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Abstract. In this paper we present an ensemble composed of classifiers 
operating with multi-dimensional data. Classification is performed in tensor 
spaces spanned by the basis obtained from the Higher-Order Singular Value 
Decomposition of the pattern tensors. These showed superior results when 
processing multi-dimensional data, such as sequences of images. However, 
multi-dimensionality leads to excessive computational requirements. The 
proposed method alleviates this problem, first by partitioning the input dataset, 
and then by feeding each partition into a separate tensor classifiers of the 
ensemble. Despite the computational advantages, also accuracy of the ensemble 
showed to be higher compared to a single classifier case. The method was 
tested in the context of object recognition in computer vision. In the paper we 
discuss also methods of input image prefiltering in order to increase accuracy. 
The conducted experiments show high efficacy of the proposed solution.  
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1 Introduction 

Object recognition by computers requires construction of accurate and fast classifiers. 
There are many examples of these which are reported in literature [16][18][19]. 
However, many existing methods do not account for the multi-dimensionality of the 
classified data. Recently, this issue was addressed with help of the tensor analysis. 
One of the first methods which utilize this approach was face recognition system 
proposed by Vasilescu et al. [19]. In their approach tensors constitute a major 
mathematical tool to cope with multiple factors of face patters, which can be 
represented under different poses, views, illuminations, etc. Because of this, the 
method was called tensor-faces. Another system that is based on tensor analysis was 
proposed by Savas et al. [15]. It was applied to the problem of handwritten digits 
recognition [13]. The method by Savas et al. assumes tensor decomposition which 
allows an equivalent representation of a tensor as a product of a core tensor and the 
unitary mode matrices. This decomposition is known as the Higher-Order Singular 
Value Decomposition (HOSVD), and is related to the Tucker decomposition 
[1][12][9]. A version of this method was then used by Cyganek in the system for road 
signs recognition [3]. In this case the input tensor is built from artificially generated 



 Ensemble of Tensor Classifiers Based on the HOSVD 579 

deformed versions of the prototype road sign exemplars. All these systems, which are 
based on HOSVD, show very high accuracy and high speed of response. However, 
computation of the HOSVD from large size tensors is computationally demanding. 
The decomposition algorithm requires computation of a sequence of SVD 
decompositions of matrices obtained from the flattened input tensor. However, 
dimensions of these matrices can be huge since they are multiplications of all 
dimensions of the input tensor. In many applications this can be very problematic. 
The method presented in this paper shows how to alleviate this problem by 
construction of an ensemble of tensor-based classifiers. In the proposed solution 
tensors are of much smaller size than in a case of a single tensor based classifier. As it 
will be shown, despite the computational advantages, the proposed ensemble shows 
also superior accuracy when compared with a single classifier. 

The method was tested in the task of handwritten digits recognition and showed 
good results and high speed of operation. Detailed experimental results are provided 
for the highly demanding USPS dataset [6][20]. These verified our assumption on 
high accuracy and lower computational complexity of the proposed ensemble. 

The rest of the paper is organized as follows: Section 2 presents basics on N-Mode 
Principal Component Analysis for pattern recognition. In Section 3 we provide details 
of the proposed methods, i.e. construction of the ensemble of HOSVD classifiers. 
Experimental results with discussion of the obtained scores are provided in Section 4. 
The paper ends with conclusions in Section 5. 

2 N-Mode Principal Component Analysis for Pattern 
Recognition 

Tensors in data mining and classification are defined as multidimensional arrays. 
They generalize such concepts as scalars, vectors, and matrices, which all are tensors. 
Processing and analysis of images builds well into this framework due to a multi-
dimensional nature of data in video streams. However, an analysis of contents of a 
video represented as tensors requires their proper decomposition. There are many 
tensor decompositions which allow either their analysis or compact representation. 
However, one of the most popular is the already mentioned HOSVD [1][11][9]. As it 
will be shown in the next sections, HOSVD can be used to build orthogonal spaces 
which can be then used for pattern recognition in a similar way to the standard PCA 
based classifiers [4][18]. However, before we show properties and the algorithm of 
computation of the HOSVD, we present briefly some of the most important concepts 
of the tensor algebra.  

2.1 Tensor Algebra Concepts 

Although tensors can be multi-dimensional, in many methods it is convenient to 
represent them in the matrix-like, or flattened, form. More specifically, for a P-th 

order tensor 1 2 PN N N× ×∈ ℜ  , the k-mode vector of   is defined as a vector obtained 

from the elements of   by varying only one index nk, while keeping all other fixed. 

Let us assume that from the tensor  the following matrix  
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( )
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k
T − +×∈ ℜ  

 (1) 

is formed. Now columns of T(k) are k-mode vectors of . The k-mode representation 

of a tensor is obtained by selecting the k-th index which becomes a row index of its 
flatten representation. On the other hand its column index is a product of all other P-1 
indices. Nevertheless, where an element of the tensor is stored in memory depends on 
the chosen permutation of these P-1 indices, which results in (P-1)! possibilities. 
From these only two, i.e. forward and backward cycle modes, are used [11]. 

The second key concept is a k-mode multiplication of a tensor 1 2 PN N N× ×∈ ℜ   

and a matrix kQ NM ×∈ ℜ . In result of such a multiplication a tensor 
1 2 1 1k k PN N N Q N N− +× × × × ×∈ ℜ    is obtained, which elements can be expressed as follows 

( )
− + − +− + =

= × =     1 2 1 1 1 2 1 11 2 1 1 1

.
k

k k P k k k P kk k P
k

N

n n n qn n k n n n n n n qnn n n qn n
n

t mM   (2) 

Finally, to analyze contents of a tensor a proper decomposition needs to be applied. 
The HOSVD decomposition, used also in the proposed method, allows any P-

dimensional tensor 1 2 m n PN N N N N× × × ×∈ ℜ     to be equivalently represented in the 
following form [11][12]  

1 1 2 2 P P
= × × ×S S S  . (3) 

In the above, Sk are unitary matrices of dimensions Nk×Nk, called mode matrices. 
1 2 m n PN N N N N× × × ×∈ ℜ    is a core tensor which fulfills the following 

properties [11][12]:  
1. Two subtensors 

kn a=  and 
kn b= , are orthogonal for all possible values of k for 

which a≠b, i.e. 

0
k kn a n b= =⋅ =  , (4) 

2. All subtensors of   for all k can be ordered according to their Frobenius 
norms 

1 2
0

k k k Pn n n N= = =≥ ≥ ≥ ≥   , (5) 

Finally, the a-mode singular value of  is defined as follows 

σ= = .
k

k
n a a
  (6) 

In the next section we discuss an algorithm for computation of the HOSVD. 
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2.2 Computation of the Higher-Order Singular Value Decomposition 

Lathauwer proposed a method of computation of the HOSVD which is based on 
successive application of the SVD decompositions to the flattened matrices of a given 
tensor [11]. Thus, HOSVD of a P-dimensional tensor  is presented by the following 
algorithm [11][12]: 
 
1. For each k=1, …, P do: 

 a. Flatten tensor  to obtain Tk, from Eg.(1) 

 b. Compute Sk from the SVD decomposition of Tk 

= T
k k k k
T S V D  (7) 

 2. Using all Sk compute the core tensor: 

1 1 2 2
T T T

P P
= × × ×S S S   (8) 

Fig. 1. An algorithm for computation of the HOSVD of tensors 

Because Sk are orthogonal, the core tensor  can be expressed as  

( ) ( ) 1 2 1 2 1
T
k k k P kk k + + −

 = ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗ Z S T S S S S S S  . (9) 

From the algorithm in Fig. 1 we see that computation of the HOSVD requires 
a sequence of SVD decomposition of matrices obtained from the input tensor. 
However, dimensions of these matrices can be very large since they are just 
multiplications of all dimensions of the decomposed tensor, as shown in Eg. (1). In 
many practical cases this poses a real problem. The method presented in this paper 
shows how to overcome this problem with construction of an ensemble of tensors, 
which are of lower sizes, however. As will be shown, apart from this computational 
advantage, such ensemble of classifiers shows also better accuracy when compared 
with a single classifier. 

2.3 Pattern Recognition in the Tensor Spanned Spaces 

For each mode matrix Si in (3) the following sum can be constructed 

1

PN
h

h P P
h=

= × s  , (10) 

thanks to the commutative properties of the k-mode multiplication. In the above 

1 1 2 2 1 1h P P− −= × × ×S S S   (11) 
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constitute the basis tensors and sh
P are columns of the unitary matrix SP. Because h is 

of dimension P-1 then ×P in (10) is an outer product, i.e. a product of two tensors of 
dimensions P-1 and 1. Moreover, due to the orthogonality properties of the core 
tensor in (11), h are also orthogonal. Thus, they can constitute a basis which 

spans a sub-space. This property is used to construct a HOSVD based classifier, as 
follows.  

In the tensor space spanned by h, pattern recognition can be stated as testing a 

distance of a given test pattern Px to its projections in each of the spaces spanned by 
the set of the bases h in (11). This can be expressed as the following minimization 

problem [15] 

=

− 


2

, 1

min
i
h

i

H
i i

x h h
i c h

Q

cP  , 
(12) 

where the scalars ci
h denote unknown coordinates of Px in the space spanned by h

i, 

and H≤NP denotes a number of chosen dominating components.  
 To solve (12) the squared norm Q of (12) is created for a selected i. Assuming 

further that i
h
  and 

x
P  are normalized the following is obtained (the hat indicates 

normalized tensors) 

ρ
=

= − 
2

1

ˆ ˆ1 ,
H

i
i h x

h

P . (13) 

Thus, to minimize (12) we need to maximize the following value 

ρ
=

= 
2

1

ˆ ˆˆ ,
H

i
i h x

h

P , (14) 

In other words, the HOSVD based classifier returns a class i for which its ρi from (14) 
is the largest. 

3 Construction of the Ensemble of HOSVD Classifiers 

It was shown that an ensemble of even simple classifiers can perform better that a 
complex but single classifier [10][14][7]. As we will show, this holds also for the 
HOSVD based classifiers. Apart from the higher overall accuracy, an ensemble of 
HOSVD classifiers offers also computational advantages such as lower memory 
requirements due to reduced training data partitions, as well as the parallel run-time 
structure.  

To build an ensemble of HOSVD based classifiers we propose to use bagging and 
image preprocessing. Bagging consists in creating a number of variants XT

(i) of the 
training set XT, by a uniform data sampling from XT with replacement (a bootstrap 
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aggregation method) [17]. It was shown that bagging can reduce variance of a 
classifier and improve its generalization properties [5]. Each data variant is used to 
train a separate member of the ensemble, which in our case is the HOSVD classifier. 
A number of data in each variant XT

(i) is one of the training parameters of the 
ensemble. However, the issue is that in the case of an ensemble of classifiers, each 
classifier can be trained with data variant which is less numerous than the maximally 
available number of training points and the overall accuracy of the ensemble will be 
still higher that for a single classifier case. Thanks to this strategy we can cope easily 
with massive data, training one classifier at a time. Additionally, it is possible to 
extend the ensemble with new members if new training data are obtained in the later 
time.  An analysis of the experimental results confirms these suppositions. 

Additionally, to improve performance of the classifiers we propose to add image 
prefiltering stage, as shown in Fig. 2. In our experiments we tested the following 
prefilters: 

1. Affine image warping (bilinear interpolation); 
2. Edge detection with the Savitzky-Golay filters;  
3. Phase component of the structural tensor; 
4. Census transform; 
5. Gaussian noise addition. 

Detailed algorithms with code examples of the above procedures are described in [2]. 

 

Fig. 2. Data flow in the proposed construction of the HOSVD ensemble of classifiers 

Fig. 2 shows the construction steps (white blocks), as well as structure of the 
HOSVD ensemble (gray blocks). Each of the individual HOSVDi experts in Fig. 2 is 
trained to recognize exactly ten classes of the handwritten digits, however each is fed 
with different dataset. That is, each HOSVDi is trained with its specific data partition 
obtained by random sampling a number of training data (i.e. images of the 
handwritten digits) from the set of all data (bagging). This is done in the random 
splitter block in Fig. 2, using a random generator with a uniform distribution.  
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Summarizing, the training parameters of the entire ensemble are as follows: 

1. Number of member classifiers in the ensemble;  
2. Size of data partitions in the bagging process; 
3. Type of the preprocessing filter; 
4. Number of components H considered in (14); 

In the run-time, answers of each of the classifiers are combined with the majority 
voting scheme [8][10]. Summarizing, the proposed ensemble of HOSVD classifiers 
offers the following advantages: 

• Significant reduction of memory requirements during training; 
• Reduction of computations (due to lower size of the matrices); 
• Possible incremental build (e.g. if new training samples are coming at later time, 

they can compose a new member of the ensemble); 
• Proper data prefiltering can result in up to 1-2% improvement (however, for 

different datasets, this needs experimental verification); 
• The method naturally leads to the parallel training and run-time architectures;  

Certainly, the most important factor is the overall accuracy of an ensemble. As we 
show in the next section, this and also all of the aforementioned postulates were 
verified experimentally. 

4 Experimental Results 

The presented method was entirely implemented in C++, supported by the HIL 
library [2]. The experiments were run on the computer with 8 GB RAM and with 
Pentium® Quad Core Q 820 (clock 1.73 GHz). For the experiments the USPS dataset 
was used [6][20]. The same set was also used by Savas et al. [15]. This dataset 
contains selected and preprocessed scans of the handwritten digits from envelopes by 
the U.S. Postal Service. Fig. 3 depicts exemplars of each digit from the training set 
(Fig. 3a), and from the testing set (Fig. 3b), respectively.  

 

 a 
 

   b 
 

Fig. 3. Visualization of the two data sets from the ZIP database (from data). Ten exemplars of 
each digit from the training set (a), and from the testing set (b). 

Each test and train pattern originally is in a form of a 16×16 gray level image. 
Since this dataset is perceived as a relatively difficult for machine classification 
(reported human error is 2.5%), it has been used for comparison of different 
classifiers [13][15]. The database is divided into the training and testing partitions, 
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Fig. 6. Accuracy vs. number of components H in Eq. (14). Input images were warped to 32×32, 
number of classifiers in ensemble set to 15, bagging partitions of 192 images used. 

In the next experiment we tried to figure out the optimal value of the number of 
components H of the HOSVD approximation in Eq. (14). Fig. 6 depicts accuracy vs. 
parameter H. In this case a setup with best accuracy was chosen (see Fig. 5). That is, 
the input images were warped to 32×32 pixels, number of classifiers in the ensemble 
was set to 15, bagging partitions of 192 images. It is evident that there is an optimal 
value of H=16. Beyond that point, when H is increased, accuracy reaches its plateau. 
The reason of this is that increasing H we consider components usually associated 
with noise (like in the PCA for matrices). Further experiments with different settings 
revealed very similar value of the parameter H. The reported value of H by Savas et 
al. is 12 [15]. However, in our setups we deal with ensembles, so the values of H can 
differ slightly. 

Table 1 shows numbers of training and test patterns in the dataset. It shows also 
detailed accuracies for each digit separately for the ensemble which reached the best 
accuracy in Fig. 5. This ensemble counts 15 members, input data were transformed to 
32×32 resolution, 192 training images were used, and number of components in (14) 
is H=16. 

Table 1. Accuracies and parameters for each digit separately. Experimental setup: 15 members 
in the ensemble, input data transformed to 32×32 resolution, 192 training images from bagging, 
H=16 components. 

Digit 0 1 2 3 4 5 6 7 8 9 

#Train 1194 1005 731 658 652 556 664 645 542 644 

#Test 359 264 198 166 200 160 170 147 166 177 

Accur. 0.986  0.981  0.899   0.880  0.930    0.925     0.982  0.959  0.910 0.960  
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Results in Table 1 show that the worse detailed accuracy was obtained for digit 
"3". Indeed it can be confused with "8", for which obtained accuracy is also not the 
best one. The best particular accuracies were obtained for "0", "1", and "6". Measured 
average classification time for a single data point is in order of 1-2 ms.  

5 Conclusions 

In this paper we propose a novel method of construction of the ensemble of tensor 
classifiers based on the Higher-Order Singular Value Decomposition. It was shown 
that although the HOSVD based classifier allows high accuracy and speed of 
classification, its construction for large training sets can be computationally 
demanding. The proposed method alleviates this problem by construction of the 
ensemble of the HOSVD classifiers and data bagging technique. Thanks to this, the 
tensors for the HOSVD decompositions are of lower size than the original tensor 
which would contain all training data. Moreover, the constructed ensemble of 
classifiers achieves higher overall accuracy as compared to a solution with the single 
classifier. The method was tested in the context of handwritten digits recognition. In 
the paper we discussed also methods of prefiltering of the input patterns in order to 
increase accuracy of the system. In this respect we checked affine warping of images, 
addition of noise, Census transformation, as well as the structural tensor. We showed 
that application of the first of the mentioned filters can increase accuracy of the 
system. The obtained results acknowledged our assumptions. 
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