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Solving PDEs with
Physics Informed Neural Networks

M. Raissi, P. Perdikaris, G.E. Karniadakis, Physics-informed neural
networks: A deep learning framework for solving forward and inverse
problems involving nonlinear partial differential equations, Journal
of Computational Physics, 378 (2019) 686-707

6865 citations in 5 years
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Poisson problem with sin-exp solution

Given Q = (0,1)? C R? we seek the solution of
—Au=f,
with zero Dirichlet b.c. In this problem we select the solution
u(x1, xp) = —e™172%2) sin(27xq ) sin(mx).

We employ the manufactured solution technique

ﬂ(XlaXZ) - —AU(X]_,XQ) =
= 12" =) sin(my)(4 cos(2mx) — 3sin(27x))
—12e™ =2 sin(27x) (4 cos(my) — 3sin(my))
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Solving PDEs with Neural Networks

(u0)=_ (Aup(x) + fi(x))? }

X

Hidden
Layers

LOSS(ug) = RES(up)

up(x,y) = Aso (Aso (Azo (Ai{x y} + b1) + b2) + b3) + ba
Ay EMleOO' Ao, Az EMlOOXlOO' A4€M100><2
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Programming of PINN loss

def residual_loss
(pinn:PINN,x:torch.Tensor,y:torch.tensor):

loss = f(pinn, x, y)
+ dfdx(pinn, x, y, order=2)
+ dfdy(pinn, x, y, order=2)

loss_val = loss.pow(2).sum() return loss_val

We define the following loss function for PINN

5 2
LOSS(u5) = RES(up) = 3 (8 ue(X,Y) P ug(x,y) +Ai(x, y))

Y Ox? Oy?
92PINN(x,y)  9?PINN(x, y) ?

up(x,y) = PINN(x,y) = Aso <A3J <A20' <A1 ; + b1> + bz) + b3>
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Enforcing Dirichlet b.c. strongly

def zero_dirichlet(x, y): return 20*x*(1-x)*y*(1-y)

def dirichlet_bc(logits, x, y):
return logits*zero_dirichlet(x,y)

The Dirichlet boundary condition is enforced as a constraint
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Training of neural network by SDG or ADAM

@ Select points (x, y) € Q randomly
@ Correct the weights using the loss derivatives

D (APINN(x, y) + fi(x, y))?

k _ Ak —
Ay = AT T oA,

Repeat until LOSS(x,y) < ¢

Stochastic Gradient Descent method is replaced by ADAM method

TV
D. P. Kingma, J. Lei Ba, ADAM: A method for stochastic
optimization, arXiv:1412.6980 (2014)
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Physics Informed Neural Networks
Poisson problem with sin-exp solution

PINN solutior

|
|

We solve PDE by training neural network

Exact solution
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The PINN loss is not robust
It is not equal to the true error ||ug — UEXACT”HI(Q)




Unrobust losses of PINN

PN solution

(a) Poisson problem with sin-exp forcing
—Au=f; Ala,x) = —Au(x,x) = 72e™ ) sin(my)

(4 cos(27x) — 3sin(27x)) — w2e™* ) sin(27x) (4 cos(my) — 3sin(7y)).

Exact solutio

a

B-Vu—eAu=0 inQ,
u=g overBQ

(b) Advection-diffusion problem
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Robust loss of CRVPINN

Exact solution
AN . i

(a) Poisson problem with sin-exp forcing
—Au=fi; fi(x,x) = —Au(xi, x) = e

7(x=2y) sin(my)

(4 cos(27x) — 3sin(27x)) — w2e™* ) sin(27x) (4 cos(my) — 3sin(7y)).

PINN solution

10
" i‘
02 02

00 02 03, o6 o5 10

(b) Advection-diffusion problem { PV . .
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Mathematical tools _
to make the loss robust again

Sergio Rojas, Pawet Maczuga, Judit Mufioz-Matute, David Pardo,
Maciej Paszynski, Robust Variational Physics-Informed Neural
Networks, Computer Methods in Applied Mechanics and
Engineering 425 (2024) 116904

22 citations in 6 months (200 in 5 years ?)
Marcin to$, Tomasz Stuzalec, Pawet Maczuga, Askold Vilkha,
Carlos Uriarte, Maciej Paszynski, Collocation-based Robust

Variational Physics-Informed Neural Networks (CRVPINN)
https://arxiv.org/abs/2401.02300 (2024)

Maciej Paszynski Collocation-based RVPINN



Grid of points instead of continuous domain

.........
.........
.........

Grid of N x N collocation points over a square domain
Q= {(ih, jh) € (0,1)?: 0 < i < N,0 <j < N},
where h = 1/N denotes the discretization size. We consider
Dp:={u:Qp — R} = R(V+1)?

Now, we follow the notation convention below for simplicity:

ujj := u(ih, jh), 0<i,j<N.
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Discrete norms and inner products defined at points

(u,v)p = h? Z u(p)v(p), HUH% = (u,u)p, u,v € D
pPEQ)

We consider finite-difference like gradient operations®

: _ (Uit1j — Uij Uij41 — Uij
VJFU,',J' = (vx+ul'7j,v)/+u,'7j) = ( s y

h h
. (Ui Uim1j Ui — Uij-1
V_ujj:=(Vx_uij, Vy_uij) = ( b ; p ,

for0<i+1,j+£1<N. As a result, we can define the following
discrete inner product according to these gradient values:
(u,vV)v.h = (Vettt, Vxrv)p + (Vyru, Vysrv),
with corresponding induced norm
2 . 2 2
1ullS = (0, u)v,n = [[Vcrulll + [ Vyrull

*Dongho Shin, John Stikwerda, Inf-sup conditions for finite differences
approximations of Stokes equations, Australian Mathematical Society (1997)
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Discrete norms and inner products defined at points

We introduce a canonical orthonormal basis for Dy,
0;j: 2 — R, 0<1i,j <N, that behave as Kronecker deltas

5 ()_ 1 ifX:X,"j,
YT 0 i x £ .

We introduce the discretization space with homogeneous b.c.
DO,h = {u S Dh : U‘aQ = 0}.

Thus, Do p is an (N — 1)2-dimensional space with basis {J; ;}o<ij<n-
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Rediscovering properties of discrete spaces
Lemma (Discrete integration by parts)
Given u,v € Dy p, it satisfies
(Vart,v)y = = (0, Vi v)y, (Vyqu,v)y = = (0, Vyqv),

Lemma (Discrete product rule) |

Given u,v € Dy p, it satisfies

Vi (uv)ij = tiz1j(Vxav)ij + (Vg 1)ijvij.
Vyi(uv)ij = uijs1(Vyv)ij + (Vyu)ijviy.

Lemma (Discrete norm equivalence - Discrete Poincaré’s inequality) |
There exist constants 0 < ¢ < C such that

cllulle.n < lulln < Cllullw,p, Yu € Dg p.
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Discrete weak variational reformulation
Advection-diffusion model problem: Find u € Dg  such that
BxVxyu+ B, Vyiu—eApu=f,
where f, B, By, € Dg p are given source and coefficient functions,

Uit1j = 20ij + Uic1j | Uil = 2005+ Ui

Ahu,-J = h2 h2

Testing with v € Do p,
(ﬁxvx—i-u + Byvy—‘ru - GAhU, V)h = (fa V)h7
applying Lemma 1 to Laplasian term, we obtain the following

Definition (Discrete weak variational reformulation)
Find u € Do s such that
b(u,v) I(v)

—
(BxVxyu+ By Vyru,v)h +e(Viu,Vyv)y = (f,v)n, Vv e Dyp,

b and / are the discrete bilinear/linear forms over (Do 4)? and Dg p.
4
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Properties of the discrete weak variational formulation

Lemma (Boundedness of b) |
For bounded coefficients 3 and f3,, there exists . > 0 such that
b(u,v) < pllullw.n llvllw, — Vu,v € Dop.
We have 1 = (2C|| || + €), where ||3]|cc = max{|Bx|, |8y}
Lemma (Coercivity of b)
There exists o« > 0 such that
b(u,u) > « HUszJ,, Yu € Dy p,

whenever € > 2C||3||oc, where C > 0 is the constant from
Poincaré’s inequality.

We have a = (—2C||B]|0 + €)

Maciej Paszynski Collocation-based RVPINN



Well-posedness of discrete weak formulation

As a result, (sup-sup) continuity and (inf-sup) stability constants
exist with values at most i and at least «, respectively,

b(u,v)
supsup ——————
u#0v£0 [[ull v nllviiv,n
inf sup 20
u7#0 v;éO ullw,nllviie,n

b(u,v)

inf sup —————— > a.
v;éou;éo lullwnllviv,n

< Wy

Z Q,

Consequently, discreat weak variational problem:
Find u € Do such that

b(u,v) I(v)
—

(BxVxyu+ By Vyru,v)p+e(Viu,Viv)y = (f,v)n, Vv e Doy,

admits a unique solution in Dg p.
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How to define robust loss

Sergio Rojas, Pawet Maczuga, Judit Mufoz-Matute, David Pardo,
Maciej Paszynski, Robust Variational Physics-Informed Neural
Networks, Computer Methods in Applied Mechanics and
Engineering 425 (2024) 116904

Marcin to$, Tomasz Stuzalec, Pawet Maczuga, Askold Vilkha,
Carlos Uriarte, Maciej Paszynski, Collocation-based Robust
Variational Physics-Informed Neural Networks (CRVPINN)
https://arxiv.org/abs/2401.02300 (2024)
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Towards Collocation-based Robust Variational Physics
Informed Neural Networks (CRVPINN)

Theorem (Robustness)
Let u € Do and let LOSS(u) = RES(u)TG™1RES(u). Then,

1 ————— 1 ———
; LOSS(U) S Hu — UEXACTHV,h S a LOSS(U),

where p and « are the boundedness and coercivity constants of b.

Recall 11 = (2C|| 8|00 + €), where ||3]|0o = max{|Bx|, |8y},
and a = (=2C||B|s0 + €)

Sergio Rojas, Pawet Maczuga, Judit Mufioz-Matute, David Pardo,
Maciej Paszynski, Robust Variational Physics-Informed Neural Networks,
Computer Methods in Applied Mechanics and Engineering 425 (2024)
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Robust loss function

PINN loss
RES(up) = Y _ (Aup(x) + f(x))?

X

Robust loss
LOSS(ug) = RES(up) TG L RES(up)
The Gram matrix employs the Kronecker delta test functions
4 for (i,j) = (k,1)
Gijki= h2¢ —1 for(k1)e{(i+1,)),(i—1,))}
-1 for (k,)e{(i,j+1),(i,j—1)}

Remark. The inner product selected for the Gram matrix
is induced by the norm for which the form b(u, v)
of the discrete weak form of the PDE is bounded inf-sup stable.

Instead of the inverse G™! we compute LU factorization G = LU.

LOSS(ug) = REST (up)q, Lg =z Uz = RES(up).
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Gallery of numerical problems

Sergio Rojas, Pawet Maczuga, Judit Mufoz-Matute, David Pardo,
Maciej Paszynski, Robust Variational Physics-Informed Neural
Networks, Computer Methods in Applied Mechanics and
Engineering 425 (2024) 116904

Marcin to$, Tomasz Stuzalec, Pawet Maczuga, Askold Vilkha,
Carlos Uriarte, Maciej Paszynski, Collocation-based Robust
Variational Physics-Informed Neural Networks (CRVPINN)
https://arxiv.org/abs/2401.02300 (2024)
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Gallery of problems (Poisson, Advection-diffusion, Stokes)

HEOn

(a) —Au=f. (b) =V - (e(x)Vu) =f (c) —Au=f.

(@ (€ |

{,8~Vu—eAu:0 in Q, —Au+Vp=FfinQ
u=g overdQ, V.u=0inQ, u=ginl 204

Maciej Paszyniski Collocation-based RVPINN



Poisson problems with zero Dirichlet b.c.

o —Au=f, u(xy,x) = —e"1=22) sin(27x; ) sin(7xo).
fi(x1, x2) = —Au(x1, x2) = w252 sin(7y) (4 cos(2mx)
—3sin(27x)) — 1262 sin(27x) (4 cos(my) — 3sin(my))

o —V . (e(x)Vu)=h, e(x) =2(x2+ 1),
u(xi, x2) = sin(2mxq) sin(mx2)

fa(x1, x2) = msin(mxy)[cos(mxa)de(x2)/(dx2) — 2me(x2) sin(mx2)]

o —Au=1~
u(xy, x2) = (0.45tanh(100(x2 — 0.5)) + 0.55) sin(7x1) sin(7mx2)
f3(x1, x2) = sin(mxy)(sin(7x2)
(—10.8566 — 8.88264 tanh(100(—0.5 + x»))) +
1/(cosh(100(—0.5 4 x2)))?
(282.743 cos(mx2) — 9000 sin(7x2) tanh(100(—0.5 + x2))))
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Advection-diffusion problem

Q = (0,1)? C R? we seek solution®

{ﬁ-Vu—eAu:O in Q
u=g overJQ,
with = (1,0), e = 0.1, with g such that
g(0,x2) = sin (mx2) for xo € (0,1), g(1,x) =0 for xo € (0,1)
g(x1,0) =0 for x; € (0,1), g(x1,1) =0 for x; € (0,1)

(en(x=1) _ g(n(x-1)))

Uexact(XaY) = (e(—fl) — e(_r2)) sin(ﬂy),
1+ /0 +42m)) (1= /(1 +4272))
e (26) 2 (26)

®Kenneth Eriksson, Claes Johnson. Adaptive finite element methods for
parabolic problems I: A linear model problem. SIAM Journal of Numerical
Analysis (1991)
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Stokes problem

—Au+Vp=FfinQ

V-u=0in Q,
2.2

u=ginl

u1(x1, x2) =2€f (—1 + x1)°x5 (05 + %) (—1 + 2x2),
up(x1,x0) = — 5 (=1 4+ x1)x1(—2 4+ x1 * (3+ x1))(—1+ X2)2X22,
p(x1,x0) =(—424 + 156 - 2.718 + (X3 — xp)(—456+

82U1(X1 X2) 82U1(X1 Xg)
f = — ’ — ?
1(x1, x2) 02 02
82U2(X1 X2) 82U2(X1 X2)
f2(X17X2) - - - - -
8x12 8x22

gi(x1,x) = ui1(x1, x2), (x1,x) € 0Q

g(x1,x2) = ua(x1,x2), (x1,x2) € 0N

Maciej Paszyniski

Collocation-based RVPINN

* (124 (3 — x2))))),

op

o’
p
8X27

X (456 + x7(228 — 5(x5 — x2)) + 2x1(—228 + (x5 — x2))+

2X1 (—36 + (X2 —x2)) + X1
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Gram matrices

@ Poisson problem —Au = f

@ Advection-diffusion problem 3 -Vu—eAu=1f

for (i,j) = (k, )
for (k,1) € {(i +1,/),(i — 1,j)}
for (k,1) € {(i,j +1),(i,j — 1)}

@ Poisson problem with non-constant coefficients

4
Gijik, = -1
-1

-V - (e(x2)Vu) =1,

Gey ., = h(eVE;, 0k) =

2¢ij+ €1 t€ij1
—€i-1,

—€ij

—€ij

—€ij-1

Maciej Paszynski Collocation-based RVPINN

(k1) = (i.J)

(k1) =(i—1,j)
(k,1)=(i+1,))
(k,1)=(i,j+1)
(k,1)=(i,j—1)



Gram matrices of Stokes problem

—Au+Vp=FfinQ G Gou Gop
V.u=0inQ, G=|G), G 0|,G=K+M
u=ginl Gan 0 Gp
fsq % 0 0 M /81 0 0
0 0 0 0 0
— |2+ P+
=10 o kr sT|"?|o o M o
0 0 S KY 0 0 0 M

c _ [2K+ K ST M 0
v S K* 4 2K” 0 M

ACAL 00 .
GG'TU = [ O 0 A)i Ay‘| 9 G;—p - - |:K+ S.|_ SI K{»:|

M ~ (f7g)L2> K:t ~ (V:tf7v:tg)L2 ; S:|: ~ (VX:l:fv Vyj:g)p
KE ~ (Vaaf, Vieg) 2, KL~ (Vyef,Vyrg) -
A):LN(VXiﬂg)B’ A{tN(Vyiﬂg)B'
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Discrete weak formulations

@ Poisson problems: We seek u € Dy :
b(u,v) 1(v)
—
€(V+u, V+V)h = (f, V)h, Vv € D()’h,
@ Advection-diffusion problem: We seek u € Dg p :
b(u,v) I(v)
—
(BuVxqyu+ B, Vyiu, )y +e(Vyu,Viv)y = (f,v)n, Vv € Dyp,

@ Stokes problem: We seek u = (o, u, p) € Df x D&h x DP -

(AU, V)h = (_v-i- cO v-‘rpvv)h + (v— - u, q)h + (U - V—uvT)h =
(f,v), V(7r,v,q) € D x Dg’h x D

Df ={p € Dy:plr, =0,(p,1), =0}, Df = {& € D}: oyl; =0}
Mo ={(0,jh) : 0 <j < N}U{(ih,0): 0 <7< N}U{(1,1)} C 0Q,
 ={(0,jh):0<j <N}, ={(ih0):0<i< N}
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Discrete inner products

@ Poisson problems
@ Advection-diffusion problem

(u,vV)vh = (Ve t, Vg V) + (Vy1u, Vg v)p
= (Vuet, Ve V) + (Vy—u, Vy_v)p,

@ Stokes problem®

(uyV)graph = (V4 -0 =Vip, Vi -7 —=V,q),+(V_-u,V_.v),
(c+V_ou,7+V_v),+(o,7),+ (u,v), +(p,q),
=(Vy-0,Vy-1),+2(0,7),

+ (Vo -u,V_-v), + (V_ou,V_v), + (u,v),

+(V4p, Viq)y + (P, q)y

+(Vou,7),+ (0, V_v),

+(=V4p, Vi 1), + (V4 -0, -V4q),

5Norbert Roberts, Thai Bui-Thanh, Leszek Demkowicz, The DPG method for
the Stokes problem, Computers & Mathematics with Applications 67 (2014).
Maciej Paszynski Collocation-based RVPINN
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Robust loss of CRVPINN

Exact solution
AN . i

(a) Poisson problem with sin-exp forcing
—Au=fi; fi(x,x) = —Au(xi, x) = e

7(x=2y) sin(my)

(4 cos(27x) — 3sin(27x)) — w2e™* ) sin(27x) (4 cos(my) — 3sin(7y)).

PINN solution

10
" i‘
02 02

00 02 03, o6 o5 10

(b) Advection-diffusion problem { A:Vu—chu=0 inQ, ,
u=g over OQ. 34/ 44
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Robust losts of CRVPINN

(a) Poisson problem with varying diffusion
=V - (e(x) Vu) = 1, e(x) =2(x2 + 1),
fa(x1, x2) = wsin(mxy)[cos(mxp)de(x2)/(dx2) — 2me(xz) sin(mxa)]

(b) Poisson problem with a jump

—Au=1f3, f(x1,x2) = sin(mxq)(sin(7x2)(—10.8566 — 8.88264 tanh(100(—0.5 + x2)))+
1/(cosh(100(—0.5 + x7)))?(282.743 cos(mxp) — 9000 sin(xy) tanh(100(—0.5 + x2))))
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Robust loss function for Stokes problem

We define the following robust loss for Stokes problem

RES6.(up) gﬁ M
RESﬁb(uQ) % - w2
RE56C(U9) Txf -4
RES(U@) = RES@d(Ug) = %g — Z
RESou)| |02,
RES6f(U9) _% — %Zé + %g — f2
_RE56g(U9) 8u1;>)<<11,><2) + 8uzé>)<<12,><2) ]
Gy Gou Gop]
LOSS(ug) = RES(ug)T |G), G, 0 RES(up)
Gl, 0 G
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Convergence of CRVPINN: Stokes problem

Loss vs error

— Junn — Uexact|ln
0 —_—
10 #/Loss
--- k/LOss
1071,
v
]
g
v\"""*""\ AR Iy
= ul\‘,,;m’” An I
\ N
1021 ke AW, n“,\‘ o
-\I il
s d
N (t} (] 1y, ]
oy B s g N
\ W A, p AR an aal by n
1 n i "
VIR SOATY A |
Ty
Y
1073 == y y y T T T T T
0 2500 5000 7500 10000 12500 15000 17500 20000
Epoch

Figure: Robust loss and the true error coincides with theoretical estimates
for the continuity constant % =1 and inf-sup constant i =38

1 LOSS(U@) < ||U9 — Uexact” < 84/ LOSS(U@)
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(CRVPINN): Stokes problem)

ux abs error max: 0.0016
MAPE: 3.8%

ux pinn ux exact

[T-0020 0020 m
0015 0015 00014
0.010 0.010 00012
0.005 0.005 o0.0010
0000 0000 00008
~0.005 ~0.005 00005
—o0.010 -0.010 0.0004
0015 o015 00002
~0.020 -0.020 00000

uy abs error_max: 0.0013
uy pinn uy exact MAPE: 5.8%
P [T 0.025 Y m m
0% 0020 00012
0.015 0.015 0.0010
0010
o010 0.0008
0005 0005
0.000 0.000 0.0008
—~0.005 -0.005 00004
—0.010 -
0.010 00002
-0.015 -0.015
00000
p abs error max: 0.0426
p exact MAPE: 14.3%
0075 0050 0040
0050 0025 0035
0025
0000 0030
0000
-0.025 0.025
—0.025 —0.050 0.020
0050 0.015
o075 -0.075
0010
~0.100 -0.100
0005
0125 0125

Figure: Comparison between the solution generated by CRVPINN and the

exact solution of the Stokes problem with manufactured solution. 38/ 44
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(CRVPINN): Non-linear stationary Navier-Stokes)

We add the non-linear term v - Vu

u-Vu—Au+Vp=1f inQ,
V-u=0 in€Q,
u=0 inl

We employ the Gram matrix and the loss function as for the Stokes.

el &
EEN
Al

Figure: CRVPINN solution of the non-linear stationary Navier-Stokes.

39/ 44
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(CRVPINN): Non-linear stationary Navier-Stokes)

Loss s error Loss vs error
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° 20 S0 700 1000 12500 1sto0 17300 20000 5 2500 so0 70 10000 100 13000 1730 20000
Epoch Epoch

(a) CRVPINN training for 20x20 (b) CRVPINN training for 30x30
points. points.

Loss vs error Loss vs error
Wl — o~ teracln 100
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o 10
102
10°
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° 250 5000 750 10000 12500 15000 17500 20000 ° 250 5000 7500 10000 12500 15000 17500 20000

(c) CRVPINN training for 40x40 (d) CRVPINN training for 50x50
points. points.
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(CRVPINN): Circular wind problem)

B-Vu—eAu=0 inQ
u=g overdf,

The problem is defined over the rectangular domain

Q=(0,1) x (—1,1), with zero right-hand side f = 0, and with the
advection vector § = (—y, —x) modeling the rotational flow. We
introduce the boundary with the inflow and the outflow

M ={(x,y):x=0.0,05<y<1.0}
M= {(x,y): x=00,00<y<05}
We introduce the Dirichlet b.c. for the inflow and the outflow

1 b
glxi,x) = 3 (tanh((|X2\ — 0.35);) + 1) , for (x1,x2) € Ty

1 b
glx1,x) = 5 <tanh((0.65 - (|X2|));) + 1) , for (x_1,xp)inl
g(x1,x2) =0, for (x1,x) € M\T1Ul,
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(CRVPINN): Circular wind problem)

a0

nnnnn

(a) CRVPINN solution for e = 0.1. (b) Exact solution for e = 0.1.

The convergence of the CRVPINN training depends on the value of
the diffusion coefficient €, sincea = eand u =e+2C =4 +e.

(Theorem 1) %\/LOSS(U) < |Ju — ugxacT||v,p < éx/LOSS(u)

For ¢ = 0.1 we have

0.251/LOSS(u) < ||u — uexacTl|v,n < 104/ LOSS(u)

These limits they define the range where the true error stays during
the training process.
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(CRVPINN): Circular wind problem)

a0

nnnnn

(a) CRVPINN solution for ¢ = 0.05. (b) Exact solution for e = 0.05.

The convergence of the CRVPINN training depends on the value of
the diffusion coefficient €, sincea = eand u =e+2C =4 +e.

(Theorem 1) %\/LOSS(U) < |Ju — ugxacT||v,p < é\/LOSS(u)

For ¢ = 0.05 we have

0.25,/LOSS(u) < ||u — uexacTl|v,n < 2004/LOSS(u)

These limits they define the range where the true error stays during
the training process.
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Conclusions - Key points

Our CRVPINN Robust loss

LOSS(up) = RES(ug) "G L RES(up)
is better than PINN loss

RES(up) = > _ (Aug(x,y) + f(x,y))?

X7y

Gram matrix constructed with inner product of Kronecker deltas
(9ij> ki) p(Poisson, advection-diffusion) or (85, ki) 5, (Stokes),
for the norm that discrete weak form is bounded inf-sup stable.

Do not invert G™1. Compute LU factorization G = LU instead.
The Gram matrix is sparse like finite difference method
4 for (i,j) = (k,I)
Gijki= h2¢ -1 for(kJ1)e{(i+1,)),(i—1,))}
-1 for (k,)e{(i,j+1),(i,j—1)}
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