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Time-Dependent problems
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Overview

N time

Figure: Stabilization of time-dependent problems:
+ finite difference discretization in time (time steps),
+ unconditionally stable second order time discretization scheme
allowing for direction-splitting in time (stability in time)
+ higher order finite element discretization in space
(separate problem in each time step, B-spline based discretization),
+ residual minimization method in every time step (stability in space),
+ Kronecker product structure of matrices (fast O(N) solver)
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Overview

< time

Figure: Stabilization of time-dependent problems:

+ finite difference discretization in time (time steps),

+ unconditionally stable second order time discretization scheme
allowing for direction-splitting in time (stability in time)

+ higher order finite element discretization in space

(separate problem in each time step, B-spline based discretization),

+ residual minimization method in every time step (stability in space),
+ Kronecker product structure of matrices (fast O(N) solver),

+ Linear computational cost for arbitrary material data
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Discretization with B-splines
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Figure: Recursive formulae for B-splines. Tensor products on 2D grid

J.A. Cottrel, T.J.R. Hughes, Y. Bazilevs, Isogeometric Analysis. Toward
Integration of CAD and FEA, Wiley, (2009)
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Mass matrices over 2D domain Q = Q, x Q,

Here we will derive linear O(N) cost solver for tensor product grids.
We discretize with tensor product B-spline basis functions B;;

M = (By, Bu)iz = /Q By By dQ =

| B (0B (1Bi(x)BI () ¢2 = [ (BiB() (BiB)(v) O

_ (/ B,-Bkdx) (/ BjB/dy> = Mo M
Q. Q,

A matrix with Kronecker product structure can be LU factorized
in a linear O(N) computational cost.

Can we apply it to the iGRM case?
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Stiffness matrices over 2D domain Q = Q, x Q,

We discretize with tensor product B-spline basis functions

X( x 0By Y
S= /88 ] 083X( )B(y) + B (x) é;y)BZ(x)aB’a}(/y)) 40

0B; 0B, / / 0B; 0B
- dx [ BiBidy + | BiBidx [ ZZ2%°4
Q, 8X aX y =l Q k Qy ay 8_)/

X

=S OM + M ®S

The Kronecker product structure and linear cost solver is preserved
for “half” of the matrix ONLY

Sx ®Myuk+1/2 = MX ®Syuk

M @ 8 uk T = 8% @ MY ukt1/2
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Time-dependent Maxwell problem

Let us consider the time-dependent Maxwell equations on domain
Q=10,1]3

g—f(t):%Vx H(t); %I;I(t):—iVx E(t) teR,xe

diveE(t) =0 teR,x € Q; divuH(t) =0 teR,xe€Q

E(t) xn=0 teR,xecd H(t) - n=0 teR,xec 0
E(x,0)=Ep(x) x€Q  H(x,0)=Hp(x) xecQ

where E(x, t) is an electric field, H(x, t) is the magnetic field,
Eo € L2(Q)3 and Hg € L?(Q)? are initial states,

permittivity € € L°>°(R2), and permeability u € L°(Q)

are given functions assumed to be constant in time,

and they fullfil (x) > ¢ >0, and p(x) > 6 > 0.
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Time-dependent Maxwell problem

We have 5 5
0 -2 e
Vx = 6% 0 -5l =
3% o5 0
0 0 Z { 0 2 0
% 0 0|—|0 0 Zl=G-
0 2 0 Z 0 0

G
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Time-dependent Maxwell problem

Following

M. Hochbruck, T. Jahnke, R. Schnaubelt, 2015
Convergence of an ADI splitting for Maxwell's equations,
Numerishe Mathematik

we use the following time integration scheme
En+% —E"— lCZHn + lCIHn—l—%;
2¢ 2¢
Hn-l-% — Hn _ lCIEn + LCQE'H—%
2u 2u

En+1 — En-&—% + lclHn-‘rl _ lcan-‘rl.
2¢ 2¢ '

Hn+1 — Hn+% 4 2LC2En+% _ 2LC1En+1
I I
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Time-dependent Maxwell problem

Substituting the second equation in the first one in both substeps
lead to

2 2
_ -1 n+3 — E" T _ n_ T -1 n
(/ ac G C2> E"2 E" + 26(C1 C2)H ac Gu "GE

Hn+2 =H" - —ClE" + 7C2En+2
2u

and

2
(l - LTTCzu*lC ) Et = E”+2+ (C1—C2)H"+2—*Cz/flCzE"Jr%
€

Hn+1 Hn+2 4 C2En+% _ 2LC1En+1
2 [
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Time-dependent Maxwell problem

9 ,,—10
1 872“ o 0 01 o 0
Gu G = 0 acH o 0 ;
9 ,,—1 0
9 ,,—1 0
1 87><3'u’ 187)(3 le) O1 o 0
CQM_ C]_ = 0 a—xl,uf Ox1 0
9 ,,—1 0
as well as
o ,,—1 0
0 87x2'u o o) 01 o)
Cl/l 1C1: 0 0 87X3'UJ_ 87X2 s
g ,,—10
g ,,—1_0
o) 01 o] 0 87X3M o
Gu -G = 871,11_ 9 0 0
o ,,—1_0 0
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Time-dependent Maxwell problem

0 ,—10
R o 0 0 1
E"ts — 0 8@){3”—1623 0 E"t: =
4e 0 0 010
8X1'U/ aX]_
0 -2 2
P 8X3 8% n
"+ & 0 —2|H
+2€ _axi 5 8X1
8X2 8X1
200 aeras 0
— n
", Y, 0 ol oa | B
ox1 0x3 0 0
o) 9
1 [0 05 [0 & g 1
H™2 = H" 2 0 O0|E+-—|0 o0 2Z|E:
2% o 21| o 3

8X1 0 BXQ 0
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Time-dependent Maxwell problem

o ,,—1 0
1 72 ol " fil 018 0 1
En+ —47 0 T)QM_ 37)(1 0 En+ =
N 0 ZulZ
8X2'U/ 8)@
0~k &
X3 X 1
Etby | 2 0 0|yt
Tty . P
8X2 3X1
o, -1 0
T2 0 0 T)QM ox1 )
_ a%,fla% 0 0 E"t2
46 0 i _1i 0
BXQM 0x3
0 2 o 0 0
1T Ox3 1T
H™ ' =H'"2+ |0 0 2Z|E"2—— |2 0
B 2| 5 Ox 2u |9 5
ey 0 0 7a
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Time-dependent Maxwell problem (weak form) (1/4)

We will introduce now a variational formulation.

We denote by (-, -) both the usual inner products in L?(Q) and
LZ(Q)?’, i.e. (H,V) = (Hl, Vl) + (HQ, V2) + (H3, V3)

We consider for the moment that © and € are constant.

We multiply the equations by suitable test functions V,
integrate in space and integrate by parts the second order terms

n 1 n 1 n 1
(E72, Vi) + (B2, Vo) + (572, V3)
2

T 5 n+l 3 3 n+1 5 5 n+ 3
- - 2 _ - - 2 E 2 V
taen [(8x2 SR V1> * (aX3 S V2) * (a PRER 3”

= (B, V1) + (Ez,Vz) (E3, V3)

T 0 ,n. 0O . 8
+Z |:(_8X3H2+6X2H3’V1)+ 83 H37V2>
0
(L +H27v3>}
Oxo
72 0 0 0 0
— | =E" — V. E} V. E'
+4eu [(&q £ Oy 1> + <5X2 3 0xs 2) * ( L ox ﬂ



Time-dependent Maxwell problem (weak form) (2/4)

(H7T2, ) + (HE T2, W) + (HQ*f,vs):(Hf,v1)+(H5,vz)+(H§,v3)
T [0 o _, o _,
T 8 nt3 0 pnti i nt3
+5- K 7 E, v1> ( o ES2 Vs 7 [ VA
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Time-dependent Maxwell problem (weak form) (3/4)

(Ef+17 Vl) + (E2n+17 V2) + (EZngla V3)
72 0 0 0 0 0 0
o 7E"+1 V. 7E"+1 V. 7E”+1 V.
+4€/~L K@@ L oxs 1) * <8X1 2 7 0x 2) * (8 X2 " Ox, )}
= (EM2 Vi) + (B2 V) + (B3, )

T 0 n+3 0 nt+i 0 nti 0 nt+i
R ,7/_/ 2 7/_[ 2 \/ 7H ZfiH 2 V
+ [( s Jra 1)+(83 o1 2>

( *H"“ o V3>}
X

T2 a n-i,-l 8 8 n+ a a n-i,-— 8
— || =—E ?, —V —FE V; —E, *, —V
+4eu [(3)(1 3 7 0xs 1) + (6)@ Lo ox 2) + (3)(3 27 0% 3)}
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Time-dependent Maxwell problem (weak form) (4/4)

(HH V) + (M5, Va) + (H"“ 2 = (H77, Vi) + (H"*% +(H*E, V)

Vo) +
+— By, ANV 9 gty
8X3 3X1 2 a Xo 1 3
_ T n+1 n+1 i n+1
(58 vl) (526 v2> (meriu)]
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Time-dependent Maxwell problem (spatial discretization)

Assuming the discretization with B-splines on tensor product grids,
M :/ B,‘jkBadexldX2dX3 =
Q

/ BiB,dx / B;Bydx; / BiBedxs = My, & My, @ My,
Q Q, Qg

2 2
M+ Ky | E™: = ME"+ _CH" + ——R;E"
dep 2¢ 4ept

MH"™ 3 = MH" — 2lclE" + L CEM:
Jz 24
2
(M T 47—6MK2) ETtl — ME™ 2 +3 CH"+ + o RQE"+2
MH™! = MH"% +  C,E"7 + lclE"H
2u 2u
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Time-dependent Maxwell problem (spatial discretization)

Ki

K,

R;

R>

[M,, ® My, @ My,
0
I 0
[My, ® Sy, @ My,
0
0

_Mxl ® MX2 ® SX3

By @ My, ® Ay,
[ 0
BX1 ® A)Q ® MX3

0

0
M, ® My, @ M,,
0
0
Mxl ® MX2 ® 5><3
0
0
le ® MXZ ® MX3
0

AX1 ® BXQ ® MX3

0
0

MX1 ® MX2 ® MX3

0
0
SX1 ® MXZ ® MX3_

0
0

My & S, @ My, |
O -
MX1 ® AX2 ® BX3
O m
AX1 ® MX2 ® BX3_
0
0
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Time-dependent Maxwell problem (spatial discretization)

0
C1 = MX1 & MXQ & AX3
| 0
[ 0
C = 0
My, & My, @ Ay,
C=C; -G,

0
0
A @ My, ® My,

M., @ My, @ Ay
0
0

My ® A, ® My |
0
0

0
A @ My, @ My,
0

where M,,, My,, My, are 1D mass matrices, M,, = fQXI B;B,dxq
S« Sk, Sx; are 1D stiffness matrices, Sy, = fol Ox, BiOx, Badxq
Ax s Ay, Ax; are 1D advection matrices with the derivatives in the
trial functions, Ay, = an Ox, BiBadxq
By, , Bx,, By, are 1D advection matrices with the derivatives in the
test functions, By, = fol B0y, Badxy
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Application of the RM method for non-stationary Maxwell

We choose the inner product in the H(curl, Q) space
(H7V)H(curl,§2) = (H,V) + (v x H,V x V)

However, to preserve the Kronecker structure in every sub-step

we introduce different inner products for every substep.

For updates of the magnetic fields, we employ L?(2)3 inner product.
For updates of the electric field, we consider inner products

(E,V)a = (E1, V1) + (B2, V2) + (E3,V3)

|t ) + (355 ) * (3 )
(E, V) =(E, Vi) + (E2,V2) (E3, V3)

+|(38 %) * (3 2 ¥) * (355 ).

22/46



Application of the RM method for non-stationary Maxwell

For updates of the electric field the matrix is

’T2 T
G? - (M + @Kl)

(M + 4767K1)T 0
. .
G,f - (M + @Kz)

(M + 47;7K2)T 0

where G4 = M + K; and Gg = M + K».
For updates of the magentic field the matrix is

o
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Numerical results: manufactured solution

For Q=[0,1]°, fore=1and g =1, K, A € N, 5, A # 0 we have solutions

u}c,/\(xv t)

u,i,A(x7 t) =

ui,k(x, t) =

sin(kmx2) sin(Amx3) cos(v k2 + N2mt)
0
0
0
\/;7# sin(kmx2) cos(Amxs) sin(v/K2 + A27t)
Ko+
\/ziv cos(kmx2) sin(Amxs) sin(vk2 + A27t)
L K+
r 0
sin(kmx1) sin(Amx3) cos(v/ k2 + N2mt)
0
\/;7# sin(kmx1) cos(Amxs) sin(vV/K2 + A2mt)
Ko+
0
\/ﬁ cos(kmxq) sin(Amxs) sin(vk2 + \27t)
r 0
0
sin(k7x1) sin(Amx2) cos(v'Kk? + A27t)
\/;‘7# sin(kmx1) cos(Amxz) sin(vV/K2 + A2mt)
K+

£ cos(kmxi) sin(Amxz) sin(v k2 + A27t)

VK242
0
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Numerical results: manufactured solution

More general solutions can be obtained by

u(x,t) = Z Z

K=0,...,Kmax A=0,...,Amax
(aI]%)\uIJQ-)\(X7 t) + a2\ uln(x, t) + apyusa(x, t))

The first manufactured solution function is

ua(x, t) = yuiy(x, t) + 205 1 (x, 1) + 3yui 1 (x, )
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Numerical results: manufactured solution

Figure: Electric (red) and magnetic (blue) vector fields,
resulting from the problem with manufactured solution.

26 /46



Numerical results: manufactured solution

rotation error

relative L? error [%)]

10! 10-2 105 10-1 10-2 103
Figure: Order of the time integration scheme as measured in L2 (left) and
H-curl (right) norms for electric (blue) and magnetic (orange) vector fields
resulting from the solution of the problem with manufactured solution over
the computational mesh with 16x16x16 elements.
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Factorization of Kronecker product matrices

The direction splitting algorithm for the Kronecker product matrices implements
three steps, which result is equivalent to the Gaussian elimination algorithm

M =W eBeC) T =U)TeB) e )T

First, we solve along x direction

. N . _ -
AL AL -+ 0 21 zZi21 cc Zim yir o yir o Yium
X X
An An - 0 1 Z21 ccc Z2im your el e Yoim
X
| O 0 - Ayl lzxuu zZkzr 0 Zkiml LVki1  Yk21 - Yikim]

Second, we solve along y direction

oy v ; _ -
B, B, --- 0 Yiin o Yeur cc Ykim Z111 211t Zkim
Y y
B, B, --- 0 Y21 Y221t Yiem Z121 Z21 cc Zkam
y
L 0 0 - Byl lyin yvin - Ykm lzin zn o Zidm ]
Third, we solve along z direction,
r Z Z
G, Go - 0 X111 Xe11 o Xk bii1 bar -+ bkn

Z Z
G Gy - 0 X112 Xe12 Xk biiz bz -+ bie

0 0 - GComl xuim xam -+ Xum bum  bam 0 bum /16



Kronecker product structure in time-dependent Maxwell

equations

For example for the first sub-step, the update of electric fields

M@ (M, +72.S,) @ M MLEM?|
T ”Jr

Meo M, @ (M, + 2.5,) B
@@+M§)®N@®MEH2
Me®@ M, @ MLE]]  [—EM,® M, @ A, HJ]
= MX®My®MzE2n + iMx@)My@Asz

M@ My @ M, ES —5cMx® Ay @ M, H{ |
7'2 n'
M, @ A, @ M, Hj =A ® B, @ M;E}

+|—ZA®M, @ MH] | + | =M, @ A, @ B,E}

dep
3% ® My @ M, H LB ® M, ® AE]|
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Kronecker product structure in time-dependent Maxwell

1
MIET™]  [ME] [FiH) [FRHE] [FRE] [RHS:
MENE| = | MEp| + | FiHp| + | F2Hp | + | FRED| = |RMS,
et lmel [Aw] |Bm] o (Be] [Rus,

where the entries of each matrix are

Misino = | Bip()B1()e | (1) Bl | Biop(2)Bop(2)dz

X Y

where

i=1,..,Ne, j=1,...,Ny, k=1,..., N, span over trial space dimensions,
I=1,..,N,, m=1,...,N,, n=1,..., N, span over test space dimensions.
The matrices on the RHS are multiplied by the solution vectors from
previous time step, so as the result on the RHS we have a vectors
RHSllmov RHS2/mor and 7-\J',]-l‘s‘3lm01’q -

where again [ =1,...N,, m=1,..,N,, o=1,...N,.
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Kronecker product structure in time-dependent Maxwell

1
MIET™] TMEF) [FiH)  [FRHE] [FER] [RMS:
ME'E| = |MEp| + | FiHp | + | F2Hp | + | FRED| = |RHS,
et el | Am] Bm] |BE] (rus,

where the entries of each matrix are

M%ijk,/mo:/ﬂ Bj p(x) By p(x)dx

7 9B p(y) 0Bm,p(y)
J e e A LA NLECLYC
M%ijk,lmo :/Q
7 OBy p(2) 9Bo,p(2)
<Bkap(Z)Bn,P(Z) + 46#/ az az ) dZ

2
L , 7% 9B;p(x) 9B1p(x)
ngk,/mo—/ﬂ <B,,p(X)B/,p(X)+4€M ox  ox )&

X

By p(x) B p(x)x /Q By p(¥) B p(y)dy

S~

z
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Kronecker product structure in time-dependent Maxwell

M) TmED) [EH [RHS] [RE [RMS:
M| = [Mfz” + |FH | + | F3HS | + | FREf | = | RHS:
Migr] IMES]L [ FHE] TS (PR (RS
where the entries of each matrix are

Fiieimo = 276/QBi,p(X)Bj,p(y)a&g;(z)B/,p(X)Bm,p(y)Bo,p(z)dxdydz
]:21Uk,/mo = 27-6/QBi,p(X)Bj,p(}’)aBgz(Z)B/,p(X)Bm’p(y)Bo,p(z)dxdydz
Py =3 | Biol) "0 By (0)85(x) B 1) o 2) iz
Ppeans = 3 | Biolo) 20 5 (0815(x) B ) B pl2)ice
]:22fjk,/mo = _% o %[;(X)ijp(.y)B/ﬂP(X)B/,p(X)Bm7p(y)Bo’p(Z)dXdde
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Kronecker product structure in time-dependent Maxwell

1

MIET] TMER] [FIH FHDl  [FREF] [RHS
ME™H| = |MEp| + | FiHp| + | F2Hg| + | FED| = |RHS,
et el | Am] Bm] |BE] (res,

where the entries of each matrix are

GB,- X
]:32i'k Imo — - » () Bj,p(¥) Bk,p(x) Bi,p(X) Bm,p(y) Bo,p(z) dxdydz
UK, 2¢ Q aX

9Bi,p(x) 9Bm,p(y)
FL i imo = aep Jo 5 Brp(x)Bip(y)Brp(x )T;Bo,p(Z)dxdydz
72 0B; ,(y) 0Bo p(2)
Fpans = e || Buslo) 220 6, 12168100618 p1) 222
72 OBy ,(2) 0B ,(x
F3 i mo = aen /Q Bip(x)B;.p(y) gg( ) (’9”)’(( )Bm,p(y)Bo7p(z)dxdydz

33/46



Kronecker product structure in time-dependent Maxwell

The alternating directions solver decomposes this system into
three one-dimensional systems with multiple right-hand-sides

n+%
AiFy 1 RHS,
f42F;r¥§ = |RHS>
ntl
A RHS3

where

Ay :/Q Bi p(x)B,p(x)dx
Az :/Q Bi p(x) By p(x)dx
2 .
A3i,/=/Q (B;,p(X)BLp(x)+TaB’vP(X) 8Bl,p(x)> dx

4epy, Ox Ox
and the RHS vectors RHSl/Jk, RHSQ,'J;(, RHS:;;J;(

have been reordered into matrices with N, rows and N, /N, columns,

by ordering blocks of N, consecutive rows, one after another.
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Kronecker product structure in time-dependent Maxwell

After solving the first one-dimensional system with multiple RHSs
we solve the second system

n+% n+%
B]_ Gl . F]. .
n+3 n+3
n+3 n+3
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Kronecker product structure in time-dependent Maxwell

Finally, we solve the third system with multiple RHSs

1 1

n+3 n+3
CiEy G
sl = | o2

C2 E2 ) G2 )
n+3 n+3

where
Ciro = /Q By p(2)Bop(2)dz

72 9By,p(2) 0Bo,p(2)
Coko = /QZ <Bk’p(Z)Bo’p(Z) " dep 0z 0z *

C3k,o:/Q Bk,p(Z)Bo,p(Z)dz

Similar considerations apply for other sub-steps
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Incorporating non-regular material data

l

Figure: Exemplary MRI scans of the head of Maciej Paszynski.

Maciej Paszynski, Marcin to$, Judit Muioz-Matute, Alternating
directions implicit higher-order finite element method for simulations
of time-dependent electromagnetic wave propagation in non-regular
biological tissues, https://arxiv.org/abs/2103.06998
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Incorporating non-regular material data

For example, if we want to modify material data 7 = 7, € = ¢,

p = 1 for test B-spline "rst", namely B, ,(x)Bs p(y)Bt p(2)

In the first system, we extract the three equations (three rows) for
the three components of the electric field for row i = r,

and the suitable columns from the RHS / = r,m = s, 0 = t, where
we modify the material data

el A
/Q BrvP(X)B/;P(X)dXF1+QIst = RHS1st
I=1,...,N, 7

el o
/Q B’~P(X)B/,p(x)dXF2+2/st = RHSarst
I=1,...,N, 7 S

~D C

72 0B, p(x) 0By p(x) nt} N
Z / (B,_,p(x)Bhp(X) + 2 (')f( (3,; dxF3 %, = RHS3st

The RHS1,st, RHS2rst, RHS 31t represent the right-hand sides with
material data parameters 7 = 7, €e = €, u = [i. The other rows and

columns in the first system remain unchanged.
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Incorporating non-regular material data

Similarly, in the second system, we extract the equation for row
j=sandcolumns I=r m=s,n=1t

72 0Bs,p(y) 0Bm,p(y) n+l n+l
Z /Q (BS,P(Y)Bm-,P(y) + 4€//l 05/ 8; ) dyGl 2rmt = Fl 2rst

1 1
Z /Q Bsfp(y)Bmvp(y)dyG2n+2rmt = F2n+2rst

+ 1 +1
> /Q Bap () Bmp()dyGs" e = 57
N, y

m=1,...,

and we modify the material data. The other rows and columns in the
second system remain unchanged.
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Incorporating non-regular material data

Finally, in the third system, we extract the equation for row k = t
and columns I =r,m=s,n=1t

n+% n+%
Z o Bt;P(Z)BOJJ(Z)dZEl rso Gl rst
o=1,...,N, z

72 9Bt p(z) 0Bo p(2) n+3 n+1i
Z / (Bf p )Boﬁp(z) + 4Em Dz Oz ) dZE3 rso GZ rst

=1,.

S [ euesastrane =6

o=1,...,N,

and we modify the material data.
The other rows and columns in the third system remain unchanged.
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Numerical results (1/5)

Figure: Electromagnetic waves propagation on the human head. Electric
wave vector field. Cross sections along OYZ, OXZ, OXY. Time moment
0.0.
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Numerical results (2/5)

Figure: Electromagnetic waves propagation on the human head. Electric
wave vector field. Cross sections along OYZ, OXZ, OXY. Time moment
0.25.
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Numerical results (3/5)

Figure: Electromagnetic waves propagation on the human head. Electric
wave vector field. Cross sections along OYZ, OXZ, OXY. Time moment
0.5.

43/46



Numerical results (4/5)

Figure: Electromagnetic waves propagation on the human head. Electric
wave vector field. Cross sections along OYZ, OXZ, OXY. Time moment
0.75.
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Numerical results (5/5)

Figure: Electromagnetic waves propagation on the human head. Electric
wave vector field. Cross sections along OYZ, OXZ, OXY. Time moment
1.0.
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Conclusions

isoGeometric Residual Minimization Method (iGRM)
for time-dependent problems

279 order time schemes (unconditional stability in time)

@ Residual minimization for each time step (stability in space)

Discretization with B-spline basis functions

(higher continuity smooth solutions)

Kronecker product structure of the matrix

(linear cost O(N) of direct solver)

Linear computational cost solver for time-dependent Maxwell
problems

Parallelization in GALOIS environment

(all simulations on a regular laptop)

Future work: application as preconditioner for other
engineering problems
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