"+2, v) A (32E1+2,62v> Y <82E1+2, vn2>
1 n 1 n 1
<E2n+2, V> + A (83E2+2,83V> —A <83E2+2, VI'I3>

n 1 n 1 n 1
<E3+27V) +)\<81E3+2,81V> )\<81E3+2,vn1>

Let us not worry about the boundary terms for now
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Space discretization

Regular domain 2 = [31, bl] X [32, b2] X [33, b3]

Up — tensor product of 1D B-spline spaces

L{h:span{B;jk:i:1,...,N1,j:1,...,N2,k:1,...

Bi(x) = B} (x1) B (x2) Bi(x3)

where Bf* — 1D B-spline basis functions in direction «

N2 Ne o
N3 N
0.6 ! 8/

04}

0.2

0.0
0
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Space discretization (left-hand side)

(BUk7 BPCI”) + A (8ZBijk7 aZqur) =
/Q Bijkqur dx + )\/QazB,jkazqur dx =

/QB}BJ?B,% BlB2B3dx+A/Qaz(B,.lBJ?Bi)ag(BlB2B3)dx:

p=qr p=q=r

|(B1BY) (B762) (B1B?) ox + A | (BB} (B7)(B3)) (B1B?) dx =

( B!B} dx1> ( B2B? dX2) ( BIB? dX3> +
(931 (92 Q3
>\< B! B} dxl) (/ (B2 (B2 dxz>< B:B3 dX3> =
Q1 Q) Q3
(/Q BB, dx1> < A BB + \(B}) (B3) dxz) (/Q B:B? dX3>
1 2 3
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Space discretization

Assuming the boundary terms vanish, we are left with

LY = M; @ (Ma + 2S5) @ M3
L = M; ® My ® (M3 + )\53)
L®) = (M; + AS1) @ My ® M3

Kronecker product structure = can be efficiently solved using ADS

M., S, — 1D mass and stiffness matrices

banded structure = linear time factorization
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Boundary conditions

Do the boundary terms vanish? Depends on BC.

One possible formulation:

Boundary of the cube 92 =T Ul UTl3, i =€, on [,
e Eh=E3=0o0nTl;
@ F=E35=0o0nTl>
e E=E,=0o0nT3;

= boundary terms vanish

Problem These BC reflect waves and are not suitable for simulating
an antenna
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Absorbing Boundary Conditions (ABC)

What we need is

1
—AxH+-Ax(AhxE)=U
n
where n = \/u/€, U — incident field

Issues
@ introduces coupling between E and H
@ interferes with the splitting

Solution Alternative formulation 0, (BC)

1 ,
—fx OH +Ax (Ax0E)=0U
N~ ’[7
*%VXE

1 1
nx =V xE+ —fx (AxdE)=0:U
H n
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Absorbing boundary conditions

Sinceax (bxc)=(a-c)b—(a-b)c we have
ﬁ><( ><E) V(ih-E)—(A-V)E
i x (A x O:E) = 0:E — (h-0:E) i

perpendicular component
Of atE

|

tangential component
of 8tE

For it = £é&, € {(£1,0,0),(0,=£,0),(0,0 £ 1)} over the cube

OhEx — Ok Eq
X (V X E) =+ (VEk — (9kE) = ﬁk BgEk — akEz
O3Bk — OkE3

k=1,2,3, Ok € {01,00,03} = (like) = {0x, 0y, 0.}, hx € {—1,1}
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Absorbing boundary conditions

Back to b.c. i x (V x E) 4+ %ﬁ x (A x OtE) = poU
using (for a given k we have two non-zero componnets on a cube)

O Ex — OkEq
n x (V X E) =+ (VEk — 8kE) = ﬁk 82Ek — 8kE2
(93Ek —akE3
and
—ﬁ X (ﬁ X 8tE) == atE - (ﬁ . 6tE) ﬁ
—_——

perpendicular component
of 0:E=0 here

tangential component
of BtE

On the cube this amounts to
eonl{ n==eé;:

Py (V x E)y = —plUs — %atEg

n (V X E)2 = uUs+ %atEg
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Absorbing boundary conditions

Back to b.c. i x (V x E) 4+ %ﬁ x (A x OtE) = poU
using (for a given k we have two non-zero componnets on a cube)

O Ex — OkEq
n x (V X E) =+ (VEk — 8kE) = ﬁk 82Ek — 8kE2
(93Ek —akE3
and
—ﬁ X (ﬁ X 8tE) == atE - (ﬁ . 6tE) ﬁ
—_——

perpendicular component
of 0:E=0 here

tangential component
of BtE

On the cube this amounts to
eonly n==é;:

f‘lz (V X E)3 = —/.LUl — %atEl

o (V X E)l = uUs+ %atEg
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Absorbing boundary conditions

Back to b.c. i x (V x E) 4+ %ﬁ x (A x OtE) = poU
using (for a given k we have two non-zero componnets on a cube)

O Ex — OkEq
n x (V X E) =+ (VEk — 8kE) = ﬁk 82Ek — 8kE2
(93Ek —akE3
and
—ﬁ X (ﬁ X 8tE) == atE - (ﬁ . 6tE) ﬁ
—_——

perpendicular component
of 0:E=0 here

tangential component
of BtE

On the cube this amounts to
e onl3, n==eées:

f‘l3 (V X E)2 = —/.LUl — %atEl

3 (V X E)l = ulx+ %atEg
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Absorbing boundary conditions

How to use it? (integration by parts in the weak form results in the
following boundary terms) [we skip all other parts here]

e LHS:
CARE™E Ly, <62E1"+5, v ﬁz>
CAREMTE 5 ) <83E2”+5, v h3>
CARETTE )y <al ErEy ﬁ1>
e RHS:

—)\8281 E2n — = <81 E2n, v f72>
—)\8382E3:7 — = <(92E3:7, v f73>
—)\8183E1n — = <83E1n, v IA‘I1>

Idea Change E™*3 to E” and put it on the RHS
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Absorbing boundary conditions

A <82Ef, vn2> - A <81E2n, vn2> = -\ <—62Ef + 81E2", vn2>
—_— ———
(VXE"),

MNO3ES, vin3) — A(OrES, vin3) = =) <—83E27 + OhES, v n3>
—_—
(VxE"),

A <61E£, vn1> - A <(93E1n, vn1> ==\ <—81E3n + 63E1n, vn1>
—_————
(VXE"),

Each boundary term is non-zero on exactly one of I'1, I'p, '3

Maciej Paszynski Splitting for Maxwell w/ absorbing BC



Absorbing boundary conditions

Using boundary conditions we can rewrite components of V x E as
<—82E1n + 81E2n, % n2> = <,LLU1 + H&El, V>
—_— n
(VxEM);

<—83E2n + 82E3", vn3> = </,LU2 + %(‘%Eg, V>
N—— ———
(VXE"),

M

M3

<—81E3" + O3E{, v n1> = <,uU3 + B&:E& v>
—_— n r

(VXE"), '
and approximate the time derivative as

5 EN En — En—l 5 En+% - EnJr% —_En
‘ T ‘ T/2
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Full formulation

Let x = n+ % and
bag(u,v) = A(0au,0v)  an(u,v) = (u,v) + baa(u, v)
T
ca(F,v) = % (VxF)ysv) alu,v)=Aplu, v,

a1(Es,v) = (B3 v) + bai (B, v) + 3(H", v) — 71

) 1
a3(E1n+17 V) = (Efv V) + b13(E?jF7 V) =+ Cl(H*a V) - 73 (Ul - 7atE1*7 v
a1 (EFv) = (E5,v) + by (1, v) + co(H*,v) — 71 (

a2 (EFL0) = (E5,v) + ba(E5,v) + cs(HE, v) — o <U3 Oy
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Full formulation * = n + %

1
a3(E3,v) = (E, v) + bas(EJ, v) + ca(H", v) — 3 (Uz +LOEL, v)
a1(E2n+17 V) = (E2*7 V) + bzl(Efa V) =+ C2(H*7 V) - M <
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Numerical example — scattering problem

Manufactured solution problem on Q = [0, 1] x [0, 1] x [0, 20]

E(x,t) = cos (wg (t — X3>) g (t - X3> &
0 €0

1 X3 X3\ A

H(x, t :cos<wo<t—>> (t—)eg
( ) Mo (&)] £ Co

g(s) = {eXp (_% (5%0)2> s20

where

co — speed of light, wo = 27fy, fy = 2co, 0 = 4/M

Discretization
@ mesh size 4 x 4 x 100
e time step 7 = 2.5 x 10711, 4000 steps (total time 100 ns)
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Results — scattering problem

Step 500 (t = 12.5ns)
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Results — scattering problem

Step 1000 (t = 25ns)
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Results — scattering problem

Step 1500 (t = 37.5ns)
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Results — scattering problem

Step 2000 (t = 50ns)
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Results — scattering problem

Step 2500 (t = 62.5ns)
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Results — scattering problem

Step 3000 (t = 75ns)
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Results — scattering problem

Step 3100 (t = 77.5ns)
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Results — scattering problem

Step 3200 (t = 80ns)
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Results — scattering problem

Step 3300 (t = 82.5ns)
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Results — scattering problem

Step 3400 (t = 85ns)
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Results — scattering problem

Step 3500 (t = 87.5ns)
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Results — scattering problem

Step 3600 (t = 90 ns)
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Results — scattering problem

Step 3700 (t = 92.5ns)
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Results — scattering problem

Step 3800 (t = 95ns)
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Results — scattering problem

Step 3900 (t = 97.5ns)
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Results — scattering problem

Step 4000 (t = 100 ns)
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Code verification with manufactured solution

For Q =[0,1]3, for e = 1 and 1 = 1 we define

cos(VK2 + N\rt)

~—

sin(kmxp) sin(Amxs

o O o

s sin(wmxe) cos(Amxs) sin(Vi? + Morrt)

| T cos(wmxe) sin(Amxs) sin(vVk? + A2rt)

—~~

for k,A € N,k, A\ #0.
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Code verification with manufactured solution

For Q =[0,1]3, for e = 1 and 1 = 1 we define

0
sin(kmxy) sin(Amx) cos(v/k2 + A27t)
0
- \/;@);Li)@ sin(kmxy) cos(Amx3) sin(v/k2 + A27t)
0

for k,A € N,k, A\ #0.

Maciej Paszynski

| e cos(wmxa) sin(Amxs) sin(vVk? + A2rt)
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Code verification with manufactured solution

For Q =[0,1]3, for e = 1 and 1 = 1 we define

I 0
0
3 sin(k7xy) sin(Amxp) cos(V'k2 + N\2mt)
uea(x,t) = —\/ﬁ sin(kmx1) cos(Amxz) sin(VK2 + A27t)
= cos(kmx) sin(Amxz) sin(v K2 + A\27rt)
0

for K, A € N,k, A\ # 0.
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Code verification with manufactured solution

There first manufactured solution function is
ua(x, t) = yup(x, t) 4+ 2yu3 1 (x, 1) + 3yu3 1 (x, 1) (8)

Notice that us has six components, where the first three
components denote E and the last three components denote H.
The parameter 7 is selected in such a way thats [Jua(x, 0)[;2(q) = 1.
We define

[sin(mx2)sin(mx3)] [ 0 1T 0
0 sin(mx1) sin(7x3) 0
0 0 sin(mxy ) sin(mx2)
0 ' 0 ' 0 '
0 0 0
I 0 Il 0 Il 0 ]
u%’l(x70) uil(x,O) uil(x,O)
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Code verification with manufactured solution

1= [Jua(x,0)[I72(q) =
/[0 o 17412 06.0) o 2783 (x,0) 3054 (x, 0) [P b o =

[ ~sin(mxz)sin(mx3) ]
27y sin(mxy) sin(mx3)
/ || 3’ysin(7rx6) sin(mxz) Py dxodxs —

(0,1
0
0

/[0 1]3(72 sin(mx2) sin?(mx3) 4 442 sin?(mx1) sin?(7x3))

+/ 3(972 sin®(7x1 ) sin?(7x2) ) dxy dxadxg =
[0.1]

11 11 11, 1 9 14
2 2 2 2 2 2 2
S APl 4 0PI = (R o) =
22 TM g TR =T T ) =
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Code verification with manufactured solution

Figure: Electric (red) and magnetic (blue) vector fields, resulting from the
problem with manufactured solution.
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Code verification with manufactured solution

107" W
2

relative L? error [%)]
5
rotation error

10724

Figure: Order of the time integration scheme as measured using | E?(x)dx
norm (left) and [(V x E(x))?dx norm (right) for electric (blue) vector
field and using | H?(x)dx norm (left) and [(V x H(x))>dx norm (right)
for magnetic (orange) vector fields. The problem with manufactured
solution over the computational mesh with 16x16x16 elements.
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Code verification with manufactured solution

0.035 0.035 0.035
0.030 0.030 0.030
5 0025 5 0025 5 0025
2 0.020 2 0.020 2 0.020
s s s
§ 0015 § 0015 § 0015
2 e e
0.010 0.010 0.010
0.005 0.005 0.005
0.000 0.000 0.000
00 02 04 06 08 10
t
0.035 0.035 0.035
0.030 0.030 0.030
5 0025 5 002 5 0025
S 0020 S 0020 S 0.020
s s s
£ 0.015 £ 0.015 & 0015
e |4 e
0.010 0.010 0.010
0.005 0.005 0.005
0.000 0.000 4/ 0.000{ /
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 05 10
t t t

Figure: H-curl error of electric (blue) and magnetic (orange) vector fields.
The problem with manufactured solution over the computational mesh
with 16x16x16 elements, for the time interval [0,1], with # time step
40,80,160 (first), 320, 640, 1280 (second row).

Maciej Paszynski Splitting for Maxwell w/ absorbing BC



Antenna problem

For the antenna problem, U = 0 and there is an additional term on
the RHS representing the antenna (electric dipole):

1
8tE: —V x H—Jimp
€0

OtH = —iV x E
Ho

where Jinp is non-zero on a very thin, short part of (2

Remark In the weak formulation it comes up as a line integral

ces — Jim-Vd
J vt

as a limit of (Jimp, V) as the width — 0
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Numerical example — antenna in vaccuum

Domain Q = [-1,1] x [-1,1] x [-1,1]

S, ) = {éo(Xg,, t)és :lls;:z: 0,x3 € [~1/2,1/2]
where Jo(x, t) = g(t)sinwot and

g(t) =1 —exp(—t/o)
with | = 1/50, wo = 27fy, fo = 2¢y, 0 = 2/fy

Discretization
@ mesh size 100 x 100 x 100
e time step 7 = 2.5 x 10711, 200 steps (total time 5ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 0 (t = Ons)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 10 (t = 0.25ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 20 (t = 0.5ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 30 (t = 0.75ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

Step 40 (t = 1ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 50 (t = 1.25ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 60 (t = 1.5ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 70 (t = 1.75ns)

Maciej Paszynski Splitting for Maxwell w/ absorbing BC




Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 80 (t = 2ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 90 (t = 2.25ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 100 (t = 2.5ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 110 (t = 2.75ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 120 (t = 3 ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 130 (t = 3.25ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 140 (t = 3.5ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 150 (t = 3.75ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 160 (t = 4 ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 170 (t = 4.25ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 180 (t = 4.5ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 190 (t = 4.75ns)
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Results — antenna in vaccuum

=
<]
o
]
=
3

—-1.0e+02

Step 200 (t = 5ns)
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Numerical example — magnetotelluric problem

20km [ source 60km

G0k ‘ o1 =01
600km
—

1
€0
1
Ho
Jimp = (1,1,0)6(t) for t =0
M, =0
€ = 0.1 for the ground, € = 10710 for the air

Absorbing Boundary Condition ABC
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Numerical example — magnetotelluric problem

20km | source G0k

60k .
" ‘ a1 =01
600km

Computational domain [0,600km] x [0,600km] x [0,200km],
Computational mesh 360 x 360 x 120 results in 15,552,000 elements
Source
[250km, 350km] x [250km, 350km] x [100km, 120km]
Ground level at 60km
1000 time steps, dt = 107°
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Numerical example — magnetotelluric problem

le11 Ex(t) 1e8 Hdt)
10
4
os 2
o
00
-2
-05
-
“10 -6
00000 00001 00002 00003 00004 00005 00006  0.0007 00000 00001 00002 00003 00004 00005 00006  0.0007
le11 Ey(t) 1e8 Hyt)
10
6
0s
4
00 2
o
-05
-2
-10
i
00000 00001 00002 00003 00004 00005 00006  0.0007 00000 00001 00002 00003 00004 00005 00006  0.0007

Figure: Components of electric and magnetic field as recorded at the
receiver
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Numerical example — magnetotelluric problem

Ex Ey
ToEN s 60x6060 ToEM o 60x60x60
1.0E11 1.0E11
360x360x120 .- 360x360x120
5.0E10 5.0E10 H
0o "_m"n P tos bam om0 omoe 0o [T T T Y
-5.0E11 i H -5.0E11
1L.0E11 'i- 1.0E11
A5E11 A5E11
0 0.0001 0.0002 0.0003 0.0004 0.0005 0.0006 0.0007 0.0008 {[s] 0 00001 0.0002 0.0003 0.0004 0.0005 0.0006 0.0007 0.0008 {[s]
Hx Hy
6.0E08 1.0E09 . 360x360x120
_ 360x360x120 8.0E08 -
4.0E08 6.0E06
4.0E04
2.0E08 2'0E02
0.0 2 2\t o oo omur  owoe 0.0
-2.0E Q2= T R T T YR
-2.0E08 60x60x60 -4.0E02
-6.0E02
-4.0E08 _8.0E02 60x60x60
-6.0E08 0 0.0001 0.0002 0.0003 0.0004 0.0005 0.0006 0.0007 0.0008 [s]

0 00001 0.0002 0.0003 0.0004 0.0005 0.0006 0.0007 0.0008 t[s]

Figure: Convergence on meshes 100x100x60 versus 360x360x120
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Integration loop — parallel version

s for each element E = [§;, &), +1] X {E[y,g[y+lj| X [€1,,&,+1] in parallel do
Ule 0 ;
for each quadrature point &€ = (ka, Xy s sz) do
x <+ Vg (5) )
W wy, wi, w,
u,Du+0;
for | € Z(E) do
U+ u+ U,(t)B/(ﬁ) ;
Du < Du + U,(t)VB/(S) ;
for | € Z(E) do
v Bi(€) ;
Dv < VB(&) ;
ujec « Ul + W |E| b(u,v + At F (u, Du, v, Dv)) ;
synchronized
for | € Z(E) do
Uyt 4 yee

Implementation: Galois::for_each, Galois: :Runtime: :LL: :SimpleLock
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Execution times (1/6)

time [s] ng
10
p3
1
— 03s
0.1
0.05s
— p]_
001s
0.01
1 2 4 8 12 16 24
cores

Figure: Execution time over the computational mesh of size 8x8x8
elements, for a number of cores=1,2,4,8,16,24 for linear, quadratic and
cubic B-splines.
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Execution times (2/6)

time [s] nie
100
10 p3
n2 2s
1
—— 05s
— p]_

0.1
0.05s

0.01

1 2 4 8 12 16 4

cores

Figure: Execution time over the computational mesh of size 16 x16x16
elements, for a number of cores=1,2,4,8,16,24 for linear, quadratic and
cubic B-splines.
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Execution times (3/6)

time [s] n32
1000
100
p3
—_—2 20s
10
s D1 3s
1
03s
0.1
1 2 4 8 12 16 24 cores

Figure: Execution time over the computational mesh of size 32x32x32
elements, for a number of cores=1,2,4,8,16,24 for linear, quadratic and
cubic B-splines.
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Execution times (4/6)

time [s] n64
10000
1000
p3
100 — 2 minutes
30s
10 —
3s
1
1 2 4 8 12 16 24 cores

Figure: Execution time over the computational mesh of size 64 x 64 x 64
elements, for a number of cores=1,2,4,8,16,24 for linear, quadratic and
cubic B-splines.
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Execution times (5/6)

time [s] nl28
100000
10000 p3
—_— 2 20 minutes
1000
— pl 4 minutes
100
25s
10
1 2 4 8 12 16 24 cores

Figure: Execution time over the computational mesh of size 128x128x128
elements, for a number of cores=1,2,4,8,16,24 for linear, quadratic and

cubic B-splines.
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Execution times (6/6)

time [s] n256
1000000
100000
p3
10000 —_— 2 2.8 hours
—p1 30 minutes

1000

3 minutes
100

1 2 4 8 12 16 24 cores

Figure: Execution time over the computational mesh of size 256 x256 x256
elements, for a number of cores=1,2,4,8,16,24 for linear, quadratic and
cubic B-splines.
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speedup n8

25

20 p3

. o
. =

1 2 4 8 12 16 24 COres

Figure: Speedup over the computational mesh of size 8x8x8 elements, for
a number of cores=1,2,4,8,16,24 for linear, quadratic and cubic B-splines.




speedup nié

20

18 cop3

— )2

N =

K _—

D T T T T T
1 2 4 8 12 16 24 Cores
Figure: Speedup over the computational mesh of size 16 x16x16 elements,
for a number of cores=1,2,4,8,16,24 for linear, quadratic and cubic

B-splines.




speedup n32
20 .
18 , :'32
16 / m—pl
14
12
10
8
6
. ~
2 ____—-——/
0 T T T T T
1 2 4 8 12 16 24 cores

Figure: Speedup over the computational mesh of size 32x32x32 elements,
for a number of cores=1,2,4,8,16,24 for linear, quadratic and cubic
B-splines.



speedup n64

20

18 / e p3
16 —
) 7
b e

o N OB O @

1 2 4 8 12 16 24 COres

Figure: Speedup over the computational mesh of size 64 x64x64 elements,
for a number of cores=1,2,4,8,16,24 for linear, quadratic and cubic
B-splines.




speedup n128
20

e p3
18 / p2

o s
Z

12
" /

o N OB O @

1 2 4 8 12 16 24 cores

Figure: Speedup over the computational mesh of size 128x128x128
elements, for a number of cores=1,2,4,8,16,24 for linear, quadratic and
cubic B-splines.




speedup n256
20
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1 2 4 8 12 16 24 cores

Figure: Speedup over the computational mesh of size 256 x256x256
elements, for a number of cores=1,2,4,8,16,24 for linear, quadratic and
cubic B-splines.



Weak scalability(1/6)

time [s]

7

6 p3
5

4

3

2

1 — D2
0 —nl

8 .
cores = domains

Figure: Weak scalability measured on 1 domain 8x8x8 elements per 1
core versus 8 subdomains, a total of 2*¥8x2*8x2*8 elements per 8 cores.
Measurements for linear, quadratic and cubic B-splines.
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Weak scalability(2/6)

60

50

40

—pl
—p2
p3

30

20

10

0
1 8

Figure: Weak scalability measured on 1 domain 16x16x16 elements per 1
core versus 8 subdomains, a total of 2¥16x2*16x2*16 elements per 8
cores. Measurements for linear, quadratic and cubic B-splines.
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Weak scalability(3/6)

450
400
350
300

250 pl

— p2
p3

200

150

100

50

0
1 8

Figure: Weak scalability measured on 1 domain 32x32x32 elements per 1
core versus 8 subdomains, a total of 2*32x2*32x2*32 elements per 8
cores. Measurements for linear, quadratic and cubic B-splines.
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Weak scalability(4/6)

3500

3000

2500

2000
—pl
1500 p3

1000

500

0
1 8

Figure: Weak scalability measured on 1 domain 64 x64x64 elements per 1
core versus 8 subdomains, a total of 2*64 x2*¥64 x2*¥64 elements per 8
cores. Measurements for linear, quadratic and cubic B-splines.
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Weak scalability(5/6)

30000

25000

20000

—pl
—p2
p3

15000

10000

5000

0
1 8

Figure: Weak scalability measured on 1 domain 128x128x128 elements
per 1 core versus 8 subdomains, a total of 2*¥128x2*128x 2*¥128 elements
per 8 cores. Measurements for linear, quadratic and cubic B-splines.
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Alternating Direction Solver

Idea exploit Kronecker product structure of the matrix

Generally, consider
Lx=b

withL=A®B, where Aisnxn, Bismxm

Definition of Kronecker (tensor) product:

ABi1 ABi -+ ABin
L ABy AB» --- ABy
A Bml A Bm2 e A Bmm
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Alternating Direction Solver — 2D

Let T
Xj = (Xila s 7Xin)

b; = (b1, . ... bin)"
We can rewrite the system as a block matrix equation:
ABj1x1 + ABiox2 + -+ ABimxm = by
AByix1 + AByxo + -+ + ABymXm = bo

AB1x1 +ABpoxo + -+ ABypmXm = b
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Alternating Direction Solver — 2D

Factor out A:

A(Bi1x1 + Bioxo + -+ 4 BimXm) = by
A(Byix1 + Boxa + -+ + Bomxm) = by

A(Bmlxl + Bmoxp + -+ -+ Bmmxm) =bn,
Let y); = A~ 'b; and apply A~L:
B11x1 + Bioxa + -+ + BimXm = y1

Boix1 + Booxy + -+ Bomxm =y2

Bm1X1 + Bm2x2 +- Bmmxm =¥Ym
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Alternating Direction Solver — 2D

Consider each component of x; and y; = family of linear systems

Biixii + Biaxoi + -+ + BimXmi = y1i
Boix1j + Booxoi + -+ BomXmi = yoi

Bmixii + Bmaxoj + -+ - + BmmXmi = Ymi
foreachi=1,...,n

= linear systems with matrix B
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Alternating Direction Solver — 2D

Two steps — solving systems with A and B in different directions

[A11
Azt

A1z
A

Aln
A2n

yii ya1
yi2 Y22

| Yin  Y2n

X11
X21

Xm1

Maciej Paszynski

Ym1 bi1 by

ymi| b1z b2

Ymn bin bon
X1n yi1 Y12
X2n Yo1 Y22
Xmn Ym1 Ym2
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Yin
Yon

Ymn



Non-constant material coefficients

We cannot factor out p, € immediately:
72
(1 — )\8%) Es — |1-— Ze_lalﬂ_lal E;

Weak formulation:

(E3, V) + 7;12 (,u‘181E3, o1 (8_1V)>

Matrix associated with the above:

2 B
Aijk,pqr:/Q{Bijkqur*‘LlH 01 Bijic O1(e 7 Bpgr) ¢ dx
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Non-constant material coefficients

Idea for each test function, approximate ¢, u by a constant

2

€~ Eijk, M~ Mijk )\ijk:m
ijk&ij

Ajjk.par = /Q {Bijk Bpgr + Aijk01 Bjjk O1Bpgr} dx

= [(81.5) + 2 (B (5)) | (8, BY) (B2, 57)
KNI AN/

Q:: qu M kr

Almost a Kronecker product structure:
- jk
Aijk,pqr = Q/!p Mijq My

but the first matrix varies depending on the full test function index
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Alternating Direction Solver — extension

Generalization of the Kronecker product structure:

ABll ABlz ABlm
AByy ABy --- AB,
AB,1i AB,, -+ ABmm
(8
AiBii AiBiz -+ AiBinm
B A By AyBx - Ay Bom
Am Bml Am Bm2 e Am Bmm
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Alternating Direction Solver — generalization

A1Biixy + A1Bioxp + -+ A1Bimxm = by
AyBri1x1 + ApBooxy + -+ ApBomxm = by

A Bmixi +AnBmoxo + -+ Ay BrmXm = b

Ai(Bi1x1 + Bioxa + -+ + Bimxm) = by
A (Boix1 + Booxp + -+ + Bomxm) = by

Am(Bmlxl + Bmoxa + -+ -+ Bmme) =bn
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Alternating Direction Solver — generalization

Biix1 + Biaxa 4 -+ 4 BimXm =y1 = A;'b;
Boix1 + Booxa 4 -+ 4 BomXm = y2 = Ay by

Bmixi + Bmox2 + -+ + BomXm = Ym = A;lbm

Biixij + Biaxoj + -+ 4+ BimXmi = y1i
Boixij + Booxoj + -+ + BomXmi = yoi

Bmixii + Bmoxoi + -+ + BmmXmi = Ymi

foreachi=1,...,n
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Conclusions

Efficiency begins at the level of problem formulation

Efficient solvers may require molding the problem to obtain the
right structure

For non-stationary problems, a lot of that molding can be done
on the level of designing the time-stepping scheme

Some restrictions imposed by ADS can be (partially) lifted
Nevertheless, some special structure is still necessary

Applications to advection-diffusion, Maxwell equations,
Navier-Stokes
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