
Szczególna i ogólna teoria względności
(wybrane zagadnienia)

Mariusz Przybycień

Wydział Fizyki i Informatyki Stosowanej
Akademia Górniczo-Hutnicza

Wykład 14



Fale grawitacyjne

Zgodnie ze STW informacja o polu grawitacyjnym wytwarzanym przez masę
(lub energię) i jego zmianach (np. w rezultacie ruchu źródła) rozchodzi się
w przestrzeni z prędkością światła.

Fala grawitacyjna (FG) to zaburzenie metryki czasoprzestrzeni rozchodzące się
w przestrzeni w postaci przyspieszeń pływowych.

Energia FG maleje z odległością jak 1/r2, natomiast jej amplituda jak 1/r.

Eksperymentalnie jesteśmy w stanie zaobserwować tylko amplitudę FG (ze
względu na bardzo słabe oddziaływanie (hipotetycznych) grawitonów z materią).

FG obserwujemy poprzez pomiar zmian odległości pomiędzy dwoma masami
testowymi zawieszonymi swobodnie w niewielkiej odległości.
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Przybliżenie słabego pola grawitacyjnego

Słabe pole grawitacyjne występuje w obszarze czasoprzestrzeni, który jest tylko
”nieznacznie” zakrzywiony, a więc w którym metryka tylko nieznacznie różni się
od metryki Minkowskiego (ηµν):

gµν = ηµν + hµν +O(h2µν), gdzie |hµν | ≪ 1
Można pokazać, że w przybliżeniu słabego pola, równania pola Einsteina
przyjmują postać (□ ≡ ∂σ∂σ = (1/c2)(∂2/∂t2)−∇2):

□ h̄µν = −2κTµν z tzw. warunkiem cechowania ∂µh̄
µν = 0

gdzie h̄µν ≡ hµν − 1
2
ηµνh oraz h ≡ ηµνhµν = hµµ

Ogólne rozwiązanie równań pola w próżni (Tµν = 0) można zapisać jako
superpozycję fal płaskich:

h̄µν = Aµν exp (ikρxρ) z warunkiem cechowania Aµνkν = 0

gdzie Aµν to symetryczny tensor stałych (zespolonych), a kρ = (ω/c, k⃗) to
4-wektor falowy, który dla pustej przestrzeni spełnia warunek kρkρ = 0.

W tzw. wycechowaniu TT
(transverse-traceless), tensor
Aµν przyjmuje postać (fala
poruszająca się w kierunku x3):

AµνTT =

 0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

 = h+eµν+ + h×eµν×
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Rozwinięcie multipolowe

Potencjał pochodzący od dowolnego rozkładu ładunku ρ(r⃗ ′),
w dużej od niego odległości (r ≫ r′) można zapisać w postaci:

V (r⃗) = k
∫
V ′

ρ(r⃗ ′)
|r⃗ − r⃗ ′|

dV ′ = r̂ = r⃗r , (1 + ϵ)
s =

∞∑
n=0

(
s
n

)
ϵn =

= k
∫
V ′

ρ(r⃗ ′)
r

∣∣∣∣1− 2 r̂ · r⃗ ′r + (r′r )2∣∣∣∣−1/2 dV ′ =
= kr

∫
V ′
ρ(r⃗ ′)

(
1− r̂ · r⃗

′
r +

1
2r2
(3(r̂ · r⃗ ′)2 − r′2) +O

(
r′
r

)3)
dV ′

Rozwinięcie multipolowe pozwala na zaniedbanie wyrazów wyższego rzędu w (r′/r):

V (r⃗) = Vmon(r⃗) + Vdip(r⃗) + Vquad(r⃗) + ...

Vmon(r⃗) =
k

r

∫
V ′
ρ(r⃗ ′) dV ′ - potencjał ładunku punktowego

Vdip(r⃗) = −
k

r2
(r̂ · p⃗) gdzie p⃗ ≡

∫
V ′
ρ(r⃗ ′)r⃗ ′ dV ′ nazywamy dipolem

Vquad(r⃗) =
3k
2r3
(r̂ ⊗ r̂) :: J gdzie J ≡

∫
V ′
ρ(r⃗ ′)

(
r⃗ ′ ⊗ r⃗ ′ − 1

3
I r′2
)
dV ′

J to zredukowany moment kwadrupolowy. ⊗ definiujemy przez: (u⃗⊗ v⃗)w⃗ = u⃗(v⃗ · w⃗)
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Źródła fal grawitacyjnych
W celu zrozumienia mechanizmu generacji FG, konieczne jest rozwiązanie
pełnych zlinearyzowanych równań Einsteina sprzężonych do źródła. Takie
rozwiązanie dla składowych przestrzennych przyjmuje postać:

h̄ij(t, x⃗) =
2G
r

d2Iij
dt2
(tr) gdzie tr = t− r oraz r = |x⃗− y⃗|.

h̄ij(t, x⃗) to zaburzenie pola grawitacyjnego w punkcie (t, x⃗) pochodzące od
źródeł energii i pędu znajdujących się w punktach (tr, |x⃗− y⃗|) na stożku światła
reprezentującym zdarzenia mogące mieć wpływ na (t, x⃗).

Tensor momentu kwadrupolowego gęstości energii źródła zdefiniowany jest jako:

Iij(t) =
∫
yiyjT 00(t, y⃗) d3y⃗

Składowe czasowe h̄0i = h̄i0 = 0 oraz h̄00 =
4GM
c2r
.

Zredukowany moment kwadrupolowy ma postać: Qij = Iij −
1
3
δijδ

klIkl

Uwaga: W przeciwieństwie do FG, wiodący wkład do promieniowania EM
pochodzi od zmiennego w czasie momentu dipolowego rozkładu gęstości
ładunku elektrycznego środek ładunku elektrycznego może oscylować.
Oscylacje środka masy łamałyby prawo zachowania pędu!
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Pośredni dowód na istnienie fal grawitacyjnych

W roku 1974 Hulse i Taylor zaobserwowali pulsar, z ktorego sygnały docierały do Ziemi
(Arecibo) z systematycznie zmieniającym się opóźnieniem, co zinterpretowali jako
układ podwójny (PSR B1913+16, odległość 21 000 ly, masy 1.441M⊙ + 1.387M⊙).

Podczas obserwacji okazało się, że peristron (najbliższa odległość orbity od ogniska)
przesuwa się ”do przodu” o około 4.2◦ rocznie (precesja), a jednocześnie okres obiegu
pulsara zmniejsza się - dokładnie tak jak przewiduje OTW na skutek emisji FG.

69

Batlle, López

CONTRIBUTIONS to SCIENCE 10 (2014) 65-72www.cat-science.cat

between it and its companion star. The mass of the pulsar is 
about one solar mass and its radius is around 10 km. Its com-
panion star is of similar mass and radius. Their orbital period 
is around 8 h. Table 2 summarizes the principal parameters 
of the pulsar, among which the high value of the periastron 
advance. The last three parameters of Table 2 were obtained 
from the former parameters [11,25] by applying, among ot-
hers, EquaƟ on (3) of the periastron advance—as applied to 
the two-bodies problem [EquaƟ on (11)]. 

The use of EquaƟ on (3) in this case is permissible be-
cause of the small value of q  3,6·10–5. In this case,  q1  
1,8 ·10–5 and q2  5,6·10–6 are also «1, and so the Newtoni-
an approach to EquaƟ on (3) is also permiƩ ed. 

Recently, data concerning other binary pulsars have 
been published [11]. Those with periastron advance > 1°/
year are collected in Table 3. The so-called double pulsar 
(PSR J0737-3039 A and PSR J0737-3039 B), is the current 
best laboratory for relaƟ visƟ c gravitaƟ on, both for conser-
vaƟ ve eff ects (like the periastron advance) and dissipaƟ ve 
eff ects (gravitaƟ on-wave emission). Pulsar J11411-6545, 
discovered in 1999, is another convenient laboratory for 
General RelaƟ vity due to its short orbital period (0.2 side-
ral days) and large eccentricity (0.17) compared to other 
compact binary systems made of a neutron star and a whi-
te dwarf. 

In all cases, the published parameters lead to maxi-
mum values of q, q1 and q2 (Table 4), which are small 
enough, compared to unity, to allow the use of EquaƟ on 
(3) in both General RelaƟ vity and Newtonian mechanics 
with the corrected law of gravitaƟ on. 

From the structure of binary pulsars one can expect 
that this will always be the case.

Other causes infl uencing the perias-
tron advance

In previous secƟ ons, heavenly bodies were treated as par-
Ɵ cles. However their fi nite dimension as well as their spin-

Co
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Fig. 2. IllustraƟ on of binary pulsar PSR B1913+16.

Table 2. Pulsar PSR B1913+16 parameters [10,22]

Projected semi-major axis a1sini = 2.324 ± 0.0007 light s

Eccentricity                              e = 0.617155 ± 0.000007

Binary orbit period P = 27906.98172 ± 0.00005 s

Rate of periastron advance 4.226 ± 0.002 deg yr–1

Transverse Doppler
 and gravitaƟ on redshiŌ 

γ = 0.0047 ± 0.0007 s

Sine of inclinaƟ on angle sini = 0.81 ± 0.16

Mass of the system M = 2.83 Msol (Msol = solar mass)

Pulsar mass Mp = 1.39 ± 0.15 Msol

 

Moc emitowana w postaci FG: 7.35× 1024 W

The Nobel Prize in Physics 1993 was awarded jointly to R.A. Hulse and J.H. Taylor Jr. ”for the
discovery of a new type of pulsar, a discovery that has opened up new possibilities for the
study of gravitation.”
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Fale grawitacyjne emitowane przez układ podwójny
Dla uproszczenia rozważmy układ podwójny składający się
z dwóch identycznych gwiazd, każda o masie M
krążących po obicie o promieniu R w płaszczyźnie x1−x2:

x1a = R cosΩt, x2a = R sinΩt

x1b = −R cosΩt, x2b = −R sinΩt

Korzystając z przybliżenia Newtona wyznaczamy częstość kołową:

GM2

(2R)2
=
Mv2

R
⇒ v =

√
GM

4R
⇒ Ω =

v

R
=

√
GM

4R3

Gęstość energii:

T 00(t, x⃗) =
=Mδ(x3)

[
δ(x1 −R cosΩt) δ(x2 −R sinΩt) + δ(x1 +R cosΩt)δ(x2 +R sinΩt)

]
Składowe tensora momentu kwadrupolowego:

I11 = 2MR2 cos2Ωt =MR2(1 + cos 2Ωt)

I22 = 2MR2 sin2Ωt =MR2(1− cos 2Ωt)
I12 = I21 = 2MR2(cosΩt)(sinΩt) =MR2 sin 2Ωt

Ii3 = I3i = 0
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Generacja fal grawitacyjnych

Dla układu podwójnego, część metryki związana z FG ma postać (tr = t− r/c):

h̄µνrad(t, r⃗) =
8GM
c4r
Ω2R2


0 0 0 0
0 cos 2Ωtr sin 2Ωtr 0
0 sin 2Ωtr − cos 2Ωtr 0
0 0 0 0


Polaryzacja FG zależy od pozycji obserwatora. Powyższa forma metryki jest w
postaci TT dla FG rozchodzącej się w kierunku x3(≡ r). Widać więc, że w tym
przypadku FG ma polaryzację kołową:

(hTTrad )
µν =

8GM
c4r
Ω2R2Re

[
(eµν1 − ie

µν
2 ) exp 2iΩ(t− x3/c)

]
W przypadku fali rozchodzącej się w kierunku x1(≡ r), można pokazać, że FG
ma polaryzację liniową typu ”+”:

(hTTrad )
µν(t, r⃗) =

4GM
c4r
Ω2R2


0 0 0 0
0 0 0 0
0 0 − cos 2Ωtr 0
0 0 0 cos 2Ωtr

 =
=
4GM
c4r
Ω2R2Re

[
−ẽµν1 exp 2iΩ(t− x1/c)

]
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Wpływ fal grawitacyjnych na swobodne cząstki

Rozważmy spoczywającą cząstkę swobodną, której 4-prędkość, uσ = c(1, 0, 0, 0),
musi spełniać równanie geodezyjne:

duσ

dτ
+Γσµνu

µuν = 0 ⇒ duσ

dτ
= −c2Γσ00 = −

1
2
c2ησρ(∂0hρ0+∂0h0ρ−∂ρh00)

Ponieważ w wycechowaniu TT, hρ0 = 0 dla ρ = 0, 1, 2, 3, więc duσ/dτ = 0 co
oznacza, że cząstka pozostaje w spoczynku (nie ulegają zmianie jej współrzędne
przestrzenne zdefiniowane wyborem wycechowania TT), pomimo przejścia FG.

W szczególności wektor ξµ = (0, ξ1, ξ2, ξ3) określający separację dwóch cząstek
swobodnych, w tych współrzędnych jest stały.

Jednak fizyczna odległość pomiędzy cząstkami dana przez:

l2 = −gijξiξj = (δij − hij)ξiξj

zmienia się w czasie, ponieważ nie wszystkie elementy hij są stałe w czasie.

Wprowadzając nowe zmienne ζi można napisać (zachowując wyrazy O(hµν)):

ζi = ξi − 1
2
hikξ

k ⇒ l2 = δijζiζj

A więc nowe współrzędne ζi można traktować jako komponenty wektorów
położenia określających prawdziwą fizyczną separację przestrzenną cząstek.
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Wpływ fal grawitacyjnych na swobodne cząstki

Rozważmy wpływ FG rozchodzącej się w kierunku x3 na cząstki początkowo
znajdujące się w płaszczyźnie x1−x2 (a więc mające współrzędną ξ3 = 0).
Ponieważ (hTT)3k = 0, więc ζ

3 = 0 podczas przejścia FG.

FG ma więc jedynie polaryzację poprzeczną i może wpływać na separację
poprzeczną cząstek.

Przejście fali z Aµν = aeµν1 gdzie a > 0:

hµνTT = ae
µν
+ cos kµx

µ = aeµν+ cos k(x
0 − x3)

[
ζi
]
=

 ξ1ξ2
0

− 1
2
a cos k(x0 − x3)

 ξ1−ξ2
0


Podobnie dla Aµν = beµν2 gdzie b > 0 mamy:[
ζi
]
=

 ξ1ξ2
0

− 1
2
b cos k(x0 − x3)

 ξ2ξ1
0
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Figure 18.1 The solid dots show the effect of a plane gravitational wave with
A�� = ae

��
1 on a transverse circle of particles. The initial configuration of parti-

cles is shown by the open dots. From left to right, k�x0 − x3� is equal to
2n��

(
2n+ 1
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)
�� �2n+1���
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2n+ 3
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� respectively.
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Figure 18.2 The solid dots show the effect of a plane gravitational wave with
A�� = be

��
2 on a transverse circle of particles. The initial configuration of

particles is shown by the open dots. From left to right, k�x0− x3� is equal to
2n��

(
2n+ 1

2

)
�� �2n+1���

(
2n+ 3

2

)
� respectively.

We may straightforwardly repeat our analysis for a gravitational wave with the
other polarisation, i.e. A�� = be

��
2 again with real and positive b. In this case one

finds that

�i�= ��1� �2�0�− 1
2b cosk�x

0−x3���2� �1�0��

and this results in our initial circle of particles having spatial separations as
illustrated in Figure 18.2, which may be obtained from Figure 18.1 by a 45	
rotation.
Having determined the relative displacements of test particles induced by the

two separate polarisations of a plane gravitational wave, it is straightforward to
find the effect in the general case in which A�� = ae

��
1 + be

��
1 , where a and b
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Figure 18.3 The solid dots show the effect of a plane gravitational wave with
A�� = a

(
e
��
1 + ie

��
2

)
(i.e. right-handed circular polarisation) on a transverse circle

of particles. The initial configuration of particles is shown by the open dots.
From left to right, k�x0−x3� is equal to 2n��

(
2n+ 1

2

)
�� �2n+1���

(
2n+ 3

2

)
�

respectively.

may, in general, be complex. Of particular interest are the left- and right-handed
circularly polarised modes, for which b=−ia and b= ia respectively. The effect
of, for example, a right-handed circularly polarised wave would be to distort our
initial circle of particles into an ellipse and to rotate the ellipse in a right-handed
sense, as illustrated in Figure 18.3. Note that the individual particles do not move
around the ring but instead execute small circular ‘epicycles’.

18.5 The generation of gravitational waves

Let us suppose that we have a matter distribution (the source) localised near the
origin O of our coordinate system that we and take our field point �x to be a
distance r from O that is large compared with the spatial extent of the source. We
may therefore use the compact-source approximation discussed in Section 17.8.
Without loss of generality, we may take our spatial coordinates xi to correspond
to the ‘centre-of-momentum’ frame of the source particles, in which case from
(17.38) we have

h̄00 =−4GM

c2r
� h̄i0 = h̄0i = 0� (18.13)

The remaining (spatial) components of the gravitational field are given by
the integrated stress within the source, which may be written in terms of the
quadrupole formula (17.44) as

h̄ij�ct� �x�=−2G

c6r

[
d2Iij�ct′�

dt′2

]
r

� (18.14)

W ogólnym przypadku Aµν = aeµν1 + be
µν
2 , stałe a i b mogą być zespolone, np.

b = ±ia w przypadku polaryzacji kołowej.
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Polaryzacja fal grawitacyjnych

h+(t− z) oraz h×(t− z) to funkcje opisujące
amplitudy dwóch liniowo niezależnych stanów
polaryzacji fal grawitacyjnych (eµν+ , e

µν
× ).

Interpretation: The Effect of GWs

Gravitational waves are deformations of space itself, stretching
it first in one direction, then in the perpendicular direction.

6

Gravitational Wave Basics

      A consequence of Einstein’s general theory of relativity

      Emitted by a massive object, or group of objects,

      whose shape or orientation changes rapidly with time

Waves travel away from the source at the speed of light 

Waves deform space itself, stretching it first in one direction, then

in the perpendicular direction

Time

“Plus”

polarization

“Cross”

polarization

LIGO-G1701235-v1 Sutton GR and GWs

Geometria czasoprzestrzeni w miejscu
przechodzenia fali opisywana jest przez:

ds2 =
dt2− (1+h+)dx2− (1−h+)dy2−2h×dx dy−dz2

Złożenie stanów eµν+ oraz e
µν
× z dowolnymi

amplitudami, pozwala na opis fali o dowolnej
(poprzecznej) polaryzacji - np. kołowej.
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Moc emitowana w formie FG

Moc emitowana w postaci FG przez układ podwójny wyraża się wzorem:

P ≡ dE
dt
= −G
5

〈
d3Qij
dt3
d3Qij

dt3

〉
gdzie średniowanie przebiega po pełnym okresie - tzn. ⟨...⟩ = 1

T

∫ T
0
(...) dt

W naszym przypadku (równe masy M krążące po orbicie o promieniu R):

Qij =
MR2

3

 1 + 3 cos 2Ωt 3 sin 2Ωt 0
3 sin 2Ωt 1− 3 cos 2Ωt 0
0 0 −2


d3Qij
dt3

= 8MR2Ω3

 sin 2Ωt − cos 2Ωt 0
− cos 2Ωt − sin 2Ωt 0
0 0 0


Czyli moc emitowana przez układ podwójny wynosi:

P = −128
5
GM2R4Ω6 = −2

5
G4M5

R5

Szybkość zmiany promienia orbity:
dR

dt
=
dR

dE

dE

dt
= −16G

3

5 c5
M3

R3
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Amplituda fal grawitacyjnych

Czas do połączenia BH (od orbity początkowej o promieniu R0):

∆tmerge =
1
α

∫ 0
R0

R3 dR = −R
4
0

4α
gdzie α =

16G3M3

5c5

Podczas ruchu spiralnego zwiększa się częstość obiegu BH na orbicie Ω = 1/T -
częstość emitowanej FG wynosi f = 2Ω. Z III PK (R3/T 2 = const) mamy:

T 2 =
1
Ω2
=
4π2

GM
R3 ⇒ f =

1
π

√
GM

R3

df

dt
=
df

dR

dR

dt
= − 3
2π

√
GM

R5

[
−16
5
G3M3

c5R3

]
=
96π8/3

5 · 21/3c5
(GM)5/3f11/3
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Amplituda fal grawitacyjnych

Definiujemy tensory bazy w układzie detektora i źródła:

eij+ = e⃗
D
x ⊗ e⃗Dx − e⃗Dy ⊗ e⃗Dy Eij+ = e⃗

S
x ⊗ e⃗Sx − e⃗Sy ⊗ e⃗Sy

eij× = e⃗
D
x ⊗ e⃗Dy + e⃗Dy ⊗ e⃗Dx Eij× = e⃗

S
x ⊗ e⃗Sy − e⃗Sy ⊗ e⃗Sx

przy czym niech wektory e⃗D,Sx,y będą wektorami jednostkowymi,
oraz niech e⃗Dx = e⃗

S
x .

Ogólne wyrażenia na amplitudy uwzględniające inklinację ι:

h+(tr) =
8GM
r
Ω2R2

1 + cos2 ι
2

cos 2Ωtr

h×(tr) =
8GM
r
Ω2R2 cos ι sin 2Ωtr

Jeśli kierunek obserwacji pokrywa się z osią obrotu układu BBH,
wtedy cos ι = ±1 i FG jest spolaryzowana kołowo.
Jeśli układ BBH obserwujemy z boku, cos ι = 0, wtedy FG
jest spolaryzowana liniowo.
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FIG. 2: Detector frame: The two orthogonal arms of the interferometer form the x and y axes in the detector frame while the z axis is defined
by the right circular convention. Angles θ and φ denote the polar and azimuth angles of the binary in the sky measured in the detector frame.
These angles fix the location of the source in the sky, with respect to the detector. Radiation frame: The z axis of the radiation frame is defined
by the line-of-sight vector n from the detector to the source so that the x − y plane is the plane perpendicular to n (the “sky”); x axis is defined
by the x axis of the detector projected onto the sky. Angles ι and ψ denote the polar and azimuth angles of the total angular momentum vector J
of the binary in the radiation frame. These angles fix the relative orientation of the binary with respect to the detector. Source frame: The z axis
of the source frame is defined by the total angular momentum vector J of the binary and the x axis is defined by the projection of the line of
sight onto the binary plane. The angle ϕ0 describes the angle between the separation vector and the x axis at some reference time. Note that the
radiation pattern of the binary depends on ι and ϕ0 (see, e.g., Eq.(2.1)).

signal h. Note that, for a fixed SNR threshold, FF is directly
related to the “distance reach” of a search, and FF3 to the
“volume reach”.

It is evident [see, e.g., Eqs. (2.2), (2.6) and (2.7)] that the
distance/volume reach is a function of not only the intrinsic
parameters (m1,m2) of the binary, but also some of the ex-
trinsic parameters (θ, φ, ι, ψ, ϕ0). For example the SNR, and
hence the distance/volume reach is the largest towards “face-
on” (ι = 0, π) binaries and the lowest for “edge-on” (ι = π/2)
binaries. It is useful to define the effective volume of a search,
defined as the fraction of the volume reach by an optimal
search, averaged over the angles θ, φ, ι, ψ, ϕ0 after choosing
appropriate distributions for these angles:

Veff (m1,m2) =
ρ3

subopt

ρ3
opt

, (2.9)

where the bars indicate averages over θ, φ, ι, ψ, ϕ0. We can
also define the effective fitting factor FFeff , defined as the cube
root of the effective volume

FFeff (m1,m2) = Veff (m1,m2)1/3. (2.10)

If a template family has FFeff ≥ 0.965, this means that the
(average) loss of search volume due to the mismatch between
the template family and the actual signal is less than ∼ 10%.
In this paper, we will use FFeff = 0.965 as a benchmark for
deciding the effectualness of a template family.

If we interpret the parameter set λmax that maximizes the
inner product in Eq. (2.8) as the parameters of the binary,
which can be in general different from the true parameters
λtrue, this will result in the following systematic bias in the
estimated parameters:

∆λ = |λmax − λtrue|, (2.11)

where | | denotes the absolute value.
Similar to the FF and SNR, the systematic biases also de-

pend on the parameters λ. We would like to use a single
number (similar to FFeff) that quantifies the average bias in
estimating the parameters of the binaries that are detectable.

For this purpose we use the ρ3
subopt weighted average of the

systematic biases and call it the effective bias.

∆λeff(m1,m2) =
∆λ . ρ3

subopt

ρ3
subopt

, (2.12)

where the bars indicate averages over θ, φ, ι, ψ, ϕ0. We use
ρ3

subopt as the weighting factor as it is proportional to the vol-
ume accessible to the search using quadrupole templates and
is therefore proportional to the number of detectable sources.

GW measurements, like any other measurement in the pres-
ence of noise, will also have an associated statistical error.
In the limit of high SNR, one reasonable way of estimating
the expected statistical error (see, e.g., [38] for caveats) is by
using the Cramer-Rao inequality: the error covariance matrix
Cαβ is given by

Cαβ ≥ Γ−1
αβ , (2.13)

where Γαβ is the Fisher information matrix:

Γαβ =
〈
∂αx, ∂βx

〉
. (2.14)

Above, ∂αx denotes the partial derivative of the waveform
x( f ) with respect to the parameter λα, and the angle brackets
denote the inner products defined in Eq. (2.5). The rms error in
measuring the parameter λα is σα = C1/2

αα . A template family
can be considered faithful [1] to the signal if the systematic
bias is considerably smaller than the expected statistical error.
In this paper, we will take (∆λeff)α ≤ σα as the benchmark for
the faithfulness of a template family.

III. METHODOLOGY

A. Numerical-relativity simulations

We use two sets of NR waveforms: For mass ratio q ≤ 8 we
use waveforms computed by the SpEC code [21–33], kindly
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FIG. 2: Detector frame: The two orthogonal arms of the interferometer form the x and y axes in the detector frame while the z axis is defined
by the right circular convention. Angles θ and φ denote the polar and azimuth angles of the binary in the sky measured in the detector frame.
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by the x axis of the detector projected onto the sky. Angles ι and ψ denote the polar and azimuth angles of the total angular momentum vector J
of the binary in the radiation frame. These angles fix the relative orientation of the binary with respect to the detector. Source frame: The z axis
of the source frame is defined by the total angular momentum vector J of the binary and the x axis is defined by the projection of the line of
sight onto the binary plane. The angle ϕ0 describes the angle between the separation vector and the x axis at some reference time. Note that the
radiation pattern of the binary depends on ι and ϕ0 (see, e.g., Eq.(2.1)).

signal h. Note that, for a fixed SNR threshold, FF is directly
related to the “distance reach” of a search, and FF3 to the
“volume reach”.

It is evident [see, e.g., Eqs. (2.2), (2.6) and (2.7)] that the
distance/volume reach is a function of not only the intrinsic
parameters (m1,m2) of the binary, but also some of the ex-
trinsic parameters (θ, φ, ι, ψ, ϕ0). For example the SNR, and
hence the distance/volume reach is the largest towards “face-
on” (ι = 0, π) binaries and the lowest for “edge-on” (ι = π/2)
binaries. It is useful to define the effective volume of a search,
defined as the fraction of the volume reach by an optimal
search, averaged over the angles θ, φ, ι, ψ, ϕ0 after choosing
appropriate distributions for these angles:

Veff (m1,m2) =
ρ3

subopt

ρ3
opt

, (2.9)

where the bars indicate averages over θ, φ, ι, ψ, ϕ0. We can
also define the effective fitting factor FFeff , defined as the cube
root of the effective volume

FFeff (m1,m2) = Veff (m1,m2)1/3. (2.10)

If a template family has FFeff ≥ 0.965, this means that the
(average) loss of search volume due to the mismatch between
the template family and the actual signal is less than ∼ 10%.
In this paper, we will use FFeff = 0.965 as a benchmark for
deciding the effectualness of a template family.

If we interpret the parameter set λmax that maximizes the
inner product in Eq. (2.8) as the parameters of the binary,
which can be in general different from the true parameters
λtrue, this will result in the following systematic bias in the
estimated parameters:

∆λ = |λmax − λtrue|, (2.11)

where | | denotes the absolute value.
Similar to the FF and SNR, the systematic biases also de-

pend on the parameters λ. We would like to use a single
number (similar to FFeff) that quantifies the average bias in
estimating the parameters of the binaries that are detectable.

For this purpose we use the ρ3
subopt weighted average of the

systematic biases and call it the effective bias.

∆λeff(m1,m2) =
∆λ . ρ3

subopt

ρ3
subopt

, (2.12)

where the bars indicate averages over θ, φ, ι, ψ, ϕ0. We use
ρ3

subopt as the weighting factor as it is proportional to the vol-
ume accessible to the search using quadrupole templates and
is therefore proportional to the number of detectable sources.

GW measurements, like any other measurement in the pres-
ence of noise, will also have an associated statistical error.
In the limit of high SNR, one reasonable way of estimating
the expected statistical error (see, e.g., [38] for caveats) is by
using the Cramer-Rao inequality: the error covariance matrix
Cαβ is given by

Cαβ ≥ Γ−1
αβ , (2.13)

where Γαβ is the Fisher information matrix:

Γαβ =
〈
∂αx, ∂βx

〉
. (2.14)

Above, ∂αx denotes the partial derivative of the waveform
x( f ) with respect to the parameter λα, and the angle brackets
denote the inner products defined in Eq. (2.5). The rms error in
measuring the parameter λα is σα = C1/2

αα . A template family
can be considered faithful [1] to the signal if the systematic
bias is considerably smaller than the expected statistical error.
In this paper, we will take (∆λeff)α ≤ σα as the benchmark for
the faithfulness of a template family.

III. METHODOLOGY

A. Numerical-relativity simulations

We use two sets of NR waveforms: For mass ratio q ≤ 8 we
use waveforms computed by the SpEC code [21–33], kindly
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by the right circular convention. Angles θ and φ denote the polar and azimuth angles of the binary in the sky measured in the detector frame.
These angles fix the location of the source in the sky, with respect to the detector. Radiation frame: The z axis of the radiation frame is defined
by the line-of-sight vector n from the detector to the source so that the x − y plane is the plane perpendicular to n (the “sky”); x axis is defined
by the x axis of the detector projected onto the sky. Angles ι and ψ denote the polar and azimuth angles of the total angular momentum vector J
of the binary in the radiation frame. These angles fix the relative orientation of the binary with respect to the detector. Source frame: The z axis
of the source frame is defined by the total angular momentum vector J of the binary and the x axis is defined by the projection of the line of
sight onto the binary plane. The angle ϕ0 describes the angle between the separation vector and the x axis at some reference time. Note that the
radiation pattern of the binary depends on ι and ϕ0 (see, e.g., Eq.(2.1)).

signal h. Note that, for a fixed SNR threshold, FF is directly
related to the “distance reach” of a search, and FF3 to the
“volume reach”.

It is evident [see, e.g., Eqs. (2.2), (2.6) and (2.7)] that the
distance/volume reach is a function of not only the intrinsic
parameters (m1,m2) of the binary, but also some of the ex-
trinsic parameters (θ, φ, ι, ψ, ϕ0). For example the SNR, and
hence the distance/volume reach is the largest towards “face-
on” (ι = 0, π) binaries and the lowest for “edge-on” (ι = π/2)
binaries. It is useful to define the effective volume of a search,
defined as the fraction of the volume reach by an optimal
search, averaged over the angles θ, φ, ι, ψ, ϕ0 after choosing
appropriate distributions for these angles:

Veff (m1,m2) =
ρ3

subopt

ρ3
opt

, (2.9)

where the bars indicate averages over θ, φ, ι, ψ, ϕ0. We can
also define the effective fitting factor FFeff , defined as the cube
root of the effective volume

FFeff (m1,m2) = Veff (m1,m2)1/3. (2.10)

If a template family has FFeff ≥ 0.965, this means that the
(average) loss of search volume due to the mismatch between
the template family and the actual signal is less than ∼ 10%.
In this paper, we will use FFeff = 0.965 as a benchmark for
deciding the effectualness of a template family.

If we interpret the parameter set λmax that maximizes the
inner product in Eq. (2.8) as the parameters of the binary,
which can be in general different from the true parameters
λtrue, this will result in the following systematic bias in the
estimated parameters:

∆λ = |λmax − λtrue|, (2.11)

where | | denotes the absolute value.
Similar to the FF and SNR, the systematic biases also de-

pend on the parameters λ. We would like to use a single
number (similar to FFeff) that quantifies the average bias in
estimating the parameters of the binaries that are detectable.

For this purpose we use the ρ3
subopt weighted average of the

systematic biases and call it the effective bias.

∆λeff(m1,m2) =
∆λ . ρ3

subopt

ρ3
subopt

, (2.12)

where the bars indicate averages over θ, φ, ι, ψ, ϕ0. We use
ρ3

subopt as the weighting factor as it is proportional to the vol-
ume accessible to the search using quadrupole templates and
is therefore proportional to the number of detectable sources.

GW measurements, like any other measurement in the pres-
ence of noise, will also have an associated statistical error.
In the limit of high SNR, one reasonable way of estimating
the expected statistical error (see, e.g., [38] for caveats) is by
using the Cramer-Rao inequality: the error covariance matrix
Cαβ is given by

Cαβ ≥ Γ−1
αβ , (2.13)

where Γαβ is the Fisher information matrix:

Γαβ =
〈
∂αx, ∂βx

〉
. (2.14)

Above, ∂αx denotes the partial derivative of the waveform
x( f ) with respect to the parameter λα, and the angle brackets
denote the inner products defined in Eq. (2.5). The rms error in
measuring the parameter λα is σα = C1/2

αα . A template family
can be considered faithful [1] to the signal if the systematic
bias is considerably smaller than the expected statistical error.
In this paper, we will take (∆λeff)α ≤ σα as the benchmark for
the faithfulness of a template family.

III. METHODOLOGY

A. Numerical-relativity simulations

We use two sets of NR waveforms: For mass ratio q ≤ 8 we
use waveforms computed by the SpEC code [21–33], kindly
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Amplituda fal grawitacyjnych

Przykład: Dwie swobodne cząstki znajdują się w spoczynku w punktach
(x, y, z) = (0, 0, 0) oraz (x, y, z) = (L, 0, 0). FG o polaryzacji ”+”, częstości f
oraz amplitudzie h0 ≪ 1 porusza się w kierunku osi z i w pewnym momencie
przechodzi przez płaszczyznę z = 0. Jak zmienia się w czasie odległość pomiędzy
cząstkami?

h(t, x, y, z) = h0 cos (2πf [t− z/c])

 0 0 0 00 1 0 0
0 0 −1 0
0 0 0 0


−dl2 = ds2 = −(1 + h+)dx2 ⇒ dl =

√
1 + h+ dx ≈

(
1 +
1
2
h+

)
dx

A więc l ≈
[
1 +
1
2
h0 cos (2πf [t− z/c])

]
L ⇒ δl

L
=
|l − L|
L
≈ 1
2
h0

A więc względna różnica długości ramion interferometru:
δL

L
≈ h0

Amplituda FG emitowanej przez BBH:

δL ≈ 10−22
(
M

2.8M⊙

)5/3(0.01 s
T

)2/3(100Mpc
r

)
L
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Przewidywana postać sygnałów w detektorach FG

Symulowane sygnały pochodzące od różnych konfiguracji układów emitujących
FG można znaleźć na stronie Współpracy SXS.

FG jako sygnał dźwiękowy:

połączenie dwóch BH, każda
o masie 10M⊙:

Play 1 Play 2

FG we wczesnym Wszechświecie:
Play Sound
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Światowa sieć spektrometrów fal grawitacyjnych

LIGO (Hanford & Livingston), VIRGO (near Pisa), KAGRA (Kamioka mine)
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https://www.ligo.caltech.edu
https://www.virgo-gw.eu
https://gwcenter.icrr.u-tokyo.ac.jp/en


Laser Interferometer Gravitational-Wave Observatory

Szum sejsmiczny i mechaniczny
generowany na powierzchni Ziemi.

Fluktuacje gradientu ziemskiego pola
grawitacyjnego.

Szum termiczny związany z masami
testowymi, lustrami i ich zawieszeniem.

”photon shot noise” - szum związany
z fluktuacjami liczby fotonów i prądem
rejestrowanym przez fotodetektor.
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Pierwsza obserwacja FG przez LIGO

Sygnał zgodny z modelem łączenia się dwóch BH (odległość: 460+160−180Mpc):

Masa: 36+5−4M⊙ + 29
+4
−4M⊙ ⇒ 62+4−4M⊙ Spin: 0.67+0.05−0.07

Pomiar parametrów poprzez porównanie z milionami wzorców z 15-wymiarowej
przestrzeni parametrów.

P
R
L
11
6,
06
11
02
(2
01
6)

The Nobel Prize in Physics 2017 was divided, one half awarded to Rainer Weiss,
the other half jointly to Barry C. Barish and Kip S. Thorne ”for decisive
contributions to the LIGO detector and the observation of gravitational waves.”
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.116.061102


Podsumowanie dotychczasowych obserwacji - sygnały
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Podsumowanie dotychczasowych obserwacji - rekonstrukcja

Wizualizacja wybranych źródeł FG
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Lokalizacja źródeł fal grawitacyjnych

Lokalizacja źródeł FG odbywa się na podstawie różnicy
czasów rejestracji sygnału w różnych stacjach.

Informacje o potencjalnym sygnale pochodzącym od FG
przesyłane są natychmiast do wielu obserwatoriów
astronomicznych na całym świecie w celu ich powiązania
z obiektami obserowanymi w różnych zakresach fal EM.

2004; van der Sluys et al. 2008; Vitale et al. 2014), but this is not expected for

slowly spinning BNS (Farr et al. 2016). Distance information can further aid the

hunt for counterparts, particularly if the localization can be used together with

galaxy catalogs (Abadie et al. 2012c; Nissanke et al. 2013; Hanna et al. 2014; Fan

et al. 2014; Blackburn et al. 2015; Singer et al. 2016a; Del Pozzo et al. 2018).

Table 3 reports the low-latency and refined estimates for the luminosity distance

and the sky localization (90% credible region) of the eleven confident signals

detected during O1 and O2.12

Some GW searches are triggered by electromagnetic observations, and in these

cases initial localization information is typically available a priori. For example, in

Fig. 5 Sky locations of GW events confidently detected in O1 and O2. Top panel: initial sky location
released in low-latency to the astronomers (Abbott et al. 2016h; LIGO Scientific Collaboration and Virgo
Collaboration 2015; Abbott et al. 2019d). Bottom panel: refined sky location including updated
calibration and final choice of waveform models (Abbott et al. 2018c). Three events (GW151012,
GW170729, GW170818) among the 11 confidetent detections were identified offline, and were not shared
in low-latency. The shaded areas enclose the 90% credible regions of the posterior probability sky areas in
a Mollweide projection. The inner lines enclose regions starting from the 10% credible area with the color
scheme changing with every 10% increase in confidence level. The localization is shown in equatorial
coordinates (right ascension in hours, and declination in degrees). The HLV label indicates events for
which both the LIGO and Virgo data were used to estimate the sky location

12 The initial sky maps are available from dcc.ligo.org/public/0160/P1900170/001/O1_O2_LowLatency_

Skymaps.zip, and the refined sky maps from dcc.ligo.org/LIGO-P1800381/public, respectively.

123

Prospects for observing and localizing GW transients with aLIGO, AdV and KAGRA Page 19 of 69 3
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Plany na przyszłość

Einstein Telescope (2030’s) - Europejski
interferometr FG o długości ramion 10 km
umieszczony pod powierzchnią ziemi.

LISA (2034) - Kosmiczny interferometr FG.

NANOGrav - Galaktyczne obserwatorium FG -
próba wykorzystania pulsarów jako systemu
podobnego do GPS - zmiany pozycji Ziemi
mogą być spowodowane zniekształceniami
czasoprzestrzeni spowodowanymi przejściem FG.

The Gravitational Universe – The eLISA Space Gravitational Wave Observatory 13

IV. A STRAWMAN MISSION FOR 
THE eLISA SPACE GRAVITATIONAL 
WAVE OBSERVATORY

All of the above scientific objectives can be addressed by a 
single L-class mission consisting of 3 drag-free spacecraft 
forming a triangular constellation with arm lengths of one 
million km and laser interferometry between “free-falling” 
test masses. The interferometers measure the variations in 
light travel time along the arms due to the tidal deforma-
tion of spacetime by gravitational waves. Compared to the 
Earth-based gravitational wave observatories like LIGO 
and VIRGO, eLISA addresses the much richer frequency 
range between 0.1 mHz and 1 Hz, which is inaccessible on 
Earth due to arm length limitations and terrestrial gravity 
gradient noise.

The Next Gravitational wave Observatory (NGO) mission 
studied for the L1 selection [15] is an eLISA strawman mis-
sion concept. It enables the ambitious science program de-
scribed here, and has been evaluated by ESA as both tech-
nically feasible and compatible with the L2 cost target. Its 
foundation is mature and solid, based on decades of devel-
opment for LISA, including a mission formulation study, 
and the extensive heritage of flight hardware and ground 
preparation for the upcoming LISA Pathfinder geodesic 
explorer mission, which will directly test most of the eLI-
SA performance and validate the eLISA instrumental noise 
model [144–145].

Mission design
The NGO mission has three spacecraft, one ‘mother’ at the 
vertex and two ‘daughters’ at the ends, which form a single 
Michelson interferometer configuration (Figure 9). The 
spacecraft follow independent heliocentric orbits without 
any station-keeping and form a nearly equilateral triangle 
in a plane that is inclined by 60° to the ecliptic. The con-
stellation follows the Earth at a distance between 10° and 

30°, as shown in Figure 10. Celestial mechanics causes the 
triangle to rotate almost rigidly about its centre as it orbits 
around the sun, with variations of arm length and opening 
angle at the percent level.

The payload consists of four identical units, two on the 
mother spacecraft and one on each daughter spacecraft 
(Figure 11). Each unit contains a Gravitational Reference 
Sensor (GRS) with an embedded free-falling test mass that 
acts both as the end point of the optical length measure-
ment, and as a geodesic reference test particle. A telescope 
with 20 cm diameter transmits light from a 2 W laser at 
1064 nm along the arm and also receives a small fraction 
of the light sent from the far spacecraft. Laser interferom-
etry is performed on an optical bench placed between the 
telescope and the GRS.

On the optical bench, the received light from the distant 
spacecraft is interfered with the local laser source to pro-

Figure 9: eLISA configuration (not to scale). One mother and two daugh-
ter spacecraft exchanging laser light form a two-arm Michelson interfer-
ometer. There are four identical payloads, one at the end of each arm, as 
shown in Figure 11.

Figure 10: eLISA Orbits. The three eLISA-NGO spacecraft follow the Earth 
as an almost stiff triangle, purely due to celestial mechanics. 

Figure 11: eLISA payload. Each payload unit contains a 20 cm telescope, 
the test mass enclosed inside the Gravitational Reference Sensor (GRS) 
and an optical bench hosting the interferometers. (Auxiliary reference in-
terferometer omitted for clarity, see [15] for details.)
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for low-frequency gravitational wave events should be con-
siderably larger than the number of observed quasars and 
is expected to exceed the number of all observed galaxies. 
Signals resulting from the merging of these can be clearly 
observed in space-based detectors. Gravitational wave 
experiments, which can test not only general relativity but 
also theories about black holes with extremely high accuracy 
and provide many new discoveries and physical information, 
will be the most prominent tasks in the 2030s.

Analogous to EM astronomy over the entire range of 
frequencies that have advanced over the preceding dec-
ades, multi-wavelength GW observation will be extremely 
important for GW astronomy. Multi-wavelength observation 
is made possible by various detection methods, including 
interferometry, pulsar timing array (PTA) and cosmic micro-
wave background (CMB) polarization. These experiments 
will open a new window to studies of the high-redshift uni-
verse. The number of gravitational wave sources will provide 
an unprecedented probe of the reionization epoch and con-
strain the merger rate of galaxies and the growth history of 
black holes at early epochs, which have not been probed yet 
using conventional astronomical telescopes. In this paper, 
we review briefly GWs in the low-frequency range, lower 
than 1 Hz, by focusing on what the sources are and how to 
detect them.

2  Detection of gravitational waves

The most successful gravitational wave detectors are ground-
based laser interferometers, i.e., LIGO [8] and VIRGO [9]. 
Adopting cryogenic mirrors for the first time, KAGRA [10] 
is scheduled to run this year. As next-generation gravita-
tional wave detectors, high-frequency band interferometers 
include Cosmic Explorer [11] and the Einstein Telescope 
[12] foreseen to run in the late 2020s. The ground-based 
interferometers are sensitive to GWs of around 100 Hz that 
are known to be driven by compact binaries, supernovae 
and pulsars.

Space-based laser interferometers such as LISA [13, 14], 
DECIGO [15], and BBO [16] are expected to launch in the 
late 2020s or later. The European Space Agency launched 
the LISA Pathfinder in 2015, a mission to test technologies 
required for the full-fledged space-based gravitational wave 
detector [17, 18]. As shown in Fig. 1, space interferometers 
can detect low frequency GWs ranging from 1 Hz to  10−4 Hz 
with their origins being resolvable galactic binaries on the 
scale of ~  106 solar masses [19], coalescing massive black 
holes, and star captures into massive black holes.

On the other hand, pulsar timing arrays can maximize 
their sensitivities when tuned to a very low-frequency hum 
of colliding supermassive black holes at around  10−8 Hz 

Fig. 1  The sensitivity of currently operating and planned gravitational wave experiments and potential gravitational wave sources (color box) 
[62]. Strain is shown in terms of the power spectral density as a function of the frequency of the gravitational waves
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Podsumowanie

FG dostarczają nowych możliwości obserwacji i badania Wszechświata (większość
dotychczasowych danych pochodzi z obserwacji za pomocą fal EM oraz neutrin
i promieniowania kosmicznego) - można to porównać do dodania zmysłu słuchu
istocie, która świat widziała wcześniej tylko oczami.

FG bardzo słabo oddziałują z otoczeniem, dlatego dostarczają niezaburzonego
obrazu zjawisk, których inaczej nie bylibyśmy w stanie dostrzec.

Odkrycie FG to także ważny etap na drodze systematycznego poznawania natury
Wszechświata poprzez naukę (fizykę) - minęło 100 lat od czasu sformułowania
OTW do momentu eksperymentalnej weryfikacji kolejnego z przewidywań teorii.
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