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Abstract

It has been showed in [4] that any bipartite graph K, ;, where a, b
are even is decomposable into closed trails of prescribed even lengths.
In this article we consider the corresponding question for open trails.
We prove a necessary and sufficient condition for graphs K,; to be
decomposable into edge-disjoint open trails of positive lengths (less
than ab) whenever these lengths sum up to the size of the graph K, ;.
Let K , := Koq — I, for any 1-factor I,. We also prove that K, , for
odd a can be decomposed in a similar manner.

1 Introduction

Consider a simple graph G whose size we denote by e(G). Write V(G) for
the vertex set and E(G) for the edge set of a graph G.

We say that a graph G is Fulerian if there exists a closed trail through
every edge of G. Here and subsequently, a trail T of length n we identify
with a sequence (v1,vs, ..., v,41) of vertices of T such that v;v;41 are distinct
edges of T for i = 1,2,...,n. Notice that we do not require the v; to be
distinct. A trail T is closed if v; = v, 11 and T is open if vy # v,41.
However, closed trail will be regarded as an Eulerian graph of size n. A
graph G is said to be even if the degrees of all its vertices are even. By
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Euler’s theorem, a connected even graph is Eulerian (i.e. contains a closed
trail passing through all its edges exactly once).

A sequence of positive integers 7 = (¢, t2,...,t,) is called admissible for
a graph @G if it adds up to e(G) and for each i € {1,...,p} there exists an
open trail of length ¢; in G. Let 7 = (ty, s, ..., t,) be an admissible sequence

for G. If G is edge-disjointly decomposable into open trails T1,75,...,T,
of lengths t,%,,...,t, respectively, then 7 is called realizable in G and the
sequence (11, T3, ...,T,) is said to be a G-realization of T or a realization of
T G.

Let K, be the complete bipartite graph with two sets of vertices A and
B such that |A| = a and |B| = b. In our paper we prove a necessary and
sufficient condition for graphs K,; to be decomposable into edge-disjoint
open trails of positive lengths 1,1, ...t, for any admissible sequence 7 =
(1,12, ..1,).

Such problems were first investigated by P.N. Balister.

Theorem 1 ([1]) Let L =" t;, t; >3, with L = (}}) when n is odd and

(Z) —3—2<L< (Z) — 5 when n is even. Then we can write some subgraph
of K, as an edge union of circuits of lengths tq,...,t,.

Theorem 2 ([2]) The following conditions are both necessary and sufficient
for packing | Ji_, B, into K, with endpoints mapped to distinct vertices:
L=(3) orL<(3) =3 ifr=0,

L<(5) —2ifr>0andr (orn)is even,

L<(5) —pifr(orn)is odd:

where n = 2p +r and L = Y7 | l;. In particular, L < (
sufficient.

n—1

) ) 18 always

A motivation and applications of Theorems 1 and 2 can be found in problems
concerning vertex-distinguishing proper edge-coloring of graphs.

A similar theorem for the closed trails has been proved in [4] by M. Horndk
and M. Wozniak.

Theorem 3 ([4]) Ifa, b are positive even integers, then if > 7 t; = ab and
there is a closed trail of length t; in K.y (for all i € {1,...,p}), then K,
can be (edge-disjointly) decomposed into closed trails Ty, Ty, ..., T, of lengths
t1,t2,...,t, respectively.

This problem is also solved by S. Cichacz for directed bipartite graphs and
bipartite multigraphs, see [3].



Let K,, be a complete bipartite graph and let I, denote a 1-factor in
Kqq. We denote by K| , a graph K, — I,.

2 Decomposition of bipartite
graphs into open trails

There is no loss of generality in assuming that a < b.

Let us observe that in any complete bipartite graph K, different from
K1 and Ky for odd b does not exist an open trail of length ab. Hence, p > 2
for each admissible sequence 7 = (4, ..., t,) for each graph K, different from
Ky, and Ks) for any odd b.

Theorem 4 For each complete bipartite graph K, and for each admissible
sequence T = (t1,...,t,) for Kqy there exists a realization of T in K, if and
only if one of the following conditions holds:

°a=1or
D a and b are both even.

Let A :={xy,...,x,} and B := {vy,..., 05}

Necessity. We show that if @ > 1 and a or b is odd then there exists an
admissible sequence 7 for K, such that there is no realization for 7 in K.
We divide this proof into several parts:

A. Let us assume that a = 2 and b is odd. It can be easily seen that there
exists an open trail of length two in Ks; and because of Euler’s theorem
there exists an open trail of length (20 —2) in K5,. Hence 7 := (2,20 —2) is
an admissible sequence for Ky but 7 is not realizable in Ky .

B. Let @ > 3 and b > 3. Assume first that a is odd while b is even. Thus,
d(z;) is even for any i € {1, ...,a} and d(v;) is odd for any j € {1,...,b}. Let
G be a subgraph of K,; induced by the set of vertices {x1,v1,va, ..., 051}
(see fig. 1). Let G’ := K, — E(Gy). Observe that the only two vertices in G’
of odd degree are z; and v,. Thus, in K, there exists an open trail of length
(ab — b+ 1). Moreover, there exists an open trail of length (b — 1), but a
sequence 7 := (b—1,ab—b+1) is not realizable in K, (because if T; denotes
an open trail of length (b—1) in K, then in K,, — E(T}) there are at least



Figure 1: Subgraphs G1,G5 and Gj.

four vertices of odd degree). Analogously we show that such sequence 7 is
not realizable in K, ; for a even and b odd.

C. Let a > 3 and b > 3 be both odd. Let us consider two subcases:

a) a = b. Let Gy be a subgraph of K,, with the vertex set V(Gs) =
{za,...,24,v1,...,0,} and the edge set F(Gy) = {xqvy, 2ovs, T303, . . ., 2;0;,
oy TV} (see fig. 1). In K, , — E(G>) there exist only two vertices of odd de-
gree, namely 1 and x5. Hence in K, , is an open trail of length (a*—a). There
is also an open trail of length a in K, ,. But the sequence 7 := (a,a® — a) is
not realizable in K ,.

b) a < b. Let G5 be a subgraph of K, , with V(G3) = {z1,...,2q,v1,...,Up_2}
and with E(G3) = {x101, XaU2, L303, . . ., TaUa, TaVai1s - - -y LaUb—3, LaUp—2}. Ob-
serve that dg,(z1) = ... = dgy(v4—1) = dg,(v1) = ... = dg,(vp—2) = 1 and
de,(re) = b—a—1 (see fig. 1). Hence, in K, — E(G3) the only two vertices
of odd degree are v,_; and v,. Notice that we allow a = b — 2. This implies
that there exists an open trail of length (ab—b+2) in K, ;. Obviously, in K,
exists an open trail of length (b — 2). However, an edge-disjoint decompo-
sition of K, into open trails of lengths (b—2) and (ab—b+2) does not exist.

Sufficiency. Assume first that a = 1. It can be easily seen that K is
arbitrarily decomposable into open trails of length one and two.

From now on, let us assume that G is any complete bipartite graph K,
such that a and b are even. Let 7 = (¢1,...,t,) be a sequence of positive
integers such that Zle t; = ab and p > 2. We show that there exists a
T-realization in K, ;. We consider the following cases:

A. Let us suppose that t; is even for any i € {1, ..., p}.
Case I. Assume now that t¢; is not an even multiplicity of b for any i €



{1,...,p}. Consider a sequence
V= (v, 21,0V, Ta, V3, X1, ..., T1, Vp, Ta,
V1,T3,V2,L4,V3,L3,y ..., L3Vpy L4y ...,V1,Lg—1ye09Lg—1,VUpy,Lg, Ul).
Clearly, this sequence of vertices creates an Eulerian trail in K, ;. We show
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Figure 2: Sequence V.

that we can part V' into subsequences V;,...,V}, such that for any ¢ € {1,..., p}
the set of vertices in V; describes an open trail 7; in K, of length ¢, and
T,..., T, are edge-disjoint subgraphs of K, (see fig 2).

Let us start at the following observation: let W = (wq,...,wx) C V be a
subsequence of consecutive elements of V' such that wy; = wy = v; for some
i €{1,...,b}. The set of vertices in W creates a closed trail in K, of length
m - b for some even m < q.

We will define subsequences V;,...,V,, of V. Let V;j contain (t; + 1) first
elements of V so it starts at v; and its next elements are the consecutive
elements of V up to (¢; + 1)-th element. Let us denote this element by v?.
Observe that it belongs to B (obviously, it is different than v;). Let V5 start
at v? and let it contain next (¢, + 1) elements of the sequence V. We denote
the last element of V5 by v3 so Vo = (v?,...,v3). In a similar way we can
define the rest of subsequences Vs,...,V},,. The last element of sequence V; we
will denote by v*™!. Tt is easy to see that v' € B for any 7 € {2,...,p}. Thus,
a sequence V; contains consecutive elements of V', starts at some vertex in B
and finishes at another for each i € {1,...,p}. Hence, because of the above
observation for any ¢ € {1,...,p} the set of vertices of V; describes an open
trail 7; of length ¢; in G. Moreover, T1,...,T), are edge-disjoint subgraphs of G.



Case II. Let t; = myq - b,....;t;y = my - b for some [ € {1,...,p} and for some
even integers my, ..., m;. Suppose first that [ > 2 and let m :=my + ... + my.
Then, consider sequences:

I
V= (-Tmyvlaxlav%x%v?nxlv ey L1, Up, Ta,
U1,23,V2,T4,V3,X3, ..., L3Vyy T4y ...y V1, Typ—1, +++s Tyn—1, Vb, :Um)
and
/A
Vii= ('Ul,xm+1,U2,$m+2,'03,$m+1, vy Tm+15 Uby Tim4-2,

<y V1, Lg—1,y ++-y La—15 Ub, Lq, Ul)‘

Figure 4: Sequence V.



These sequences of vertices create edge-disjoint closed trails in G. Let G’
be a subgraph of G induced by the set of edges in V/. Hence V' is an Eulerian
trail for G’ which is a complete bipartite subgraph of G. Let us part V' into
disjoint subsequences Vi := (Zp,.oos Ty )y Vi i= (Tmyttmy_vs ooos Tong bty
forie{2,...,0—1} and V; := {Zmy+..4+my_ys---» Tm). The sets of vertices of V;
create edge-disjoint open trails T7,...,T; of lengths t1,...,t; (see fig. 3).

Let G” be a graph described by the sequence of vertices of V. Observe
that G” is also a complete bipartite subgraph of G with two disjoint sets of
vertices C' 1= A\ {z1,...,x,,} and B. The edges of V" induce an Eulerian
trail for G” so we can define the edge-disjoint open trails 7}1,...,7,, of lengths
tis1,..,tp in G” analogously as in case I (see fig 4). Obviously, T1,..,T), are
edge-disjoint open trails in G.

Let us assume now that [ = 1. Hence, t; = m - b for some even integer m
and t; is not an even multiplicity of b for any i € {2,...,p}. Let us consider
sequences V" (see fig. 5) and V!V (see fig. 6) such that:

"no.__
V — (/Uhxlav27I27U37x17U47x2av5"‘7xm—17Ub)'xavvb—l)
and
v . _
V= (Ub—hl‘a—l,Ub—2,l’a,Ub—37$a—1,Ub—47Iaa <y U1, Tg—1,Vp

Lg—2,Up—1,La—3,Vp—2, -+, La-2,V1,Lg-3, Vb, ..

Im+27 vb—la xm—l—l; Ub—27 e ey xm+27 Ul? xm+1; Ub; xmy Ul)'

Observe that the sequence of vertices of V" creates an open trail T} of
length ¢;. Moreover, with the single exception of {vq, Zy11, Vs, Tm}, every
other subsequence which contains consecutive vertices of V!V and start and
finish at the same vertex v; for any ¢ € {1,...,b} induces a closed trail of
length k - b for some even integer k. The only exception is the set of last
four vertices {v1, Zyy1, Up, Tm b which induces a closed trail of length four in
G. Suppose now that there exists j € {2,...,p} such that ¢t; # 4. Without
loss of generality we can assume that ¢, # 4. For such admissible sequence
7, applying analogous methods as in case I, we can define the open trails
T5,...,.7, of length ts,....t, in G such that T1,..., T, are edge-disjoint subgraphs
of G. Assume now that t; = 4 for any 7 € {2,...,p} and b > 4. The edges of
a sequence

V._
V T (1}2; :L‘Q, U37 xla U47 IQ, U57 ey xm—lv vb) :)Za, vb—l? xa—la vb—?)
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Figure 6: Sequence VIV

induce an open trail of length t; in G. Consider a sequence
VI ._
V7= (Up—2y Tay Vb3, Ta—1, Vp—a, Ta, -

V1, Ta—1, Vb, Lg—2, Vb—1, La—3, Vp—2, +--s Tm+1, Vb, Tm, V1, L1, Uz)-

(see fig. 7 and 8) Let us part V'V into (p — 1) sets, each of them containing
five consecutive elements of it. Then these sets induce edge-disjoint open
trails of length four in G. A decomposition of G = K, 4 into edge-disjoint
open trails for 7 = (8,4, 4) we show in the figure 9.

B. Suppose now that some of elements of 7 are odd. Without loss of gen-
erality we can assume that ¢;,....,t; are odd for some [ < p and #;44,...,t, are
even. Observe that [ is even so there exists a positive number £ such that
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Figure 8: Sequence V'V,

[ = 2k. Let us define d; := t9;_1 + to; for ¢ € {1,...,k}. Consider a se-
quence 7' := (dy, ..., dg, tog41, .-, tp }. Applying the same arguments as above
G is decomposable into open trails Dy,...,Dy, Toi11,... T}, of lengths dy,...,dx,
tok+1,---,tp. It is easy to observe that each open trail D; we can part into two
edge-disjoint open trails T5;_1, T5; of lenghts to;_1, t2;. Hence, T, ...,T), is a
G-realization of 7 and the proof is finished. O

Let us consider now complete bipartite graphs K,, for an odd a. By the
previous theorem such graphs are not arbitrarily decomposable into open
trails but we can prove the following theorem:

Theorem 5 For any odd a the graph K! , is decomposable into open trails

a,a

9



Figure 9: A decomposition of K,4 into edge-disjoint open trails for 7 =

(8,4, 4).

of lengths ty,....,t, for each admissible sequence T = (t1,...,1p).

Let G be a bipartite graph K , with odd a. Observe that p > 1, because there

does not exist an open trail of length (a* — a) in K ,. Let A := {z1,...,z,}

and B := {v1,...,v,}. Let I, be the matching such that x;v; € I, if and

only if j = 4. Let 7 = (t1,...,t,) be a sequence of positive integers such that
P ti=a®>—aand p > 2. The proof of this theorem is analogous to the

proof of Theorem 4.

Let us suppose first that ¢; is even for any i € {1,...,p}. We consider two

cases:

Case I. Assume now that t; is not an even multiplicity of a for any i €

{1,...,p}. Let us consider a sequence (see fig. 10)

U:= (Ula Ly, V2,x1,V3,T2,...,V1,Vq,L2,V1,T3, V2, L4,V3,La, V4, ..., T3, Vg, L4, -y
V1, L, V2, Ljq1y- -3 Lit1,Vi5 Ly Vi1, Liy Vig2, Lty -y Ly Ugy Lidtly-- -y
V1,Xq—-2,V2,Lg—15--+yLag—1,Vq-2,Lq,Vag—1, La—2, Vq, xa—l)'

This sequence of vertices creates an Eulerian trail in K,, — I,. Let W =
(wy, ...,wg) C V be a subsequence of consecutive elements of U such that
wy = wg = v; for some ¢ € {1, ...,;a}. The sequence of vertices in W describes
a closed trail in K, , — I, of length m - a for some even m < a.

We will define subsequences Vi,...,V, of U analogously like in the proof of
Theorem 4. So let V; contain (¢; 4 1) first elements of U. Hence it starts at
vy and its next elements are the consecutive elements of U up to (¢; + 1)-th
element. Let us denote this element of B by v%. Let V5 start at v? and let it
contain next (ty+1) elements of sequence U and so on. For eachi € {1,...,p}
the sequence of vertices of V; creates an open trail T} of length ¢; in G and
Ti,...,. T, are edge-disjoint subgraphs of G.

10



Figure 10: Sequence U.

Case II. Let t; = mq - a,...,t; = my - a for some [ € {1,...,p} and for some
even integers my, ..., m;. Suppose first that [ > 2 and let m :=my + ... + my,.
Then, consider sequences

/.
U = <$m7U17$aa V2,X2,V3, L1,y ..., L1, Vg, L2, V1, T3, V2, Ty, V3,Lq, V4, T3,...,

T3, Vqy Xgyeeey U1y Ly V2y Ljt 1y ooy LTit1yViy Lgy Vi1 Ly Vit 2y Lit 1y oo o 5 Ly Ugy Tit1y - - -
V1, Tm—1,V2,Tmy -+« s Tmy Um—1, Lay Ums Tm—15 Um+1, Tmy - -« y Tim—1, Vq, xm)

and

" __
U = (Ul7 $m+17 Vg, $m+2, U3, mm—&—l; CIE 7xm+27 Um+17 Lq, Um-i—?a xm—i—la Um+3> $m+27 ce

Tm+15Vay 425+« + V1, Liy V2, Tig1,y - - -
Lit1, Viy Lay Vig 1, Liy Vig2, Tid1y« -+ 5 Tiy Vay Tigly -+ -5 V1, La—2,V2, La—15- -+,
La—1yVa—2,La; Vg—1yLq—2yVa; Lag—1y -+, V1, Lg—15+++y Lg—1, Upy Lq, Ul)-

These sequences of vertices create edge-disjoint closed trails in G. Let G’

be a subgraph of G created by the sequence of vertices of U’. Hence U’ is
an Eulerian trail for G’. Let us part U’ into disjoint subsequences V; :=
(T ooy Ty )y Vi = Tyt gy ooy Tyt vm, ) for i € {2, .., I —1} and V) :=
{Tmy+.tmy_ys - Tm). The squences V; create the sets of vertices of edge-
disjoint open trails 771,..., 7} of lengths ¢1,...,¢; (see fig. 11).

Now, let G” be a graph described by the sequence of vertices of U”.
Observe that G” is a bipartite subgraph of G with two disjoint sets of vertices
C:=A\{z1, ...,z } and B (see fig. 12). The edges of U” induce an Eulerian
trail for G” so we can define the edge-disjoint open trails 7}1,...,7,, of lengths
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Figure 12: Sequence U”.

tl+1,...,tp in G".

Let us assume now that [ = 1. Hence, t; = m - a for some even integer m
and t; is not an even multiplicity of a for any i € {2,...,p}. Let us consider
sequences

mo.__
U" = (v1, 24, V2, T2, U3, 1, Vg, T2, Vs, - - -, Tin—1, Vas Ta—2, Va—1)

and
UIV ._
c— (vafla LayVg—2, La—1, Vp—3,---,V1,La—1,Vqa, - - -

Tg—4,Va—1,Tq-3,Va—2, Ta—4,Vq—3,La, Vg—4,Lq—3,Vag—5,+ -,

Tm+1,Va—15 Tm+2, Va—2, Tm+1y - - - V1, Tm+42, Vg Tm, Ul)-
Observe that the edges of U” induce an open trail 77 of length t; (see

12



Figure 13: Sequence U".

fig. 13). Moreover, with the single exception of {vy, Z, 19, Vs, T }, €very other
subsequence which contains consecutive vertices of UV and start and finish
at the same vertex v; for any ¢ € {1, ...,b} induces a closed trail of length k- a
for some even integer k (see fig. 14). The only exception is the set of last
four vertices {v1, Ty12, Vg, T} Which induces a closed trail of length four in
G. Suppose that there exists j € {2,...,p} such that ¢t; # 4. Without loss of
generality we can assume that ¢, # 4. For such admissible sequence 7 we can
define the open trails T5,...,T), of length ,,....,t, in G such that T1,..., T, are
edge-disjoint subgraphs of G. Assume now that t; = 4 for any i € {2,...,p}.
The vertices in a sequence

V.
U — (U2; X1,U3,T2,V4,T1,Vs5,...y T;n—1, Vg Lq—2,Va—1, Laq, /Ua72)
create an open trail of length ¢; in G (see fig. 15). Consider a sequence
VI . _
U Ca (Ua—Za Lag—1,Vq-3,La—2,Vg—4, -+,

La—2,V1,Ta—1,Va; La—4,Va—1,Ta—-3, Va—2; La—4, Va—3, - - -,
xm-{-la U1, $m+2, Vas T,y U1y La, UQ)'

Let us part UYZ into (p — 1) sets, each of them containing five consecutive
elements of it. Then these sets induce edge-disjoint open trails of length four
in G (see fig. 16).

Suppose now that some of elements of 7 are odd. It is obvious that there

13



Figure 14: Sequence U?V.

is an even number of odd elements in 7. Analogously like in Theorem 4 we
can ”glue” odd parts creating an element of even length. Hence the proof is
finished. U
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Figure 15: Sequence U
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Figure 16: Sequence U"Z,
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