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Preface

This study is the first step toward creation of a computetesyswhich allows efficient
modeling of seismic wave field in all kinds of 3D media. A¢ theginning, this study was a
part of a project of Oil and Gas Institute, Cracow, Polartres solutions were created and
tested under the supervision of Prof. Halindrdejowska-Tyczkowska. Then the study was
continued as a part of Statutory Research of a Departme@eahformatics and Applied
Computer Science at AGH University of Science and TechnologgcoW@, Poland,
no.11.11.140.561. Of course this kind of research and performed compuiatuld have
never been possible without appropriate computer infrastructuren wis financed by
special donation from the Polish Ministry of Science andklideducation.

Summary

This book reports a comprehensive study of numerical modeling of pvapagation in 3D
anisotropic media. Finite-difference methods were used forierffiomodeling of wave
propagation in such a media. After a short introduction, the book pretentheory of
anisotropic model that describes real geological media aagpr®ximation using horizontal,
vertical, titled transverse isotropic and orthorhombic medidnénsecond chapter. Also, the
construction of efficient and universal wave field modeling algoritat is deduced from the
basic ones using stiffness matrix transformation by Bond matikeshown. The third
chapter presents numerical solution of the elastic wave equatiorarious types of
anisotropic media. The second order in space and time finiteediffe method was used to
obtain a detailed solution for all considered types of anisotropitam8tability criteria for all
discussed algorithms are also presented. Fourth order in tmte-difference method is
presented additionally as an example of alternative numesidation. In the next chapter
implementation of the finite-difference schemas includingaihand border conditions and
computational environment is discussed. In the last chapter éxarmegults of wave
propagation modeling for different types of anisotropy and for varseismic sources are
presented and discussed.
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1. Introduction

Full-wave field modelling is a powerful tool of seismic expkown and seismology. It can be
used for various earthquake-related analyses and during many stageeisofic
investigations. Recent rapid progress in full-wave form seisnversion methods has made
these simulations even more important.

The seismic wave field propagation is studied in simplifieslagcal media. The heterogenic
medium is one of the common models of the real, complicated $atsstructure of earth. It
consists of homogeneous parts of different shapes and sizes. loasesthey are considered
as isotropic ones; e.g., mechanical parameters inside adcare constant and independent
of directions. But in an anisotropic medium, parameters tlathaasured depend on the
direction. The anisotropic and heterogeneous medium can be nowsstgysled as a
sufficient approximation of the real medium of seismic wangagation.

Generally, the more complicated analyzed medium is, the niofrtant correct
understanding of anisotropy is necessary. In the case of threasthma (3D) anisotropic
media, abundance of possible waves and interactions betweencéimemake wave form
analysis very complicated even if there is lack of anyrbganeity (e.g. layer borders).
Analysis of synthetic seismograms and modeled snapshots can leteesrgting not only for
theoretical studies but also for solving real, “production” problefigrzejowska-
Tyczkowska, 2006). Sometimes one synthetic seismogram or snapsh@veahthe true
nature and/or genesis of observed complicated wave forms. Inicataglanisotropic media,
various wave forms can be created by simple wave propagationgthdreomogeneous
medium. In a detailed analysis anisotropy can no longer be tremtediaple variation of
seismic wave speed with direction. Various waves, sometamgsisingly hard to interpret,
can be observed in the case of even very limited anisotropyhéather hand very subtle
distortion of wave speed symmetry can be crucial for finalngeisor seismological
interpretation. Proper understanding of all effects of seiamgotropy seems to be one of the
most important problems of modern geophysics.

The beginning of these studies can be traced back to 2004 when afpapers concerning
wave filed modeling in complex and/or anisotropic media were publishedthors (Leniak
& Danek 2004; Danek & Franczyk 2004a, 2004b, Danek 2004). One year kdervtiorks
were continued as a part of European Union program — HPC Europa (Danek 200&a).
Obtained results were a background to more mature studies whielcareducted later (e.g.
Le niak & Danek 2006, Pietsh et al. 2007). Finally during the second HB®pe
cooperation (Danek 2007) additional efficiency studies for big, 3D readete carried out.
These results led to some complicated, full scale siraldé.g. Danek et al. 2008, Ri et
al. 2009) and to studies concerning alternative ways of wave fitgtklng (Danek 2009).
All this experience in wave field propagation theory, comparat methods and parallel
computing gave a proper background for the most ambitious task — di@l32 modeling in
anisotropic media.



2. Description of anisotropic models of real geolacal medium and its
approximation (VTI, HTI, TTI, orthorhombic media)

2.1. Introduction: Analogies to crystallography

At microscopic scale, anisotropy is related with crystAlsisotropic properties of crystals
reflect their periodic structure at atomic scale. Themiteology and basic models of
anisotropy that are used in geophysics are based mainly on infamnaatd names from
crystallography. Hence, there is a direct reference torifgtallography in the first chapter of
this publication.

Properties of anisotropic media can be represented by tensdrs.dase of anisotropic media
measured physical properties depend on direction. A responseystal tw the applied force

will not depend on force amplitude alone but on its direction als Wet manner in which a

given crystal will change its properties along with changethefdirection depends on its
symmetry. If a 3D crystal has defined planes of symmé#yform will not change after the

symmetrical reflection about those planes.

Likewise, physical parameters measured in that direction do maoigehas a result of such
transformations. In other words, it is symmetry planes thatraéne the directions in which

physical parameters of a given crystal do not changetrésses are applied in those
directions, the deformations will be the same. This alsonmdhat if a medium is

symmetrical about given transformation, the transformation doéschange the stiffness
matrix that describes the medium.

The 3D space periodic structures (like crystals) can be corestranty in 32 ways: so-called
32 classes of symmetry that are grouped in seven systemar¢hidted below (e.g. Auld,
1973):

- triclinic
- monoclinic
- rhombic
- hexagonal
- rhombohedral (trigonal)
- tetragonal
- regular
The symmetry planes for basic classes of symmetry arensimokig.1.



Fig.2.1. Symmetry planes for basic symmetry systema) monoclinic, b) tetragonal, ¢) rhombic, d) hexgonal, €)
rhombohedral, f) cubic (modified after Crampin 1984)

Rys. 2.1. P aszczyzny symetrii podstawowych system&ymetrii. a) jednoskony b) tetragonalny c) rombowy d)
heksagonalny e) romboedryczny f) kubiczny(Crampin 284, zmodyfikowany)

Generally, more than 32 symmetry classes can be distinguigha rock medium
(Winterstein, 1990). For instance, a plane-parallel mediusoisopic in any horizontal
direction. Any vertical plane is the symmetry plane fahsa medium. This does not happen
in crystals. The same type of anisotropy is observed for a hareoge medium with a
system of cracks with horizontal boundaries. Such media amtrapie with so-called

vertical transverse isotropy (VTI). Adding two systemgafallel cracks with plane
boundaries into an anisotropic medium gives anisotropy that simeolialy belongs to
triclinic, rhombic, and tetragonal systems. Three-cractesysin a homogeneous medium
give anisotropy which is simultaneously included to triclinnmmbohedric, hexagonal, and
regular systems.

Of greatest importance to geophysicists are media wititakntansverse isotropy; however,
other types of anisotropic media can be employed in seismicsh#adiscuss them later in
this study.



2.2. Symmetry of stiffness tensor

Anisotropic properties in geophysics are analyzed through studyisgriiraetry of stiffness
tensor that links stress with deformation:

Si =Cué€a 1, ],klI=2123

)

It is known that anisotropic systems can be classifieddan the mutual position of their
symmetry planes (Crampin 1984). One can prove a theorem shairig plane x, =0 is

the symmetry plane of an anisotropic system with stifftessorCy, if and only if one or

three indexesj,k,| are equal tgp' (Crampin 1984).

To illustrate how this theorem acts, the stiffness tensot beusomewhat simplified.
Theoretically, it has 3= 81components; however, they are not mutually independent.
Because stress and deformation are symmetric

S =S5 €y =€

(2.1)
we get the following identities

Gii = Cjiu = Gjix = Cjc 2.2)

which reduce the number of independent components of the stiteresor to 36. In turn, the
identity
G = Cui (2.3)

reduces that number to 21. The components can be writte®a$ aymmetrical matrix (see
Appendix 1).

Cllll C1122 C1133 C1123 C1113 ClllZ Cll C12 Cl3 Cl4 ClS C16
C2211 C2222 C2233 C2223 C2213 C2212 C12 C22 C23 CZ4 C25 C26

Cijk| — CSSll C3322 C3333 C3323 C3313 C3312 - ClS C23 C33 C34 C35 C36 —C (2 4)
C2311 C2322 C2333 C2323 C2313 C2312 C14 C24 C34 C44 C45 C46 )
C1311 C1322 C1333 C1323 C1313 C1312 C15 C25 C35 C45 C55 C56
C1211 C1222 C1233 C1223 C1213 C1212 C16 C26 C36 C46 C56 C66

Let a rhombic system with symmetry plangs=0, x, =0 and x, =0 be an example. Using
the Crampin theorem we conclude that the stiffness nfatrchombic system has the form



C1l C12 Cl?: 0
ClZ C'22 CZ3 0
— C13 C23 C33 0
0 0 O cy
0 0 0 0 cg
0 0 0 0 0 c4

(2.5)

O O O O o

with nine independent elements.

2.3. Anisotropy types of rock media

Throughout this book appropriate stiffness matrices are usexnputer programs for wave-
field modeling. Each anisotropic medium has a specifinsst matrix. What is important,
the number of independent matrix elements decreases wimanesgy of the medium
increases.

The simplest medium we can consider is homogeneous and isotnalgitevo components of
elastic tensor §4 are mutually independent. A symmetric tensor has theviolly form:

Cas Cys- 2C, Cyp-2C, O 0 0

Ca3~ 2Cyy Css Cyu-2¢, 0 0 0

cC = Cga~ 2C4 Ca3- 2C, Css 0 0 0
0 0 0O ¢, 0 O

0 0 0 0 c, O

0 0 0 0 0 c,

(2.6)
The Lame constants are given ag=anand gz=1| +2m

From a practical point of view of the seismic exploratioreeiypes of anisotropic media are
distinguished:

1. With hexagonal symmetry (transverse isotropy) in whichiplalproperties do not change
perpendicular to the symmetry axis but they change paralielFour types of anisotropy are
distinguished in these media:

» Vertical transverse isotropy (VTI) - for almost horizomgkne-parallel finely layered
media; the symmetry axis is vertical.

» Horizontal transverse isotropy (HTI) — for almost verticalng-parallel finely layered
media; the symmetry axis is horizontal.



VTI HTI
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Fig. 2.2. Models of VTI and HTI finely layered meda with symmetry axis shown.

Rys. 2.2 Model orodka VTI i HTI zbudowane z o rodkéw cienkowarstwowanych z zaznaczonymi osiamymetrii.

» Extensive dilatancy anisotropy (EDA) — caused by cracks wigintation different
from horizontal; the symmetry axis is different from weati

» Tilted transverse anisotropy (TTI) — for tilted plane-honital finely layered media;
the symmetry axis is different from vertical.

There are five independent components of stiffness tensorek® types of media. They
have the forms

- for VTI anisotropy:

Cy,y C,-2¢, C3 O 0 O
Cyy - 2Cg Cy,y c, 0 O O
C(VTI) — Ci3 Ci3 Ca3 0 0 0
@ 0 0 0 c; 0 O
0 0 0 0 ¢ O

0 0 0 0 0 c 2.7)

- for HTI anisotropy:
C,y Cis Cis 0O 0 O
Cis Css Cy- 2C, O 0 0
Cf,;“) _ Ci3 Cy- 2C, Css 0O 0 O
0 0 c, 0 O
0 0 0 0O c, O (2.8)

0 0 0 0 0 cg,

To explicitly obtain the stiffness matrix for TTI mediumetimatrix for VTI medium
must be rotated around the corresponding horizontal axis.
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2. Second, there is orthorhombic (rhombic) anisotropy that is a sugerpad VTl and
EDA. It occurs for a vertical system of cracks in horiztintstratified media (e.g.
limestones). Usually VTI >> EDA.

+

Jo

02> synjetry plane [x,x]

S5
X2 s\\“\ X1

L

Fig. 2.3. A scheme of orthorhombic system — plararallel medium with a system of vertical cracks (mdified after
Tsvankin, 2001).

Rys. 2.3 Schematyczny model uk adu ortoromboidaln@g o rodek p asko -réwnoleg y wraz z na oonym uk adem
pionowych szczelin (Tsvankin, 2001, zmodyfikowany).

The stiffness matrix for orthorhombic anisotropy has the forroviel

C11 ClZ Cl3 O
C12 C22 C23 0
C13 C23 C33 O
0O 0 0 cy
0 0 0 0 ¢ O
0 0 0 0 0 cg

CcC =

o O O O
o O o o

(2.9)

As it has been mentioned earlier, there are nine indepeadmponents of the stiffness
matrix.

3. Third, there is a monoclinic anisotropy that is obserivadystem of non-vertical cracks
occurs in horizontally stratified systems. The monoclinicarapy also exists in media
where two, nonorthogonal systems of cracks exist.

11



SEX

Fig. 2.4. Two systems of parallel cracks forming mwclinic anisotropy. There, the symmetry plane is drizontal
(modified after Tsvankin, 2001).

Rys. 2.4 Dwa systemy réwnoleg ych szczelin tworgych uk ad jednoskony. P aszczyzn symetrii jest w tym wypadku
p aszczyzna pozioma (Tsvankin, 2001, zmodyfikowany)

The stiffness tensor has the following form:

C1l ClZ Cl3 0 0 Cl6
ClZ C22 C23 0 0 C26
C - C13 C23 C33 0 0 C36 (2 . 10)
0o 0 0 ¢, c O
0O 0 O c¢5 c O
Cs Cp Cyp O 0 Cg

—_ 0
An interesting case occurs whefu *72=90

rhombic system.

. Then the above shown system reduces to the

Theoretically, at least a dozen or so other symmetryragstan be distinguished for the
elastic tensor, and hence the same number of anisotropy tymesveét, only the three
above-mentioned types were found during seismic field survegyb®lother types of
anisotropy do not appear in nature, possibly because of physical reasons

2.4. Transformations of stiffness tensor

The more complicated anisotropy models can be evaluated frdmasieeones (described
above) through application of the specific transformation otifilmess tensor. This stiffness
tensor transformation is achieved when a specific rotagiomaide around a given symmetry
axis. Since rotations belong to orthogonal transformations, thelyecaharacterized by

matrix a ={a,.j} i, j = 123 that satisfies conditioms* =a", aa' = andde{a)=1 for

rotation anddel(a) =- 1for symmetry. Equations that transform stress tensors and

12



deformation tensors to a new (‘) coordinate system (thedtirstsummation convention is

consistently applied) are
Ef =a,a;€y

s{=ga;5

The equations have the following form in matrix notation:

(=N

(=M

(2.11)

(2.12)

whereN andM are transformation matrices from one coordinate systehetother. The
explicit forms of matricedl andM are as follows:

(2.13)

cH ay, a 8,85 CRCH R
a, a, a, CIE: CHE: 8,185,

N & & & 8,8 L LR
28,8y 28,8, 2885 Byas T BpiByy  BioBos BBy BBy + By
28,8, 2858, 2858, B8t 8B, By t 88y &8s, + 3,8y
28,,8,) 28,8, 2838, A8+ 88, By + 88, By, 8,8,
a, a, ay 28,8, 2a,58,, 2a,,8,,
& o, A 28,8, 28,3, 2a,,8,,

Mo ® & Am 233 2853, 285,3;
B8y BBy BngByy BpBay T ByByy  BioBoy T ByByy BBy t BB,
T - T H T S I O T
Ay BBy By Byl t BBy, By t 8, A8y, + 8,

The N matrix and M matrix are known as ‘Bond nes’. Using formula (2.1) and because
matrix a is orthogonal, one can easily prove thit =M . It can be concluded that

(=CC(
C¢=MCN*
and finally:

C¢=MCM '

(2.14)

(2.15)

For rotation around the vertical axis, the matfixatation by angle; has the form

13



cosg -sing O
a= sing cosg O

(2.16)
0 0 1
Similarly, for rotation aroundpand % axis there is
1 0 0 cosg 0 - sing
a= 0 cosg - sing a= 0 1 0 2.17)
0 sing cosg sing 0 cosg

The two above given formulas enable the expligiregsions for stiffness matrix for specific
anisotropy models to be obtained.

As the first example, let us consider a TTI med{anv Tl medium rotated by anglg around
X1 Or % axis). First, we must determine the Bond matrfoeshose rotations. For rotation
around X axis the Bond matrix is

1 0 0 0 0 0
0 cosg sing -sin2g O 0
M = 0 sing cosqg sin2g 0 0
0 sin2g -sin2g cos2g 0 0 (2.18)
0 0 0 0 cosg sing
0 0 0 0 - sing cosg
whereas for rotation around, ¥xis it is
cosqg 0 sin“g 0 sin2g 0
0 1 0 0 0 0
M = siffg 0 cosgqg 0 sin2g 0
0 0 0 cosq 0 sing (2.19)
singcosg 0 - singcosg 0 -cos2g O
0 0 0 - sing 0 cosqg

To obtain explicit expressions for stiffness matomponents for TTI (rotation aroung x
axis), we must perform pretty arduous matrix muittggion:

1 0 0 0 0 0 C, Cy 24 G, 0 0 0 1 O 0 0 0 0
0 cogqg sin’g -sin2g O 0 ¢,- 2, cy ¢, 0 0 0 O cosg sing sin2g 0O 0
0 sinfg cofdqg sin2g 0 0 Cs Cs c; 0 0 0 0 sing cofg -sin2g 0 0
0 sin2g -sin2g cos2g 0 0 0 0 0 ¢, 0 O O -sin2g sin2g cos2g 0 0
0 0 0 0 cosg sing 0 0 0 0 cg, O O 0 0 0 cosg - sing
0 0 0 0 - sing cosq 0 0 0 0 0 ¢ O 0 0 0 sing cosg

As a result we get the following expressions fdfretss tensor coefficients for TTI:

C11=Cy,

14



C'21= Ci2= (Cyy - 264)cOS g +Cpysing

c'u= cis= (¢, - 2¢,,)sin* g +c cod g

1= Car=(c, - 2¢,,)sin2g - ¢,,sin2g

C2= ¢, c0s' g +c,,sin' g +¢,2c0 gsin® g + ¢ sin® 2q

Cha= C3p=Cy5(sin g +cos' g)+ (s, + ¢,y )sin® g oS’ g - o 5in® 2g

C'24= Ci42= C,, COS ¢Sin2g - ¢, SiN* g CcoS2g - C,,SiN”gsin2g - ¢, Sin2q cos2q
C'33=c,, Sin* g +2c,,Sin” g oS g + ¢, €OS' g + ¢y SiN° 29

C'43= C34=C,, SiN° gSin2qg + ¢, €C0S2g'Sin2q - C,,COS g'SiN2g - C,;Sin’ 2g
Caa=(c,, - 2c,, +cy,)sin® 2g + ¢, cOS? 2

C's5= C;5 COSG + Cys SING

C'ss= C6=(Cyq - Css)SING COSG

C's6= G55 SING + Cys COSY (2.20)

Other coefficients of the stiffness matrix are ddqaaero. Stiffness matrix coefficients for
rotation around xaxis can be calculated in the same way. The valeeas follows:

C,; =C,,COS' g+ 2¢,,cos gsin® g + ¢, sin® g + ¢, Sin2gsingcosg
G, =Cy = (Cy, - 2¢5)co0S g+ sin®g

¢ = (c,, +¢;5)cos gsin® g + 013(sin4 q +cos' q)— C,; Sin2gsing cosg
Cps = (cllcos2 Q+C,+CySin°g- Cy coqu)sin 2q

Cpp = Cyy

C,s =Cy, = (C; - 2645)sin? g +c,c08 g

C,s = (cyy - 264 +C5)siN2g

c,; = (¢, +¢55)c08 gsin? g + c13(cos4 g +sin’ q)+ Cys Sin2gcosgsing

C,, =C,,sin* g +2c,,cos gsin® g +c,,CoS' g - C..Sin2gsingcosy
33 Cll C13 33 55

15



Cy = (cllsin2 g+C,+Cy,COS G- Co coqu)sian (2.21)
C,s =Cy COS @ - CyeSIN*Qq

Cus = (Css + C4 ) COSFSING

Cyy = sinq(:osq(cllcos2 g+ c:13(sin2 q- cos q)- C,3SiN° g - Cg coqu)

¢, = (¢, - 2c4 - ¢15)singcosg

Cys = sinqcosq(cllsin2 q+ clg(cos.2 q - sin’ q)— C,3COS g+ Cy coqu)

c., = singcosgsin2g(c,, - c,,)+ ¢y cos 2

Cos = Cyg = - (Cos + Ci )COSGSING

Cy = - Cs5 SIN® g +Cy COS @

Let the stiffness matrix transformation aroundxis by angle€? for HTI be the third
example.

cosg -sing 0 0 O -1 O -sing -cosy
a=sing cosg 0 0 1 0 =0 cosg -sing 2.22)
0 0 1100 1 0 0

The Bond matrix has the form:

0 sin’g cosqg sin2g 0 0
0 cosg sinffg - sin2g 0 0
0 0 0 0 0 0
M= 0 0 0 -sing cosg (2.23)
0 0 0 0 - cosg - sing
0 - %sian }/Zsian - c0s2q 0 0

To obtain an expression for the stiffness matrndH®1 medium rotated by around the

vertical axis, we must perform the transformat@®$ MCM ", whereC is the stiffness
matrix for VTI medium. As a result we get the felimg expressions for stiffness tensor
coefficients for TTI medium:

C11=Cyg cos'g + (]/2)((:13 + 2C55)Sinz 2q + C115in4 q



1= cio= (1/8)[c,, + 6,5 +Cyy - 4Cy - (Cyy - 20,5+ €y, - 4Gy )COAG]
C'31= C13= ¢, Sin° g +c,,co08° g

C's1i= Che=(1/4)- ¢, + ¢y +(c, - 20,5 + €y, - 4y, )cos2g]sin2g
C'22= ¢, cos' g +cyysin g+ (1/2)(c; + 2 )sin® 29

C3= C3=C,,C0S g +C,,Sin*q

Che= Co= (1/4)- ¢y +cyy- (cyy - 20,5 +Cy, - 4Gy )c0S2g]sin2g
C33=Cy

Coo= C36= (1/2)(ci5 - ©,)sin2g

C4a=(1/2)(c,, - ¢,,)c08* g +CiSinq

Com (U2)c, - ¢, )sin? g+ c0S g

Cs= C5= (I/4)(- ¢, + ¢y, +26;)sin2g

Coe=(U/8)[cy; - 26,5 +Cay + 4Cys - (Ciy - 26,5+ Cyy - 4y )cOSAq] (2.24)

Using the above given expressions and examplesameelatively easily determine stiffness
matrix coefficients for plane-parallel media witifferent orientations of the symmetry axis,
for example from VTI through TTI to HTI media.

2.5. Effective parameters for VTI medium

Sedimentary structures often take cyclic forms \pidme-parallel boundaries, as it is shown
in the figure below.
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2.5. Cyclic form of sedimentary structure

Rys. 2.5. Forma cykliczna struktury sedymentacyjnej

For long-enough wave lengths, the structure shovthe figure will behave as a
homogeneous anisotropic structure.

\\\\\\ é

X;

Fig.2.6. Schematic image of a stratified structuréhat behaves as an anisotropic medium

Rys. 2.6 Schematyczny obraz struktury warstwowanejachowuj cej si jak o rodek anizotropowy.

At a macroscopic scale, seismic anisotropy inifizdtmedia occurs when the wavelength,
is much bigger than layer thickness,It can be assumed that the following conditiorstrbe
satisfied:

18



3
/3 8, (2.25)

Let us assume that a VTI structure is periodiclautl of homogeneous and isotropic layers
with thicknessh, and h, . Each layer is described by the stiffness matrixrigatwo
parameters/ and nn (Lame constants). On the other hand, an equiv&l&himedium is
characterized by the stiffness matrix with fiveepéndent coefficientsc(;, c,;,C,;,Coq, Cy5)- It
should be remembered that =c,, - 2c,,. One can prove that stiffness matrix coefficients
for such a structure (Postma, 1955) take the fafigviorm:

c11=%{(hl +0, (1, +2m)1, +2m)+ anhy(m- m)(1, +2m)- (1, +2m)]}
2= {(n+ )/t 4 2000+ 10,y + b, )
Cai= %{(m +h)an (0, +2m)+ 1,0, (7, +2m)

033:%{0”11 +h (7 +2m)(/, + 2’75)}

Css= (hl + hz)nlnz
hym+h,m

g (17 0o,)
" (h+h,) (2.26)

whereL = (h, +h, (7, +2n,)+hy(/, +2n,)].

A different situation is observed for non-periodiedia. We assume that a plane-parallel
medium is built olL single layers whose thickness is much smaller thardominating

seismic wave length; in this case transverse ipgtrather than isotropy is assumed, with the
symmetry axis perpendicular to stratification. Mmrer, the stationarity of layer sequence is
assumed. This means that the percent contributiordividual components is stable for
packets whose thickness is much smaller than thelesgth. In such a case, stiffness matrix
coefficients are a combination of average coefficialues for individual layers (Backus,
1962):

crr=(e - Rt + () (ot
-1 2

— 2 -1 -1 -1
C21= <C12 B ClSC33>+<C33> <ClSCSS>

car= (ci3) (et
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033=<Céel.>_1
C55:<C£_sé>_1

Coe=(Css) (2.27)

where the value in cone brackets is the weightealhnoé corresponding parameters:

(a) = _wa (2.28)

where the weighting valug; depends on layers’ thicknesses.

The results shown above were extended to sequeheadsitrary, thin (as compared to
seismic wavelength) anisotropic layers (Schoenbdrgr, 1989). Let us assume such a

sequence satisfies the stationary conditionsslé@t be a stress tensor fortintayer, & be a

deformation tensor for that layer, anig) be its stiffness tensor. Changing from fourth-orde

tensor notation to second-order tensors (as exqaabove and in Appendix 1), the
generalized Hooke’s law for th-layer can be written:

s{”=cle” jk= 123456

(2.29)

We assume that all stress components that actrtaalfeto stratification are identical for
each layer. A similar assumption is taken for defation components parallel to
stratification. Other components of both stressd@efdrmation can change from layer to
layer.

Let us define the following vectors:
- tangent stress vect&" = [s ms slm ]T
- normal stress vectd,, = [53 ,54,55]T
. T
- tangent strain vect@, = [el ,€,, ee]

- normal strain vectorg{’ = [eén),ein) el ]T :

Using that notation we can write the Hooke’s lavthia following form:
S =CYE, +CEY

Sy =CWE; +CREY (2.30)

where:

20



c = o) o) oy

1
o
X
o
X
o
X

(n)
CTN 23

cii= o o o

o o

while C{? is a transposition of{p).

Coefficients of an equivalent homogeneous mediwgrohtained as a result of averaging
procedure. Solving the above equations$f? andE{’ we get:

s =(C - CRCENCR . +CRCis,
EI(\ln) =- CI-\l]l;fn)Cl(\lI]I') E + CI-\IJI;En)SN . (2.31)

The first equation gives values of tangent stregseach layer. The average of those stresses
I.e. the sum over all layers divided by the toégilr thickness gives the mean force tangent to
stratification of the medium. Through averaginggadure the second equation gives the
mean thickness change of the layer packet.

Through weighted averaging (the weighting coeffitseare equal to thicknesses of the layers)
we get

(s)={(Cr)- (CnCitCor)JEr +(CriCit)s,

(Ex)=-(CiaCur )Er +(Cia)Sy (2.32)
where(¥ stands for weighted averaging procedure.

Solving the second equation f6y, and substituting the result into the first equatiee get:
(5)2CE, +CulE)
Sy = CyrEr +Cyn(En) (2.33)

where
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Cry = <CTNCN|1\1 >CNN

Crr :<CTT>' <CTNCN11\JCNT>+<CTNCN11\J >CNN<CI-\11NCNT>

The above given equations describe relationshipgdas stress and strain in a homogeneous
medium that is equivalent to a medium consistinty @nisotropic layers (arbitrary
anisotropy).

2.6. Thomsen parameters for VTI medium
There are several disadvantages of the conventiatation for a VTl medium:

* inconvenient evaluation of a strength of anisotr(gaticularly for small offsets that
are used in seismic surveys); no possibility tdueata anisotropy of P waves
propagating in near-vertical direction;

» subordination of P-wave and SV-wave propagatidioto parameters (¢ Css, Css,
C13); in the so-called “Thomsen notation”, the numbieparameters responsible for P-
wave and SV-wave propagation can be reduced te;thre

* due to the relationship betwees and g3 theinversion of P section does not allow
the above parameters to be reproduced ;

» expressions for kinematic corrections are very dmaied; they can be simplified
using the Thomsen parameters.

For VTI medium, Thomsen (1986) proposed substigufive independent material constants
with combination of them so that new constants @ detter describe seismic wave
propagation. If we take that

_ |C C GGy (C13 + C55)2 - (033 - C55)2 — Co6 = Css
V. = /ﬁ = % o= d= =
" r Yoo \/T © 2¢4, 2%3(033 - C55) 7 2C55 (2'34)

where r is medium density, then P-wave and SV-wave prapagavill be described by first
four constants while SH-wave propagation will dappen parametergsp and galone. If the
last three parameters take small values, we caapgeoximated expressions for longitudinal
and shear wave propagation depending aangle (Thomsen, 1986):

V,(g) =VP0(1+ dsin’gcog g + esin’ q)
_ Vy 2
V(@) =Veo 1+ %% (e- d)sin*gcos q (2.35)

VSH(Q) =Vso(1+gSin257)
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Constantd/pg and \kp are, respectively, P-wave and S-wave propagagtotities in
direction parallel to the symmetry axis of VTI mewh (perpendicular to stratification).
Analyzing expressions for P-wave and S-wave prap@agaelocities one can find that
coefficiente controls P-wave velocity for near horizontal prgg@on (big values off angle).
In turn, for smally angles (almost vertical propagation that is auesd case in practice) it is
coefficientd that controls anisotropic properties for P-wavepaigation.

\\\\

|

AN

Fig. 2.7. P-wave rays (black lines) and wave frostwhite solid lines) in VTl medium with parameterse= 0.1 andd =
-0.1. P-wave front for isotropic medium is markedm white dashed line (Tsvankin, 2001).

Rys 2.7 Promienie fali pod unej (czarne linie proste) i fronty falowe (linie ba e ci g €) w orodku VTI o parametrach
e0.1 orazd--0.1. Front falowy fali pod u nej dla o rodka izotropowego zaznaczono bia lini przerywan
(Tsvankin, 2001).

Phase velocities obtained from Thomsen relatioeashown in polar diagrams that illustrate a
dependence of P-wave and SV-wave phase velociphase anglg for two anisotropic

media (Fig. 2.8). Values for components of stifBiensor and corresponding Thomsen
parameters for both media are given in Table 2.1.

Table 2.1. Parameters of two sample anisotropidanadvTI type

r Cu |Cs |G |GCss [Gee |Veo |Vso |e€ d g

Layer 1 2000 18 6.4 12.0f 55 4.2 246 1.66 0.25 40)60.12

Layer 2 2100| 40 13.01 33.0 12.0 8.0 396 2.39 0.1@a@3 | -0.167
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Fig. 2.8. Direction distribution of P-wave (solid ine) and SV-wave (dashed line) phase velocity deging on phase
angleq for two anisotropic media with parameters listedn Table 1. A — layer 1, B- layer 2.

Rys 2.8 Rozk ad kierunkowy pr dko ci fazowej propagaciji fal sejsmicznych P (linia cig a) i SV (linia przerywana) w
zale no ci od k ta fazowego(] dla dwdch orodkéw anizotropowych scharakteryzowanych parametrani
przedstawionymi w Tabeli 1. A — warstwa 1, B — watsa 2.

2.7. Thomsen parameters for orthorhombic medium

A HTI model is merely the first approximation of anisotropic medium in which the
velocity depends on the azimuth. A more viable nhoélesal anisotropic medium is an
above-defined orthorhombic (rhombic) medium that tweo vertical symmetry planes shown
in Fig. 2.3 as [xXx3] 1 [X2,X3].

Thomsen parameters for a rhombic medium are detisddllows:

1) equivalent of parameterfor symmetry plane pxx]

e(z) — Cpy - Cg3
2., (2.36a)
2) equivalent of parametdr for symmetry plane fxxs]
d(z) - (C13 + C55)2 - (Css - C55)2
2033(033 - C55) (2'36b)
3) equivalent of parametgifor symmetry plane pxx3]
g(z) — Ces = Cus
2c,, (2.36¢)
4) equivalent of parameterfor symmetry plane pxs]
e(l) — Cp - Cy3
(2.36d)

2C,,
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5) equivalent of parametdr for symmetry plane pxxs]

d(l) — (Czs + C44)2 - (Css " C44)2
2033(033 - C44)

6) equivalent of parametgr for symmetry plane pxxs]

g(l) - Ce = Css
2C;

7) equivalent of parametdrfor symmetry plane pxx;]

d(3) — (012 + C66)2 - (011 - C66)2
2C11(011 - Cee)

8) vertical velocity for P wave

(2.36¢)

(2.36f)

(2.360)

(2.36h)

(2.36i)

Both VTI medium and HTI medium are special casefombic anisotropy. It reduces to

VTI medium when parameters of the medium are idahiround symmetry planes x]

and [»,xs] and P-wave and S-wave velocity iny,k¢] plane are constant.
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3. Numerical solution of the elastic wave equation

In this chapter numerical solution of equation aition in anisotropic medium is presented.
The second-order in space and time finite-diffeeenethod was used to obtain a detailed
solution for vertical, horizontal and rhombic treesse isotropy and tilted transverse
anisotropy media. Stability criteria for all disesesl algorithms are also presented. As an
example of alternative numerical solution the fowtder in time finite-difference method is
presented additionally.

The equation of motion for perfectly elastic medicam be written as

- XX +ﬂ5yx +ﬂszx
Mt x Iy Tz
v _Ts, Ts,  Ts,

r‘ﬂzu _Ts

"Wy 1z 1)
2 S
S ﬂﬂyzy -
wherer is density,
u(u,v,w) is displacement vector ars;; i, jT {x,y, 2} is stress tensor.
After applying relationship between stress and straR) (8 the equation (3.1)
s =Ce (3.2)

s:[sxX Sy Su Sy S, Syl isstress vector;

T . . .
w 6y 6, 26, 2e, Zezx] Is strain vector,

C= is stiffness matrix.

The general form of the equation of motion in atrgeic medium takes the following form:
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T |
ﬂtz - ﬂ C.6 T Clzeyy +CLE, 2014exy + 2015€yz + cheezx +
T [ + + +2 +2 +2 ]+

ﬂ_y C416« C426’yy Cy3€,, C44exy C45eyz Ca6€.x

1 [ + + +2 +2 +2 ]

E Co16x CGZeyy Ce3€,, C64exy CESSeyz Co6€2x
v 1 lcae, + + £2C,,8, + 26,s8,, + 26,8, +
r ﬂtz - ﬁ Cs16x C426’yy Ci3€,, C44exy C458yz Ca6€xx

1

ﬂ_y C216'><>< + C226’yy + C23€zz + 2C246xy + 2(:256'yz + 2C26€zx] + (33)
ﬂ [ + + + 2 + 2 + 2 ]
E G516« C526’yy G3E,, CSAexy CSSeyz Cs6E0x

Tw

I ]
W Co165c + Coo8yy F Coay, + 2048, + 20558y, + 2C5€,, | +

1

ﬂ_y [CSlexx + CSZeyy + G536, + 2054exy + 20556’yz + ZCSGezx] +

l

E [031exx + CBZeyy + G336, + 2%4exy + 2%56’yz + 2C3682x]
Components of the strain tensor in (3.3) can beieéted using the strain displacement
relation (3.4) (Igel et al.,, 1995). In the followirchapters detailed forms of equation of

motion which describes wave propagation in verteatl horizontal transversely isotropic
media and tilted transverse anisotropy media wilpbesented.

' u;
g =t Ju (3.4)
2.0 9
3.1. Rhombic, transversely isotropic and isotropienedia
In rhombic medium the stiffness matrix takes thenfo
C;, € C¢3 0 0 O
c, C, Cby O O O
c= G G Ca 0 0 O (3.5)
0O 0 0 ¢, O O
0 0 0 0 ¢, O

0 0 0 0 0 cg

Hence after applying the strain displacement @ha8.4), equation of motion (3.3) can be
rewritten as
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Tu_ _ T4 T%u T%u v T°w
r ﬂ'[z =Cy ﬂXz + Cuy ﬂy2 + Cos ﬂ22 + (ClZ C44)W (C13 66)W
2V 2V 2V 2V 2 2W
r 1111,[_2 =Cy % Cy ﬂ_z + Css ﬂ_z + (021 C44) 1?)(“ (Cza ss)% (3-6)
T*w 1w T°w 1w T°u 1°v
r ﬂt2 = Ces ﬂXz *Css 2 *Cy 2 + (CSl + C66)ﬂxﬂz (Caz CSS)W

For rhombic medium nine elastic constants are iaddpnt whereas for transversely isotropic
medium only five elastic constants are independera for isotropic only two (Thomsen,
1986). This is due to symmetry of stiffness matmd dependences among elastic constants
discussed in detail in Chapter 2.

For rhombic and isotropic media these dependenaasbe written as: (3.7a) and (3.7b)
respectively.

G2 =Cxn G =Cpp =Cg
C; =C, (3.7a) Css =Cgs =Cyy (3.7b)
C23 = C32 ClZ = CZl = C13 = C31 = C23 = C32 = C33 - 2C44

For transversely isotropic media with a verticaisaof symmetry (VTI - vertical transverse
isotropy ) and horizontal axis of symmetry (HTI erizontal transverse isotropy) these
dependences take the form (3.8a and 3.8b respgjtive

G =Cy =Gy - 2066 G =Cy =Gy

C3=Cy C3=Cy

Cp =Cpy (3.82) Cp, =Cyg (3.8b)
Ca3 = C3p = Cy3 Cp3 =C3p = Cy3 - 2Cy,

Chy = Cos Ce6 = Css
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3.2. Tilted transverse anisotropy media

3.2.1 Rotation of vertical transverse isotropy medium around xaxis by angleq

X
L W
X2 ‘
A
\
/ 1
/ \
/ \
/ : \
é \'x
v 3
q
P # $%& " ! % q |

After rotation of VTI medium aroundpaxis the stiffness matrix takes the form

Cll ClZ C:;.S C14 O O
C12 C22 CZ3 CZ4 0 0
c%3 c:23 c:33 0%4 0 O (3.9)
Cl4 024 C34 C44 O 0

0 0 0O 0 cp cCy
0 0 O 0 cp Cu

where elastic constants are linear combinatiomobtated elastic constants and trigopnometric
values of rotation angles described in previouptdrgequation 2.20)

Equation of motion for this kind of anisotropy educed to

1'|'2u ) 1'|'2u ) 1'|'2u . 1'|'2u ) 1'|'2u ) ﬂZu
= + + +
r ﬂtz Cll ﬂxz Cl4 ﬂXﬂy C'14 ﬂXﬂy C44 ﬂyz
v TV TV T T
C1411_"'(':44ﬂ +012 ﬂ +Cz41} 2+Cseﬂ_+

x? fyfix xTy
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v _  fu . Tu . Tu . Tu. . T4
r W =Cy X2 +Cy Ty +Cp Ty +Cy 2 +Cse 12 +
V. TV TV TV, TR
c,—+¢,—+¢,,——+C,,—+C..— 3.10
44 ﬂXz 24 Tyix 24 Ty 22 ‘|Ty2 55 ﬂZz ( )
CPw L TPw L TPw L TPw
C34 ﬂXﬂZ + 023 ﬂyﬂz + C55 ﬂzﬂy + CSG ﬂZﬂX

Pw_ . Tu . Tu . Tu_ . Tu
r ﬂtz - C66 ﬂXﬂZ + C56 ﬂyﬂZ + 034 ﬂz‘ﬂy + 013 ﬂZﬂX

VTV TV TV
+ + +
Gse 1z Css iz Gy " Cys 2y
CTw - TPw - TPw, - TPw . TPw
CGB ﬂX2 + CSG ﬂXﬂy + CSG ﬂxﬂy + C55 ﬂy2 + 053 ﬂZz

3.2.2 Rotation of vertical transverse isotropy medium around xaxis by angleq

Stiffness matrix for VTI medium rotated aroungaxis takes the form:
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C;Sl C;SZ C33 0 CZ;S 0 (311)
Cyo C G 0 Gy O
0 0 0 c, O c4

Elastic constants from equation (3.11) are caledlatsing relation described in previous the
chapter (equation 2.21).

For this kind of anisotropy, equation of motion danwritten as

‘ITU_ Tu, . Tu, . Tu, . Tu_ . Tu
1-[ C.Llﬂ ﬂy +C46 ﬂyT[Z+C64 ﬂZﬂy+C66 1-[22 +
v Y TV Y
ClZ ﬂXﬂ +C.L5 ﬂXﬂZ +C44 ﬂyﬂx +C64 ﬂZﬂX +
2 2
. . w
CIST[W ClBﬂW C46ﬂW+CBGﬂ

xTy X7z Tiyfix T1z1ix
LT Tu , . Tu_ . Tu_ . Tu
Iy o T Ty
TV TV, TV Y L T
e -l o9

1z°

2 2
. W . W . w . w : w
1 1 +Cys 1 +Css 1 "'053ﬂ

Ty? yfiz 12Ty 12

2 Cq2 . u u
Tw_ ﬂu'*'Ceeﬂu"'C&nﬂ +C31ﬂ

2 = C64
it ixfy fixYiz iyfix T1z71x

'ﬂV 'ﬂV v, TV ﬂv
e Cszﬂ Cssﬂyﬂ Cazﬂzﬂ Cssﬂ

06631W+c552w+c531?y%v +0351?mw +033ij

r

3.2.3 Rotation of horizontal transverse isotropy medium around xaxis by angleq
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Stiffness matrix for horizontal isotropic mediuntated around xaxis can be written as

¢; 0 0 ¢
C,; 0 0 ¢
G 0 9 G (3.13)
O C44 C45 O
0 G5 G O
Cs 0 0 Gy

where elastic constants are calculated using oela&scribed in the previous chapter

(equation 2.24)

and equation of motion for this kind of anisotrapyeduced to the form of

Tu, . Tu . Tu

+C -+
44 ﬂyz C_LB

— — +C,——+

T2x  ° 92
Tv

*G
7 6

fizTy
: T|'2W . ﬂZW

2% + Gy 2
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v_ . Tu _ . Tu . Tu . Ta
r W‘CM ﬂx‘ﬂy+cl2 ﬂyﬂX+C26 ﬂyﬂZ+C45 ﬂz‘ﬂy

TV, TV, TV, TV T
C44W C45W szﬂ_yz + C45W SF (3-14)
7w . T°w . TPw . TPw
C + + +
Sy X Pz gzl
Tw_ . fu . Tu . Tu . Tu . T4
rW:Cm ﬂx2+066 ﬂXﬂZ+C45 ﬂy2+cl3 ﬂZﬂX+036 122 +
@ . v . T . T
CZG ﬂXﬂy+C45 ﬂyﬂX+CSS ﬂyﬂz+CZ3 ﬂzﬂy
2 2 2 2 2
Cooa oA W T A W T

x? ixMz fy? 1z7x 1z*

3.3. Numerical solution of equation of motion usindinite-difference method

Finite-difference methods are widely used to moskibmic wave propagation in elastic
media (Alford, 1974; Kelly i in., 1976, Reynolds8/&. Numerical solution of the equation of
motion can be obtained using various formulatiohdirate-difference schemes and these
differ from one another by accuracy, efficiency amaimputational time. In this study the
explicate schemes computationally simpler than icitpbnes were used. In this schemes
motion at a given spatial grid point and time legatalculated only from motion at a previous
time level (or levels) and adjacent grid points.

Second-order in space and time explicate finiteetiihce scheme can be obtained by
adopting the central difference (3.15) to approsa@rzartial derivative of equation of motion

Tu  Usg - 20 U . ,
©oE O[(Dx 3.15
X2 y (Dx)2 [( ) ] ( )
Tu _ 1 Ut Uiaja Uigjen = Uiy, + 2 2
= - ol(ox)?,
Txfy ., 2Dx 2Dy 2Dy [( )’.(0y) ]

where X, Dy denote the spatial incrementsxiandy directions, respectively,
o|(ox)?| and o|(Dx)?, (Dy)?| are approximation errors.

The discrete form of equations of motion obtaingdadopting central difference to second-
order partial derivatives and mixed partial delives (3.15) is presented in Appendix 2. In
order to obtain a detailed solution for isotropitpmbic, vertical transverse isotropy and
horizontal transverse isotropy media adequate dkgeres (3.7a, 3.7b, 3.8a or 3.8b) must be
satisfied. In Appendices 3, 4, 5 the discrete fafhequations of motion for TTI media is
presented.
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Finite-difference method often suffers from gridmkrsion and unphysical oscillations which
appear when the computational grid is too coardethogh finer spatial grids and time-
sampling can be use to eliminate the numericaledspn they result in large computational
costs and large amount of memory necessary to stat@. The gain in computational
efficiency can be made by using higher-order apprakon for derivatives of equation of
motion.

Fourth-order in time finite-difference schema is example of such approximation. The
discrete form of equations of motion obtained bingdourth order in time schema can be
written as

2 2,.n 2,.n 2,.n 2,,n 2,0
n+l _ oyt ﬂ u ﬂ u ﬂ u ﬂ ﬂ w
u = 2u P ( ) Cy ix %2 ﬂyz +Cos gz 1z 72 (C12 C44) ‘ﬂxﬂy + (C13 +Cse)ﬁ +
4. n 4, n 4.n
C11 ﬂﬂ u4 24 ﬂﬂ;4 Ceze 1 u [2011044 C12 C44 ﬂlzﬂy [ZCHCGG + (013 + Cse ﬂ?(zﬂz 44%66 11112# +
u 4 4,.n 4, .n 4,,n
o0 (q1+c44)(c12+c44)ﬂ“73vﬂy+(cu+cu)(czz+c44)ﬂ“TﬂVy3+[(cn+c44)(c55+c66)+(q3+c66)(c23+c55)]ﬂjﬂ#+
4.0 4.0 4,
(C13 *Cee )(Cse + Cn) "z (C13 Ceo )(033 Cee) ™z [(C13 + Cee)(c44 + Css) (C12 + C44 Czs Css ] ﬂjﬂy 2z

2 n ZV\/I
R R s

Vn+1 - ZVn _ Vn—l + +

Dt 2 ﬂzvn ﬂzvn ﬂz
% Cas " *tCp T2 +Css

c, 11;:;“ +C§2111y4 +¢ ﬂAV - Coo ] ﬂzﬂy [2c22c55+(c23+c55 ﬂzﬂz 2044%5111)1:;;2 + (3.16)
e (qz+c44)(q1+c44)ﬂ‘§—3“ﬂ”y+(qz+c44)(c44+czz)ﬂﬂx“—;yl+[(qz+c44)(c66+c55) R

(oo el ek el ) s e el ) e el g
w2 - w8 c%“;:fmss“;“z’l I )T e %)MZ .

; ﬂgwn cssﬂ;“ﬂ csaﬂﬂw 20+ (00 o) ]ﬂ 20+ (e ]ﬂﬂ 7 csﬂug
Str)“ (e * Cse)(cse"'cu)%*'( 3+cas)(c33+cse)%+[(q3+c66)(css+c44) +ent e)on + 044]ﬂjﬂyzﬂz+

O L L T v I (TS CRERE RN CRES Pt

The discrete form of the above equation in isottpgiombic or transversely isotropic media
obtained after adopting central difference to sde@nd fourth-order partial derivatives and
mixed partial derivatives is presented in Apper@lietailed solution for isotropic, rhombic,
vertical transverse isotropy or horizontal transeersotropy media can be obtained after
taking into account equations 3.7a, 3.7b, 3.8a3a8l, respectively.

Fourth order in time and second order in spaceefidifference schema presented above is
more accurate but also much more computationallgptex than the second order in space
and time finite-difference schema. It also suffemsnumerical dispersion, thus second-order
in space and time finite-difference schema is presk only for more complicated, tilted
transverse anisotropy media.
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3.4. The stability criterion of second-order finitedifference schema
General form of equation of motion can be writtesr(éanget al, 2002)

2
rﬂ—‘;':1 AL gl (b P p T g e Ty ety v, 1, (3.17)
Tt ™ x v 27 v ™% v 9z Tz *x Ty 1z

Applying central differences one can receive

1+1 I -1 —
Uik~ zuu,k Uk =

(Dt)2 AU“*M* - 2k Uk +B 1 UI‘*LMLK - U\Iﬂ,]-l‘k } u\‘-ll*lk - U\‘-Lj-lk + 1 U\“rlj‘k‘rl_ U|I+1‘|,k-1_ U\I-L.,m' U\‘-L],k-l
r (Dxf 2(Dx) 2(oy) 2(oy) 2(x) 2(Dz) 2(Dz)

(u)z D 1 u\‘*—].ﬁ-].k - ui‘r].ﬁl.k R uil+1‘j71‘k - uwl—l‘jrl‘k + EU‘\.ﬁ-Lk - 2u K Uk +E 1 u\I,J+Lk+l— ui“jﬂ,krl } uiI.J—],k-wl- u\I.yLkrl
r o 2oy) 2(Dx) 2(v) (oy) 2(oy) 2(0) 2(Dz)

(Dt)2 Gi U\“rlj‘k‘rl_ UII-J.J‘kﬂ_ U\I+ll,k-1_ u\‘-l],k-l +H 1 U.I,m.m' U\“j-l‘kﬂ } ul“ﬁ],k-l_ uII,J-lk-l + Uikt - 20k +Ujken
r 2o 2(Dx) 2(Dx) 2(Dz) 2(Dy) 2(Dy) (D2

(3.18)

Application of von Neumann stability method (Taniieth997) and substituting into the

difference equation a term of the form

UI _ eateikxxeikyye
-

ik,z

After a series of mathematical operations, theofithg stability criterion of the finite-
difference schema is obtained:

(Dt} sA,  sB +s8 sC +sS sE  sF +st s

max max max max max max max 4 Zmax | £ q (319)

7 D aDdDy) T ADder) oy 4y)(De)  (Def

wheres /. is the largest eigenvalue of A matrig >, is the largest eigenvalue of B matrix
etc.

The A, B, C, D, E, F, G, H and | matrices for eagte of anisotropy have different form. In
the next sections a detailed account of these eaatand stability criterion for VTI, HTI,
rhombic and TTI media is presented.

3.4.1 The stability criterion for vertical transverse isotopy medium
In this case matrices from equation (3.17) takedhm

¢, 0 O 0 c,;-2¢, O 0 0 cg4
A= 0 ¢, O B= ¢, 0 0 C= 0 0

0 0 cg 0 0 0 Ce 0 O

0 c¢;-2¢4 O ¢ 0 O 0 0 O
D= ¢, 0 0 E= 0 ¢, O F=0 0 c,

0 0 0 0 0 c 0c, O
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0 0 c; 0 0 O e O O
G=0 0 O H=0 0 c;, = 0 ¢, O

Cs 0 O 0 c, O 0 0 ¢y
sn?ax:smax:smax:smax:sr':]ax:sgaxzo

Thus stability criterion of finite-difference scharfor VTI media can be written as:

Dt2 A E |
e
W Z max+ max+ max

(%) (oy) (D)
where:s \., =mMaXCiy,Co,Coel . S = MaX G Gt 1S oy = MaX G G Csof

3.4.2 The stability criterion for horizontal transverse isotopy medium
In this case matrices from equation (3.17) takefdhe

G, 0 0 0 ¢ O 0 0 g
A= 0 ¢, O B=¢c, 0 O C=0 00

0 0 cg 0O 0 O ¢, 0 O

0 ¢ O Chw 0 O 0 0 0
D=¢, 0 O E= 0 ¢, O F=0 0 cy5-2c,

0 0 O 0 0 c 0 ¢, 0

0 0 c, 0 0 0 ¢ 0 O
G=0 0 O H=0 0 cy5,-2c, l= 0 ¢, O

¢, 0 O 0 ¢, 0 0 0 cy
sy . =sk =s- =s> =st =sfi =0

max max max — * max

Thus stability criterion of finite-difference scharfor HTI media can be written as

Dt2 A E |
B S iyl ot
W Z max max+ max

(%) (oy) (D)’
Wheres:’n\ax = ma){c_l.l’c44’055} ’sriax = ma){c44’c33’055} ’srlnax = ma‘){CSS’CKB} :

3.4.3 The stability criterion for rhombic isotropy medium
In this case matrices from equation (3.17) takeaha
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¢c, 0 O 0O c, O 0 0 cp

A= 0 ¢, 0O B=c, 0 O C=0 0 0
0 0 cg 0 0 O Cs O O
0 ¢, O Ca O O 0 0 O
D=¢, 0 O E= 0 ¢, 0 F=0 0 c,
0 0 0 0 0 ¢ 0c, O
0 0 cg, 00 0 Ce O O
G= 0 0 0 H=0 0 c, 1= 0 cg O
Ce O O 0 c, O 0 0 cg
sP =gB =gC =gC =gF =gH =0,

max — Y max ~ “ max —

Thus stability criterion of finite-difference scharfor rhrombic media can be written as

Dt2 A E |
ER- o P
w Z max+ max+ max

(ox)*  (oy)*  (D2f
Wheres an = ma){cll’ C44’ C66} ’s nEax = ma){c44’ CZZ’ CSS} ’s rlnax = ma){CGG’ 055’ C33} )

3.4.4. The stability criterion for tilted transverse ani®tropy media - rotation of vertical
transverse isotropy medium around x axis by angleq

In this case matrices from equation (3.17) takefdhe

Ci G4 O Ca G, O 0 0 ¢
A=gc, ¢, 0 B=¢c, ¢ 0 C=0 0 g

0 0 G 0 0 o Cos G O

Ca Cyu O Cu Cu O 0 0 g,
D=¢, ¢, 0 E=c¢, c, 0 F=0 0 c,

0 0 ¢ 0 0 o Cs Gs O

0 0 c 0 0 Ces G O
G=0 0 ¢ H=0 0 ¢ I=¢ G O

Cs Gy O Cu Cs O 0 0 cy
because

det(A) = c5(c.c., - ¢2)
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det(®) = detD) = Ciq(C.yCos - C.Cl)
det(E) = ci(Cyuc, - €2)

det(l) = C,5(CieCis - C2)
det(C) = detG) = det(H) = det(F) =0

c =sS =sh =st =0.

max max max max

s
The stability criterion of finite-difference scherfm this kind of anisotropy can be written as

(ot} sA,  sB. +sB.  sE s

max max max max max

T o dy) ToF o |

r

A E |
S max S max S max S max

O oy " (02 2)(o)

A ' A E _ ' A | — ! A
Wheresmax - ma){CBG’ V C11C44}7Smax - ma){CSS’ V C44C22}' smax - ma){c\i?ﬂ V C'66C55}7

B D ' A A
S max = Smax — ma){CSG'C.IACM - QZCM} :

Dt £

3.4.5. The stability criterion for tilted transverse ani®tropy medium - rotation of
vertical transverse isotropy media around x axis by angleq

In this case matrices from equation (3.17) takefdhe

¢, 0 0 0 ¢, Cs 0 ¢ Gy
A= 0 ¢, ¢, B=¢c, 0 0O C=¢, 0 O

0 Cyu G G, 0 O G O O

0 C, Cg c, 0 O c, 0 O
D=¢, 0 0O E=0 ¢, ¢, F= 0 c. C,

G 0 0 0 G, Gs 0 Gy Gy

0 Cy, Cy G, 0 O G, 0 O
G=¢ 0 O H=0 ¢, & 1=0 ¢ G

c; 0 0 0 G G 0 C5 G
because

det(A) = Cil(césec;m B C;34C;16)
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Aet(E) = CulCosCrn - Cic)

det(F) = 046(0'250'53 - Cissclza)

det(H) = G (CogCis - CoeCir)

det() = Cig(CouGis - ChiChs)

det(B) = det(C) = det(D) = det(G) =0

B _—~C _ D
max _smax =S

s
The stability criterion of finite-difference scherfm this kind of anisotropy can be written as

(Dt sA, . st  sf +sh s

max max max max £ 1

D oyf  ADy)e)  (oef

r

A E | F H
max S S S max ts max

S max max

(Oxf  (oyf (Dzff  4(Dx)(Dy)

Dt £

A _ A CA E _ U C
wheres max ma){cll’CAMCGB - C4ece4} » Smax — ma>{c44,c22055 - 025052}1
[— A C Fo— U CA H _ A A
S max = ma>{c€6,c55033 - 053035}! S max — MaXCyq, C5Cs3 - 055023}1 S max = ma){cemcszc%s - Css%z}-

3.4.6. The stability criterion for tilted transverse ani®tropy medium - rotation of
horizontal transverse isotropy media around % axis by angleq

In this case matrices from equation (3.17) takefdhe

¢, 0 g 0 ¢ O Ge 0 Gy
A= 0 ¢, O B=¢, 0 ¢ C= 0 ¢ O

C_LB O C66 O CZG O C66 O C36

0 c, O Cu 0 0 ¢, O
D=¢, 0 ¢ E= 0 ¢, 0 F=¢c, 0 cy

0 C45 0 C;15 O CI55 0 C55 0

C_LB O CBG 0 CIZG O CBG O C36
G=0 ¢ 0 H=¢s 0 ¢ 1= 0 ¢ O

C_L3 O C?G O C23 O C?G O C33
because

det(A) = c,,(c.Ch6 - C2)
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detC) = detG) = CL!S(C.;.GC:SG : C(Isecis)
det(E) = C,(CuCis - €2)

det(l) = cig(CocCis - ©2)

det®B) = det(D) = det(F) = detH) =0

sB =sP =sF =g" =0.

max max max max

The stability criterion of finite-difference scherfa kind of anisotropy can be written as

(ot sA,  sC. +sS.  sE sl

max max max max +

D 4D (o) (D)

;
Dt £
sh SsE s! s¢
+ +

£1

max max max max

(oxf  (oyf (o2 2(Dx)D7)

A _ R I C _ oG _ AN A A Al B o G U
Wheresmax_ma>{c44’ C11066}v smax_smax_ma){CAS’ClBC’sG_ CGBQ3}!5max_maX{CZZ! C44C55}

S hae = MG G
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4. Implementation of the finite-difference schemas

4.1. Initial and border conditions

Numerical modeling of seismic wave field is a comapional problem in which continuous
space-time has to be simulated in discrete medhaviefined time step. To do this, various
previously mentioned time and space stability coos have to be fulfilled. But even if
stability of the solution is achieved there areeotlimitations of this discrete representation.
First of all real waves propagate in continuous prattically unlimited medium. The first
problem with discrete representation is “instaegiation of neighboring points when wave is
passing through the computational grid. It meaas thodeled waves seem to have a couple
of percent higher velocities then those definedniadeling parameters. The other, more
important problem is definition of border conditeorOf course 3D computational cube has
borders which limit the propagation. There are aasi ways to define and then calculate
border conditions. It is possible to add additiofatificial” set of grid points “outside” a
cube, redefine computational schemes for bordereglar add dumping zones around a cube.
Of course, all these solutions require additiomaktand/or memory consuming operations.
Usually the most efficient is dumping solution htithas one important disadvantage:
additional “dumping” cube has to be allocated whighmemory consuming. Fortunately in
tests presented below time of computation was stadt only wave field snapshots were
taken into consideration.

Initial conditions for this kind of computationsearery simple. Motion in each point of
computational grid in time t+1 is calculated usingptions of the examined point and
neighboring points in time t and t-1. It means #iaihe beginning all cubes have to be zeroed
in all points except source point or area. In alet time steps all computational cubes for
time t-1 are recalculated for time t+1 and all othabes are shifted one time space back.

4.2 Seismic wave propagation, finite-difference atithm

Modeling of seismic wave propagation in the an@oitt media can be described by the
following four steps:

1. data input — providing values of geological motiatation and type of the source of
seismic wave, establishing of proper values ofr&#s matrix;

2. providing initial values fotJ ”, ., V% ., W’ ;

3. utilizing the finite-difference scheme describedA\ppendix 2,3,4 or 5 to compute
UM Vi W, wheren3 0;

4. providing boundary condition.

The steps 3 and 4 have to be repeated until sironlaine is reached.
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4.3 Computational environment

Full wave form numerical modeling in 3D media ivexry complicated time and hardware
resources-consuming task. Even in the case of plesirsotropic, acoustic 3D modeling the
memory consumption is enormous. Single 100 x 10D& cube of 8 byte floating point
numbers needs more than 22 MB of memory and insimplest case at least four cubes are
needed (without consideration of matrices or cdbestoring results). In case of HTI, VTI or
orthorhombic models at least 19 cubes (elastic tcaings and 3D displacements in three
continuous time steps) are needed, which givestah6uGB of memory for every 1,000,000
grid points. The other problem is time of computas. In case of modern CPU one average
scale anisotropic model is usually calculated intd @0 hours. Fortunately parallelization of
this kind of computations is very easy.

All proposed solutions were evaluated on IBM Blddaux cluster*. One BladeCenter

chassis with 11 HC21 and 3 HC10 Blade servers wsad.88 Intel Xeon E5405 2.00 GHz
cores and 6 Intel Core2 6700 2.66 GHz cores with@B of total RAM were available. This

environment was previously successfully used aasrdvare platform for many other projects
connected with seismic wave filed modeling in comxpihedia (e.g. Danek et al. 2008, Kowal
et al. 2008, Pta et al. 2009, Danek 2009).

All computer codes were written in C language. Thest important part of the code —
computational kernel loop is presented in Apperdix

* The cluster is located in Department of Geoscigrrel Applied Computer Science, Faculty of Geology,
Geophysics and Environmental Protection, AGH Ursitgrof Science and Technology, Krakéw, Poland.
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5. Example results of wave propagation modeling ianisotropic media

In this chapter wave propagation in HTI, VTI andhorhombic homogeneous media is
presented. Also, propagation in simple isotropicdeil® is calculated for comparison
purposes. In all cases three kinds of seismic sguwere used: explosive, unidirectional
vertical force and double couple force. Double dewgpurce was always localized i, X
(“cross line”) plane. For all computations the Riclksignal, which is very often used in
seismic simulations, was chosen. All parametersd usenodeling are presented in Table 5.1
and were exactly the same in all analyzed casélsiofesearch. Results of modeling can be
presented in three perpendicular planeg %, Xs3) and three components of the modeled
wave field (%, X2, X3) can be exhibited. It means that up to 9 combanatiof motion pictures
(three planes, in each three different directiohsvave motions) can be evaluated and
analyzed in every time step. In this study residtsplanes crossing source area and planes
shifted 20 m away from the source were selectefuftiner, detailed analysis (Fig. 5.1).

AP

\_________ T

//

Fig.5.1. lllustration of X; observation planes: (A) plane crossing source are¢B) plane shifted 20 m away from the
source

Rys.5.1. P aszczyzna obserwacyjna, X(A) przechodz ca przez obszar r6d owy, (B) odsunita o 20 m od réd a.

Table 5.1. Parameters of seismic propagation mugleli

Name Value
Number of points in all directions 250
Distance between grid points 1m
Time steps of computations 0.05s
Source point localization (125,125,125)
Peek frequency of Ricker signal 90 Hz
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Elastic constraints used in this experiment weteut@ted in a very special manner. First of
all constraints for the orthorhombic anisotropy &echosen. Then, using the method
described in Chapter 3 this medium was reducedTiip YATI and finally isotropic media. All
parameters used in numerical experiments are pezsbplow:

Stiffness matrix for:
- isotropic medium:

103 43 43 0 O
43 103 43 0 O
43 43 103 0 O

0 0 0 30 O
0 0 0O 0 30
0 0 0O O 0 30

0
0
0
0
0

- horizontal transverse isotropy medium HTI:

166 65 65 0 O
65 103 37 O O
65 37 103 0 O

0 0 0 33 0
0 0 0O 0 30
0 0 0O 0O 0 30

0
0
0
0
0

- vertical transverse isotropy medium VTI:

166 88 65 O
88 166 65 O
65 65 103 O

0 0 0 30
0 0 0O O 30
0 0 0O O 0 39

0 O
0 O
0 O
0 O
0

- orthorhombic medium:

166 74 65 O
74 155 64 O
65 64 103 O
0 0 0 33
0 0 0O 0 30
0 0 0O O 0 39

O O o o
O O O o o
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5.1 Sources

5.1.1 Explosive source

Explosive source is one of the most commonly ugsences in seismic exploration. It can be
also used in the case of wave field modeling oferiiremors and explosions induced by
mining activity. From numerical point of view thewsce was defined as a 3 x 3 x 3 grid point
cube and in each point force pointing outside thteeovas attached.

5.1.2 Double couple source

Double couple mechanism is one of the most commoséd source models in seismology.
Wave propagation caused by earthquakes relatedradth mass movements along faults is
very similar to wave propagation excited by douleple mechanism. In this study a simple
double couple combination of forces was assumeadnalate the vertical fault lying in the;X
plane. This orientation of fault was chosen becausdows simple comparison with a 2D
case. Additionally this strict set of directions whve propagation results in a very clear
image of waves propagating from the source. Inchse of source-crossing planes waves
propagate in all planes (as it was expected) buicfegs move only in very well-determined
directions (empty frames in figures in Appendix 8an no motion at all).

5.1.3 Single force source

Single force source model can be used to simularations caused by unidirectional force.
In case shallow seismic exploration hammer or hansoerce can be approximated by such
a source. But even if this kind of source is notyveommon in seismic exploration or
seismology analysis its unidirectional nature carubeful because waves generated by it are
very well separated and its polarization is cléathese studies vertically directed force was
used in all cases.

5.2 Selected results and discussion

5.2.1 Isotropic medium

Propagation in simple isotropic models was caledlgbr comparison purposes. All
results should be easy to analyze and interpret thed be used as a background for
interpretations in case of more complicated mesliamodeling results for this and the rest of
the media are presented in Appendix 8. As mentiaat®ove, three kinds of sources were
used: explosive, double couple and single forcds Itlearly visible that in the case of
explosive source and isotopic homogeneous mediuwe-icam propagation is very regular
and stable (fig. A8.1). As expected, almost allrgpes propagating as a primary wave. Very
limited, almost invisible amounts of shear wavergpean be observed only in shifted planes
(fig. A8.2). It is due to the discrete charactercomputational grid and limited size of the
source. In case of planes crossing directly throtigh center point of the source these
energies are invisible because all the source $oace lying inside planes. This is also the
reason why there are almost no displacements @ttibns normal to presented planes (e.qg.
plane X1 and xdirection in figure A8.1). It is also important toention that the relation
between point of evaluation and source locatioerdeines the sign of displacement value. In
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case of motion directions other than directionhaf planes an apparent phase change can be
visible (e.g. plane X1 and,xlirection). When motion direction is normal to pdage.g. X1
and x) there is no sign change and this effect is naibie.

In the case of double couple source, P- and S-ivames have purely circular shapes
(fig. A8.9-10). Used source mechanism makes S veinanger and better visible. Typical
changes of wave phases with direction of propagatan also be noticed. Results obtained
for X, plane are very similar to 2D ones. There is nossrline” component but both P and S
waves are visible in “in line” and vertical diremtis. In X and X planes, motions of shear
wave-related particles are clearly visible in @diifon normal to planes.

Results obtained for single force source (fig. A81B) were exactly as expected. P
and S waves have circular shapes and only one slza@ propagates through the media. In
source crossing Xplane, almost all of the energy is propagatingS&s wave with no
polarization changes. In other source crossigglgnes, P and S waves are visible and their
polarizations are consistent with the directiohaf source.

5.2.2 HTI medium

In horizontally transverse isotropic medium whidmuglates rocks with vertical, parallel
fractures waves should propagate symmetricallygatbese structures (fig A8.3-4, A8.11-12,
A8.19-20). In analyzed model fractures are pardatieX; plane. This is why in this plane
primary wave has circular shape whereas shear havellipsoidal shape. It is due to motion
directions of particles involved in S-wave propagat These directions are of course
perpendicular to Xplane. In other words, if a particle moves patatieghe plane of isotropy
its motion will generate isotropic wave fronts. Tdt@er interesting phenomenon to discuss is
shear waves propagating from the exploding sourgeA8.3-4). This is easy to explain. In
the case of anisotropic media, even as simple dsthire is no clear differentiation between
P and S waves. More complicated relation betweestiel constraints makes simple
exploding source, which produce only P wave, n@éorpossible. It is due to the fact that
some of source energy is radiated in directionpguaticular to the direction of motion. In
other words some of P-wave energy is convertedSmigaves in a source point even without
the presence of any media discontinuity.

In HTI media, a symmetrical propagation of doubteumle source results in a plane of
isotropy can be observed but in other planes welgtismall amounts of - wave energy
propagates with angle dependent velocities (fig.1A8.2). In shifted planes the shear wave
splitting phenomenon is visible. InpXand X% planes in pictures presenting component of
motion two S-wave fronts are separated from eabRrot In this particular combination of
source mechanism and kind of anisotropy this effegery easy to observe because most of
energy is propagating as shear waves, and phastiofas make both modes better contrasted
(fig 5.2).

Combination of directly polarized source mechaniand HTI medium makes velocity
differences between S waves polarized in diffecergctions clearly visible (fig. A8.19-20).
The other interesting phenomenon is the limited \osible amount of P-wave energy in
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source crossing Xplane. More complicated relations between elastiestraints makes P
wave visible in this plane even if no direct “corgs” energy is radiated from the source
along x and % directions.

Figure 5.2. Zoom of S-wave results for double couplsource in HTI media. Displacements inxdirection and shifted
X, (left) and X3 (right) planes are presented.

Rys 5.2. Powikszenie wynikéw propagacji fali S dla réd a opisywanego za pomocpodwadjnej pary si w o rodku
typu HTI. Zaprezentowano przemieszczenia w kierunkw, w odsuni tej p aszczy nie obserwacji X2 (lewy obraz) i
odsuni tej p aszczy nie obserwacji X3 (prawy obraz).

5.2.3 VTl medium

In the case of VTI media and explosive source,ltegfig. A8.5-6) are comparable to those
of HTI (fig. A8.3-4). It is because these two medra very similar to each other. When real
media are concerned the most important differemtevden them is the direction of parallel
fractures which are horizontally oriented in theecaf VTI. This orientation of symmetry axis
is clearly visible in snapshot figures. In Znd % planes P-wave fronts have ellipsoidal shape
whereas in X (horizontal) plane this front is circular. Sheaaws splitting effect is better
visible in this case. In both source-crossing amifkexi horizontal planes, it is possible to
separate two wave fronts which are crossing edaér.ofhis phenomenon is observed here
because the polarization of S waves varies witleaagd the more energy is radiated with
particle vibrations along faster direction the éashe whole wave front is.

|Group velocity VSV vSH ‘Group velocity vP‘
180 180

270 90

0 1000 2000 300p 4900
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Fig 5.3 Wave propagation velocity in symmetry plangX,, X3]
Rys 5.3 Prdko ci propagacji fali w p aszczy nie [X1,X3]

Double couple source generates results in VTI meididar to those observed for real fault-
related earthquakes in horizontally layered rockd “in line” cross section P wave
propagates faster along layers (fig. A8.13-14).sehahanges of the S waves determine
possible orientation of fault. Inpplane S-wave front forpcomponent is circular because in
this case all particles involved in shear wave pgation moves in the isotropic (“cross line”)
direction.

In the case of VTl media, results for single fosmurce (fig. A8.21-22) are a very good
background for comparison with double couple solfige 5.4). Different orientations of the
symmetry axis are clearly visible (e.g. Xlane x direction). Another interesting and
expected result is that the slightly more energya@iated from source as P wave in the case
of single force. It is due more to the direct nataf this source.

Figure 5.4. VTl medium, X, shifted plane, % direction results of modeling in the case of doublcouple (left) and single
force (right) sources

Rys. 5.4. Wyniki modelowa dla o rodka VTI w odsuni tej p aszczy nie obserwacji X2. Przemieszczenia w kierunku
X, dla rod a definiowanego za pomoc podwadjnej pary si (obraz po lewej) i pojedynczegi y (obraz po prawej)

5.2.4 Orthorhombic medium

Orthorhombic anisotropy is the most complicatedecasalyzed in this study. Results are
very similar to those of VTI case but some subtlg very important differences can be
spotted. The most important one is the expecteatioot around X axis. It can be observed
that in the case of explosive source (fig. A8.#&re are almost no differences of P-wave
ellipsoid in VTI and orthorhombic case in, ¥lane. In % plane, primary wave shape is no
longer a circle. It is an ellipsoid with a littlet bonger horizontal axis (“flattened circle shape”
—fig 5.5). In X plane the longer axis of ellipsoid is shorter thhat in VTl medium. The
second important fact is better separation of teglishear waves propagating from source
point. At the same time sharper shapes of wavddri@specially S waves) are observed. It is
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probably a purely numerical phenomenon. As theiplesexplanation we can regard the fact
that in orthorhombic media axis of symmetry are loonger identical with axis of
computational frame.

Double couple source mechanism and additional eii®tation make separation of shear
waves better visible in some plane-direction coratiams (like X%-x; for example in fig.
A8.15-16). But in the case ofsplane and x(“cross line”), S waves are better separated in
results for VTI model. It could let us make a doswon that in the case of double couple
source, anisotropic effects connected with S wawveseasier to observe on a surface in case
of simpler, VTI model. The other important thing ialn this detailed study revealed is that
when a full analysis of anisotropy is necessarge tcomponent surface (on one plane)
recordings are insufficient.

Orthorhombic anisotropy and singe force sourcénéslast analyzed case in this study (fig.
A8.23-24). All previously described phenomena likkear wave splitting and subtle
asymmetry of P-wave “circle” in X3 plane connecteith this kind of anisotropy are visible.
The interesting thing to note is the similarity weeén these results and those of exploding
source. Of course in the case of explosion muchereoergy propagating as a P wave but
other characteristics are similar. It can be caetlthat in numerical experiment focused on
P wave, explosion source should be used but whee emergy of S wave is needed single
force source is better.

Figure 5.5. Orthorobic medium, X shifted plane, x direction results of modeling in exploding sourcelnner ellipse
shows actual shape of P wave front. Outer circle pgesents the shape of the wave front in the caseisbtropic solution

Rys. 5.5. Wyniki modelowa dla sk adowej ruchu w kierunku x,; dla o rodka o anizotropii ortorombowej, rzut na
p aszczyzn odsuni t X3. Wewn trzna elipsa przedstawia bie cy front falowy fali P, zewn trzna reprezentuje ten
sam front dla o rodka izotropowego.

5.2.5 Heterogeneous orthorhombic medium

Orthorhombic medium was also a subject for furtadies for bigger and more complicated
models. This time modeling of seismic wave propagaivas made for a three-layer
model. The model dimension was 800 x 800 x 400 ayets’ borders were on 200
and 300 m depths. Two variants of the model weteutaed. In the first one, the
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central layer was orthorhombic whereas upper aweéidavere isotropic. In the second
one, all layers were isotropic but the central was recalculated from orthorhombic
according to the previously mentioned rule. Allgraeters are presented in Table 1.

All test runs were done for 2 m grid point intervave motion was modeled for 0.8 second.
As a source function a 40 Hz Ricker signal was usédesults were stored with 2 ms time
step. It is also important to mention that for med# this size and complication, 32 bit
computational architecture is no longer sufficient.

Orthorhombic

C11 C2 | Ci3 | C2 Cos | Gs3 Caa | G5 | Gos

L1 |45 | 05/05|45 | 0545 | 20/ 20|20

L2 |16.6|7.4/6.5|155|6.4]10.3|3.3|3.0(3.9

L3 |45 | 05/05|45 | 0545 | 20/ 20|20

Isotropic

C11 C2 | Ciz | C2 Cos | Gs3 Caa | G5 | Gos

L1 |45 | 05/05|45 | 0545 | 20/ 20|20

L2 |10.3|4.3{4.3|10.3|4.3/10.3/3.0|3.0|3.0

L3 |45 | 05/05(45 | 05/45 | 20|20/ 2.0

Table 1 Elastic constraints used in numerical modeling

Results for all combinations of directions andhgl@rientation were stored. Selected wave
form snapshots and synthetic seismograms for @att@mponent of motion are presented in
consecutive figures.
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Fig. 5.6 Snapshots of elastic wave propagation ihe case of isotropic (a) and orthorhombic model: vécal

component of motion in X (“in-line”) (b) and in X2 (“cross-line”) (c) direc tions and differences between isotropic and
orthorhombic (d) and orthorhombic models in and cras line directions (e). Amplitudes on pictures (dnd (e) are
normalized.

Fig. 5.6. Migawki wynikéw propagaciji fail elastyczrej dla o rodka izotropowego (a) i ortorombowego: sk adowej
pionowej ruchu w p aszczynie X1 (,in line”)(b) i w p aszczy nie X2 (,cross line”)(c) oraz r6é nice pomi dzy
wynikami dla o rodka izotropowego i ortorombowego (d) ortoromboweg w kierunku ,cross line”(d). Amplitudy na
rysunkach d i e zostay znormalizowane.
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Fig. 5.7 Synthetic seismograms obtained for isotrép (a) and anisotropic (b) model, (c) differencesdiween isotropic
and anisotropic model. Vertical component of motionn cross-line plane.

Rys. 5.7. Sejsmogramy syntetyczne obliczone dla medd izotropowego (a) i anizotropowego (b) oraz sejgogram
ré nicowy (c) obliczony dla sejsmogramoéw (a) i (b). Weystkie rysunki przedstawiaj sk adow ruchu w p aszczy nie
,Cross-line”.

As it was expected differences between two analyzedels are clearly visible mostly
because of faster wave propagation in the horitalivction in the anisotropic layer.
The additional phenomenon is a very sharp refraoack in the upper layer. There
are also visible differences between in-line amm$siline directions in the case of
anisotropic model.

But in the case of ground recordings, the situaBamlittle bit different. Of course, these are
differences between iso- and anisotropic resultsdiber minor and hard to spot on synthetic
section. So in this case a difference seismogramuih more informative (figure 5.7.c). It is
clearly visible that in case of all three presemtede forms (top reflected, bottom reflected
and top converted) expected amplitude and timegg®im the function of offset are present.
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6. Summary

The basic aim of the presented study was to bigitd,and apply the effective parallel
algorithms to evaluate the seismic wave propagati@D anisotropic media. The further aim
was to find how important is the impact of the atrispy on wave propagation for typical
anisotropy parameters and common seismic sourcggraly to numerous theoretical studies
we have only used the direct method of evaluatiamuamerical modeling.

Numerical algorithms used here for full-wave-figisbpagation modeling use stiffness tensor
of VTI and orthorhombic media. The more complicateatlels of anisotropy (like HTI or

TTI media) are deduced from the basic ones usia@®tnd matrices. It allows the
construction of efficient and universal programet thre in a position to evaluate wave fields
in the anisotropic medium (e.g. the same programbeaused to model wave propagation in
numerous TTI media for different dip angles).

The results of modeling presented here are encimgragd interesting. The evaluated results
perfectly agree with theoretical models and préneedonstructed software is correct, reliable
and well suited to modeling tasks. The importanitktion of a numerical modeling is the
size of the model and number of iterations. TheaBi3otropic wave field modeling is
extremely time consuming and unrealizable in alsingde environment. The parallelization
of the computing process is the only effective waface the real size models of the
geological medium and large offsets.

We can summarize the modeling results from thetpwimiew of practical seismic
prospecting. We focus only on the impact of anggmtron the shape of wave fronts and
propagation times. The results of performed moddiom different seismic sources show
relatively small differences between related iguit@nd real anisotropic media. On the other
hand the most distinctive differences can be oleskfor heterogeneous, orthorhombic
medium for large offsets.

Another important result that can be drawn fromgtuely is about the order of the differential
scheme used in computation. As it was expecteddbend order of time and space
expansion is the best compromise between speegraadion of modeling process. The
results of modeling with higher order differensg@hemes are not beneficial enough to
explain costs of additional computation time.

Further progress of a large scale and massivevak field propagation modeling strongly
depends on the progress in computer science elpécihardware development and new
methods of efficient computation. One of the pranggechniques is utilization of GPU
instead of CPU, patrticularly in a multinode versidhe experiences show that in this case
several dozens of acceleration can be achieveda@upo standard CPU processing. In the
near future GPU processing will increase in imparéaallowing evaluation of the 3D
modeling with reasonable effort and in reasonabie.t
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Appendix 1. Matrix notation for constitutive relati ons
Because of the following symmetry of the stiffnésssor,

Gii = Cji = Gjix = Cjc
we can use two indices instead of four, i.e.
G =Cy 0j,kI=123 1,J=1 6.

There is the following conversion rule:

Tensor notation Matrix notation
ij ©" ki i O
11 1
22 2
33 3
23 or 32 4
13 or 31 5
12 or 21 6

In shortened notation, a relationship between stnesl deformation is

s, =c,e, 1,J=123456
where

:(51’52’53754755756)T = (511’5227533’5237513’512)T

= (911 €,,65,64, 6,6 )T = (911’ €551 €33,2653,26,, ’2912)T
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Appendix 2.The finite-difference schema for horizotal transverse isotropy media

2 | | | | | | |
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Appendix 3. The finite-difference schema for tiltedransverse anisotropy media - rotation around xaxis

1+ _ | -1
ul.].k - 2ul.],k b ul.],k +

2 | | | | | | | | | | | | |
(Dt) 11 Uinjk - 2Uijk T Ui1jk 1 ui+1j+lk - Ui+1,j-:Lk B ui-Lj+1,k - ui-Lj-:Lk Lo u 2Ui,j,k +ui,j-Lk 66 Ui,j,k+1' 2Ui,j,k +ui,j,k-1

1 2c 4 sk ” .
G CT R () Y R

(Dt)2 14 VI|+LJ,k - 2VI|.J,k +VI|-LJ,k 44 12 \ 1 Vi|+1,j+1,k - Vi|+1,j-:Lk _ Vil-:l.,j+:Lk - ViI-J.,j-Lk 24 Vil,j+:Lk - 2Vi|,j,k +Vi|,j-Lk 56 Vil,j,k+1 - 2Vi|,j,k +Vi|,j,k-1
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Appendix 4. The finite-difference schema for tiltedransverse anisotropy media - rotation around xaxis
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Appendix 5. The finite-difference schema for tiltedtransverse anisotropy media - rotation around xaxis
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Appendix 6. The fourth-order in time and second-orer in space finite-difference schema for transvers$gisotropic media
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Appendix 7. Main computational kernel loop

uli QL 10 kI= 2.0 *puli]0 ][ kI- ppuli ]l jI0 KI+(C dtr *dtr )/C rho [ ][ j ][ KkI)*
(
cll CEI0 30 KIX(C puli +1]0 J 0 k]- 2.0 *puli ][ j ][ K]+ puli-1][ j][ kD/( ds*ds))
+edd [0 Il kI
(Cpuli ]l j+10 kJ- 2.0 *puli ][ jI[ K]+ puli][ j-1][ KD/( ds*ds))
+c66 [ ][ j I kI
(Cpuli]0 S0 k+1]- 2.0 *puli ][ 10 kI+ puli ][ jI[ k-1]D/C ds*ds))

+((c12[i][ jI kl+c44[i][ jI kD/( 4.0 *ds*ds))*

((

pv. [ +1][ j+1][ k]- pv[i+1][ j-1][ k]- pv[i-2][ j+1][ K]+ pv[i-1][ j-1][ K]
)
+H( I3[ JI[ K]+ c66[i ][ ]l k]/( 4.0 *ds*ds))*
((

pw [P +1][ ][ k+1]- pw{i+1][ jI[ k-1]- pw{i-2][ jI[ k+1]+ pw{i-1][ jI[ k-1]
)

VIEIL G0 kI=2.0 *pv [P0 jI0 k] ppv i ][ 10 KI+(C dtr *dtr )/C rho [ ][ ][ K])*
(
c44 CEI0 0 KIX(C pv i +1]0 JI0 k]- 2.0 *pv i ] JI0 kI+ pv[i-2]0 j1[ kD/( ds*ds))
+e22[H ][ 10 kI*
(Cpv[i]0 J+10 kJ- 2.0 *pv[i ][ jI[ kI+pv[i]l j-1][ kD/C ds*ds))
+eSS[HL G0 kI
(Cpv[i]0 G0 k+1]- 2.0 *pv i ][ jI[ kI+ pv[i ][ j 10 k-1]D/C ds*ds))
+H(( cl2[i ][ JI[ K]+ c44[i ][ 0 kD/(C 4.0 *( ds*ds)))*
((
pu [P +1][ j+1][ k]- pu[i+1][ j-1][ k]- puli-2][ j+1][ K]+ puli-1][ j-1][ K]

)
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H((c23[H ][ jI[ kI+ eSS J I kD/C 4.0 *( ds*ds)))*
((

pw [P0 j+1]0 k+1]- pw{i][ j +1][ k-1]- pw{i][ j-1][ k+1]+ pw{i][ j-1][ k-1]
)

Wl GO0 k=20 *pwli 0 jI0 KI- ppwl i ][ j 10 k]+(C dtr *dtr )/( rho [ ][ jI[ K]))*
(
c66 CEI0 GO0 KIX(C pwl i +2]0 G0 k)= 2.0 *pw{i ][ J [ K]+ pw{i-1][ ][ k])/( ds*ds))
+eSS[L I kI*
(Cpwi 0 j+20 K]- 2.0 *pw{ i ][ j 0 K]+ pwli ][ j-1]0 k]/( ds*ds))
+e33[H ][ J 0 kI
(Cpwi ][ JI0 k+1]- 2.0 *pw{i ][ j][ K]+ pwli ][ jI[ k-1]D/C ds*ds))
+H(( I3[ JI[ K]+ c66[i ][ J L kD/( 4.0 *( ds*ds)))*

((

pu (P+100 0 k+1]- puli +1]0 j [ k-1]- puli-1][ j [ k+1]+ puli-1][ j][ k-1]
)
+(( c23[W ][ JI[ KJ+ cSSLHL S0 kD 4.0 *( ds*ds)))*
((

pv (VD0 #2300 k+1]- pv[i ][ j +1]0 k-1]- pv[i][ j-1]0 k+1]+ pv[i][ j-1][ k-1]
)

);

Listing A7.1. Computational kernel; u, w, v denotedisplacements in two horizontal and vertical diredons in time t+1;
prefixes p and pp mean time step t and t-1 respeggly; c?? represents elastic constraints and rho ensity; i, j, k are
discrete coordinates of computational cubes.

Wykaz A7.1. G 6wna ptla obliczeniowa: u, w, v 0znacza przemieszczeniekierunku pionowym i obu poziomych w
czasie t+1; przedrostki p i pp oznaczaj odpowiednio t i t-1 krok czasowy; c?? oznacza skdawe macierzy sztywnaoci,
rho g sto ; i, j, k wsp6 rz dne dyskretne siatki obliczeniowej.
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Appendix 8. Modeling results

Fig A8.1. Results for exploding source and isotropimedium. Capital letters denote planes; small le¢rs denote
directions of motion. All planes are source crossm

Rys A8.1 Wyniki modelowa uzyskane dla réd a wybuchowego dla orodka izotropowego. Du e litery 0znaczaj
p aszczyzny obserwacji, ma e — kierunek ruchu. P @szyzny obserwacji przechodz przez obszar r6d owy.

Fig A8.2 Results for exploding source and isotropimedium. Capital letters denote planes; small letts denote
directions of motion. All planes are shifted 20 fran the source.

Rys A8.2 Wyniki modelowa uzyskane dla réd a wybuchowego dla orodka izotropowego. Du e litery oznaczaj
p aszczyzny obserwacji, ma e — kierunek ruchu. P aszyzny obserwacji s odsuni te od obszaru r6d owego o 20 m.
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Fig A8.3 Results for exploding source and HTI medion. Capital letters denote planes; small letters deste directions
of motion. All planes are source crossing.

Rys A8.3 Wyniki modelowa uzyskane dla réd a wybuchowego dla orodka z anizotropi typu HTI. Du e litery
oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji przechodzprzez obszar réd owy.

Fig A8.4 Results for exploding source and HTI medim. Capital letters denote planes; small letters deste directions
of motion. All planes are shifted 20 from the soure.

Rys A8.4 Wyniki modelowa uzyskane dla réd a wybuchowego dla orodka z anizotropi typu HTI. Du e litery
oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Psaczyzny obserwacji s odsuni te od obszaru

réd owego o0 20 m.
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Fig A8.5. Results for exploding source and VTl medim. Capital letters denote planes; small letters dete directions
of motion. All planes are source crossing.

Rys A8.5 Wyniki modelowa uzyskane dla réd a wybuchowego dla orodka z anizotropi typu VTI. Du e litery
oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji przechodzprzez obszar réd owy.

Fig A8.6 Results for exploding source and VTl medim. Capital letters denote planes; small letters dente directions
of motion. All planes are shifted 20 from the soure.

Rys A8.6 Wyniki modelowa uzyskane dla réd a wybuchowego dla orodka z anizotropi typu VTI. Du e litery
oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Psaczyzny obserwacji s odsuni te od obszaru

réd owego o0 20 m.
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Fig A8.7. Results for exploding source and orthorhmbic medium. Capital letters denote planes; smalkkters denote
directions of motion. All planes are source crossm

Rys A8.7 Wyniki modelowa uzyskane dla réd a wybuchowego dla orodka ortorombowego. Du e litery oznaczaj
p aszczyzny obserwacji, ma e — kierunek ruchu. P aszyzny obserwacji przechodz przez obszar réd owy.

Fig A8.8. Results for exploding source and orthorhmbic medium. Capital letters denote planes; smalktters denote
directions of motion. All planes are shifted 20 fren the source.

Rys A8.8 Wyniki modelowa uzyskane dla réd a wybuchowego dla orodka ortorombowego. Du e litery oznaczaj
p aszczyzny obserwacji, ma e — kierunek ruchu. P aszyzny obserwacji s odsuni te od obszaru r6d owego o0 20 m.
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Fig A8.9. Results for double couple source and isopic medium. Capital letters denote planes; smalktters denote
directions of motion. All planes are source crossm

Rys A8.9 Wyniki modelowa uzyskane dla rod a przybli anego podwéjn par si dla o rodka izotropowego. Due
litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Psaczyzny obserwacji przechodzprzez obszar
réd owy.

Fig A8.10. Results for double couple source and isopic medium. Capital letters denote planes; smalletters denote
directions of motion. All planes are shifted 20 fran the source.

Rys A8.10 Wyniki modelowa uzyskane dla réd a przybli anego podwdjn par si dla orodka ortorombowego.
Du e litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji s odsuni te od obszaru
réd owego 0 20 m.
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Fig A8.11. Results for double couple source and HThedium. Capital letters denote planes; small letts denote
directions of motion. All planes are source crossm

Rys A8.11 Wyniki modelowa uzyskane dla r6d a przybli anego podwojn par si dla orodka z anizotropi typu
HTI. Du e litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji przechodzprzez

obszar réd owy.

Fig A8.12. Results for double couple source and HThedium. Capital letters denote planes; small lette denote
directions of motion. All planes are shifted 20 fran the source.

Rys A8.12 Wyniki modelowa uzyskane dla réd a przybli anego podwdjn par si dla orodka z anizotropi typu
HTI. Du e litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji s odsuni te od

obszaru réd owego o0 20 m.
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Fig A8.13. Results for double couple source and VThedium. Capital letters denote planes; small letts denote
direction of motion. All planes are source crossing

Rys A8.13 Wyniki modelowa uzyskane dla r6d a przybli anego podwojn par si dla orodka z anizotropi typu
VTI. Du e litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji przechodzprzez

obszar réd owy.

Fig A8.14. Results for double couple source and VThedium. Capital letters denote planes; small letts denote
direction of motion. All planes are shifted 20 fromthe source.

Rys A8.14. Wyniki modelowa uzyskane dla réd a przybli anego podwéjn par si dla orodka z anizotropi typu
VTI. Du e litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji s odsuni te od

obszaru réd owego o0 20 m.
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Fig A8.15. Results for double couple source and drorhombic medium. Capital letters denote planes;mall letters
denote direction of motion. All planes are sourcerossing

Rys A8.15. Wyniki modelowa uzyskane dla réd a przybli anego podwdjn par si dla o rodka ortorombowego.
Du e litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji przechodzprzez
obszar réd owy.

Fig A8.16. Results for double couple source and drdorhombic medium. Capital letters denote planes; sall letters
denote direction of motion. All planes are shifte@®0 from the source.

Rys A8.16. Wyniki modelowa uzyskane dla réd a przybli anego podwéjn par si dla o rodka ortorombowego.
Du e litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji s odsuni te od obszaru

réd owego 0 20 m.
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Fig A8.17.Results for single force source and isapic medium. Capital letters denote planes; smalktters denote
direction of motion. All planes are source crossing

Rys A8.17. Wyniki modelowa uzyskane dla réd a przybli anego pojedyncz si dla o rodka izotropowego. Du e
litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Psaczyzny obserwacji przechodzprzez obszar
réd owy.

Fig A8.18. Results for singe force source and isafpic medium. Capital letters denote planes; smalktters denote
direction of motion. All planes are shifted 20 fromthe source.

Rys A8.18. Wyniki modelowa uzyskane dla réd a przybli anego pojedyncz si dla o rodka izotropowego. Du e
litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Psaczyzny obserwacji s odsuni te od obszaru

réd owego 0 20 m.

74



Fig A8.19.Results for single force source and HTI edium. Capital letters denote planes; small letterdenote
direction of motion. All planes are source crossing

Rys A8.19. Wyniki modelowa uzyskane dla réd a przybli anego pojedyncz si dla o rodka z anizotropi typu
HTI. Du e litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji przechodzprzez

obszar réd owy.

Fig A8.20. Results for singe force source and HTI edium. Capital letters denote planes; small letterdenote direction
of motion. All planes are shifted 20 from the soure.

Rys A8.20. Wyniki modelowa uzyskane dla réd a przybli anego pojedyncz si dla o rodka z anizotropi typu
HTI. Du e litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji s odsuni te od

obszaru roéd owego o 20 m.
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Fig A8.21. Results for single force source and VThedium. Capital letters denote planes; small letter denote
direction of motion. All planes are source crossing

Rys A8.21. Wyniki modelowa uzyskane dla réd a przybli anego pojedyncz si dla o rodka z anizotropi typu
VTI. Du e litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji przechodzprzez

obszar réd owy.

Fig A8.22. Results for singe force source and VTI edium. Capital letters denote planes; small lettersenote direction
of motion. All planes are shifted 20 from the soure.

Rys A8.22. Wyniki modelowa uzyskane dla réd a przybli anego pojedyncz si  dla o rodka z anizotropi typu
VTI. Du e litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji s odsuni te od

obszaru réd owego o0 20 m.
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Fig A8.23.Results for single force source and ortlbombic medium. Capital letters denote planes; snibletters
denote direction of motion. All planes are sourcerossing

Rys A8.23. Wyniki modelowa uzyskane dla réd a przybli anego pojedyncz si dla ortorombowego. Du e litery
oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Pszczyzny obserwacji przechodzprzez obszar réd owy.

Fig A8.24. Results for singe force source and orthieombic medium. Capital letters denote planes; smaletters
denote direction of motion. All planes are shifte®0 from the source.

Rys A8.24. Wyniki modelowa uzyskane dla réd a przybli anego pojedyncz si dla o rodka ortorombowego. Du e
litery oznaczaj p aszczyzny obserwacji, ma e — kierunek ruchu. Psaczyzny obserwacji s odsuni te od obszaru

réd owego 0 20 m.
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