Finite Element Analysis for
Metal Forming and Material
Engineering

Prof. dr hab. inz. Andrij Milenin
AGH University of Science and Technology, Krakéw, Poland
E-mail: milenin@agh.edu.pl

Lectures

1.Introduction to FEM. History of FEM. Usage FEM in metal forming and material engineering, industrial
examples. Basic conception of FEM. Interpolation in FEM, definition of shape functions.

2.FEM technics. Finite elements of higher order. Isoparametric transformation. Jacobi matrix. Numerical
integration.

3. Solving the heat flow problems by FEM. Steady state and non steady state heat flow problems. Equations
for stiffness matrix and load vector. Two dimensional FEM code for simulation of heat flow.

4.Solution of elastic problems by FEM. Basics of theory of elasticity. Variation principle. Equations for
stiffness matrix and load vector. Example of FEM code for solving plain strain problem by FEM.

5.Solution of rigid plastic problems by FEM. Theory of plasticity on non compressible materials. Variation
principle. Equations for stiffness matrix and load vector. Example of FEM code for simulation of plain strain
problem in flow formulation. Analogy between flow dynamic and theory of plasticity in flow formulation.

6. Commercial FEM code Qform for simulation of hot metal forming processes. Theoretical basics of Qform
FEM program. Structure and interface of Qform. Simulation of forging, shape rolling and extrusion in Qform.
Implementation of advanced material models in Qform. Lua scripts in Qform. Implementation of flow stress

and fracture models in Qform.

7.Summary of course. Industrial examples of usage FEM in research for metal forming and material
engineering. 1h

Lecture 1. Introduction to FEM. History of FEM. Usage FEM in metal
forming and material engineering, industrial examples. Basic conception of
FEM. Interpolation in FEM, definition of shape functions.

N

FEM is now widely used structural engineering problem.

2. ... In civil, aeronautical, mechanical, mining, metallurgical,
biomechanical ... engineering.

3. We now see applications in metal forming and material
engineering.

4. Various computer programs are available and significant

use (Qform, ABAQUS, ADYNA, etc.)

Annotation

The finite element method (FEM) is widely used in metal forming
and material engineering. This method is an approximate method, that's
why it requires the use of theoretical training. The following questions are
considered in this course.

1. Fundamentals of the FEM.

2. Solving a thermal problems.

3. Solving problems in the theory of elasticity and plasticity.

4. Principles and practical aspects of creating software based on the FEM.
5. Review of existing commercial programs.

The main part of the lab tutorials are dedicated to the devel of FEM

codes, dedicated to simple pr in material pr
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Initial requirements for students.

Fundamentals of programming, the basics of heat transfer, mechanics,
numerical methods, the fundamentals of materials engineering and metal
forming.
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Historical background

Richard Kurant Walther Ritz

R. Kurant VARIATIONAL
METHODS FOR THE SOLUTION
OF PROBLEMS OF
EQUILIBRIUM AND
VIBRATIONS, 1942

'W. Ritz, Ueber eine neue Methode zur
Loesung gewisser Variationsprobleme
der mathematischen Physik, J. Reine
Angew. Math. vol. 135 (1908);
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FEM today. The process of analysis FEM today. Optimization of metal forming
\‘ processes (program QForm)

Physical problem

‘/ Change of physical
L (given bE design) )

problem
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Refine analysis
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Interp&ation of ‘
results
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" Design
improvement )

Manufacture of railway wheels (Forge3d) What we see without FEM simulation...

Saving of materials (QForm) Optimization of rolling processes (program
Rolling3)

Material Laving: billet waight reduced by 12%




Structure and problems of FEM simulations

Formulation of

boundary problemH

Use of FEM
techniques

Analyze of
results

1
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FEM simulation of material tests on GLEEBLE
machine

Mistakes in Wrong choice of Mistakes i
formulation of type of FE, . tls a ‘:st_'"
boundary problem solution methods, | | nterpretation

etc. of results

FEM - this is not the exact method !!!

Algorithm of FEM for discrete system. Analysis of

system of rigid carts interconnected by springs. 1. Equilibrium requirement of each springs

(Finite Elements)

Ul’Rl UJ’R3 ﬁ U
k, 1 "
1. Equilibrium k, % 0 kU, = F,
. : 1
requirement. — VNV B
ke kZ(Ul _Uz): F;(Z)

2. Interconnection U ~—s &k U,
. 1 2
requirement. k s ,_I_/VWV\_I: £ k(-U,+U,)=F?
3. Compatibility % k, S ' : .
. 2
requirement. % k — VW MR AN
B -1 1] U, |F®
_ JU el F®
- . . . -1 o] [EY
*K.J. Bathe, Finite Element Procedures in Engineering Analysis, Prentice Hall Inc.
http://www.youtube.com/watch?v=oNgSzzycRhw&feature=relmfu

Assemblage process. Direct stiffness method

U, ~—— ky U, 1 -1Tu] [F¥ iy k+k,+hk k| -k, —k —k
(4) ky = b v 1 s 1 2 3 4 2 3 4

ol F, -1 1 |U,| |F9] 8 il K=Zk(‘) k= —ky — ke, by vk kg | —ks
1 = ~k, —ky |k, vk

U, k, A E®) con B = =
£ — L LG ] A
2 k |0]0 k, |-k, |0 ky | =k |0

2. Element interconnection 3. Compatibility W=lo]olo| k="K ]| kK |0
requirement. requirement. ololo 0] 0 o0 0 0
FO+FO 4 FO L pO =R KU=R
1:2(2)+1;2(3)+1:z(5) =R, U'=u, U, U] k|0 -k, 0ol 0 0
FYO4FO =R, R'=[R R, R] K=1"0 [o] o K9=|0| k |~k
—k 0] & 0]k | &



http://www.youtube.com/watch?v=oNqSzzycRhw&feature=relmfu
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Alternative approach - Variational formulation
of the problem:
J=V-w

V=1UTKU W=U"R J:%UTKU—UTR
2

Extremum formulation: a_‘] =0
oU,
Y _ku-Rr=0 LI
ou.

i

5 | \ T
KU=R K=k |
pa I

Algorithm FEM (for heat transfer problem)

1. Inthe continuum, we are taking a limited number of points (nodes).

2. The values of temperature in each node is defined as a parameters, which we
designate.

3. Zone designation of temperature (volume) is composed of a limited number of
zones, which are celled finite elements.

4. The temperature is approximated for each FE by using the polynomial, which is
designated using nodal temperatures.

5. Value of temperature on nodes must be selected in such a way as to ensure the
best approximation to the actual field temperatures. Such selection is performed
by means of minimizing a functional, which corresponds to both the equation
conduction of heat.

Discretization

L] [ ] [l ti-
1 2 3 4 5
£
!“1 Nodes values of temperature
Ly
& [
X
- —
1 2 [

1. In the continuum, we are taking a limited number of points (nodes).

2. The values of temperature on each node is defined as a parameters, which we
designate.

Main conception of FEM for continues systems

-> Discrete model

Continues object

Discretization

One-dimensional
example:

1d temperature distribution in bar

Finite Elements
3. Zone designation of temperature is

composed of a limited number of zones,

which are finite elements. | | | |
aa 21 2
4

L
i
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1
4. The temperature is approximated for I
each FE by using the polynomial, which

is designated using nodal temperatures. ." Lot
1 r i)
L r,
L1 1T
o
[ I | ] [l

Approximation of temperature in two kinds of FE



Global interpolation of temperature 1-D finite element

thy t=a,+a,X f
fy
Lo, i t=t, for X=X,
— t=t, for X=X,
e
t,=a, +a,X, X
r |
t,=a,+a,X,

3 X
£
\ b
L LX, -t X, 1,1,

—h a,

L “
& & ' —x
Shape functions 2D Finite Elements
X —t,X, (t,-t,
O L AN R
e, L
X, -X X- e,
t:( / ]z‘+( ’)tj S
L L 0 e, .
Y -x S Jt_l n
M= . N:X_)(l ﬁ:lNﬁ:l
L 4 L "!r X-X
1] V==
t=Nit,+Nt, =[N}t} /’f
ﬂ_{”—#
=

R U

Shape functions of 2d simplex element

2D simplex finite element

forX=X,Y=Y t=t,=t, =a, +a,X,+a,Y,
Jor X=X,Y=Y t=t,=t =a+a,X;+a)Y,

for X =X,Y=Y t=t,=>t =a +a,X, +aY,

@ ==y -2y ey —x )+ (ry, - x v ]

24
[0 -2+ -2 ), + (-1 ]

@

- L
24

o= b (K o]

nox
1 X, Y

it

I X, Y,

24= =X Y +XY,+XY,-X Y -XY -XY, A —area of FE




Shape functions of 2d simplex element

P=0N,+o,N, +o.N, =N} o}

1

N, :a(a, +b X +¢Y)

N, = i(a/ +b X +cY)

=

1
. :ﬂ(ak +h,X +¢,Y)

t=tN,+t,N, +t,N, ={N}"-{t}

Practical example

=X XY XY XY XY, XY =19

_ ® ) (8) _
oy=0,N, " +o,N " +o,N, "~ =

190 197 19

T 40+ L34+ 46=39.4

N, +N,+N, =—+—+

7.1
719 19

S
19

L — coordinates (natural coordinates)

N,=L| L =0
Ny=Ly | L =0

bs
o i:ﬁ:]ﬂ L{:ﬁ
2 4 h A
A+ A, +4,=4
L+L+L =1
N, =L |z =1

x=LX,+LX,+LX,
y=LY+LY,+LY,
I=L+L,+L,

Problem:

o, =40 MPa
X;=0 mm
Y;=0mm

o; =34 MPa
X;= 4 mm
Y;=0.5mm

0, =46 MPa
X, =2 mm

Y, =5mm

Xp=2 mm
Yp=1.5 mm

op=?

Practical example

o=0,N,+o,N;+o,N,

a4, =XY,~X¥,=0-05-4.0=0
b =YY, =0-05=-05
G =X,-X,=4-0=4

L — coordinates (natural coordinates)

6 — nodes FE

N, =L,(2L,~1)
N, =L,2L,~1)

N, =4LL,
Ny =4LL,

g d Ne=eLL



Lecture 2.
FEM technics.
- Finite elements of higher order.
- Isoparametric transformation.
- Jacobi matrix.
- Numerical integration.

Motivation of usage of higher order FE

1. Error in
approximation

2. Error during 25 , ov,
differentiation = g RIS 2

DOF =2*10+7=27

3. Locking Ncond =ne =30
DOF<Ncond
Rectangular FE
Y Q=a, +ox+ay+a,xy
a _ PO, + 0+,
X 1= 47
_TQtete 0,
? 4b
v
a. = PPt t o,
] E) 3 4
L E a
H - P =Pt P~
" o, =—"= " 7
! L A ¢ 4ab

Types of FE

o2 D
/"i}aﬂcﬁﬁ? i &P:ﬁ

4-nodes FE
¥ Q= +ox+oy+axy
P =0t opx t oy, oy,
Py =0+ 0LX, + Y, T X, ),
X Ps =0+ OLX QY + XYy
- Py =0 T OX, T Y, XY,
0
—¢)¢ const -
ox Shape functions ?
7]
—¢¢ const
% @ =N +N,p, + N;ps + N,p,
Rectangular FE
Shape functions: p=0taxtosy+oxy
©=N@, +N,p, + Nypy + Nyo,
|y
1
4 L E) N =——(h=x)a—
.- = Y 1 4ab( X )’)
] S 1
1 Moz N, =m(b+x)(a—)’)

N, =rib(b+x)(a+y)

1
N, =m(b7x)(a+J’)




Shape functions in local coordinate system

Types of FE
1 I, x 1 by
NIZE(b—XXa—y):;(l—;][I—g :1(1—5)(1—’7) - — T 3 Nyt
1 I, x 1 ; .,{: L 2
N, m(b+x)(a—y):z(ng)(l—fj=Z(1+§)(1—f7) 1 E T heD Eal
N37i(b+x)(a+ ):l 1+ 5 1+2 :l(1+§)(1+ ) @ 1
4ab y 4( b]( a) 4 n Nl(§)=—55(1—§) N3(§)=1—§2
NA_ﬁ(b-x)(m):i(l-gj[nfj=§(1-;)(1+n) "
—
i kY M= Leli+ )
§=E n=2 x=b& y=an .
a o
Types of FE 4-nodes 3d simplex FE
[ Ny == £X-nkn

;: ——h— —J

-

R e

CRESTe )

L L]

10-nodes 3d FE

N,=4LL, N,=4LL,
N, =4L,L, N,=4L,L,

N,=4LL, N, =4L,L,

Ny ==+ £i-nkn
Ny =2+ ik
=Xk
=—%(1—52X1—77)q
vtk
i =%(1—§le+r])q
-k
No=(i-¢2i-n?)

ey

:2_-'".

11 '*- N

L+L+L+L, =1

L+L,+L+L,=1

I
S

S

Il
iyl

]
el

2 =2 =2 =

8-nodes 3d FE

Iy
"

4
A
"
2
=—(1-&)1-n)1+¢)

N, :%(1+§)(171]X1+§)
Ny =2 ki)
Ny = 1-£ien)i+0)
Ny = -8-n)i-¢)
Ny = +)0-nki-0)
Ny =2t €)1+ n)i=)
Ny = (1-£)a+ni-¢)



Transformation of coordinates. Jacobian matrix

£ ? r —1<£<1

X n.g) oY ng) oz(.n.<)
ax(&n) ov(en) o o 0
J:‘dX(g)‘ e o J:(?X(Z;?,é) 0Y(g,:,4) oZ(?:,é“)
dz HCn) ) axeng) evemd) eeme)
an on oc oc oc
Calculation of global derivatives
N, oN,)  ON, _ON ox ON, oy oN, on,
0 | _ ;) ox 05 x 0& oy o ox | _ ) 0¢
N[N oN, _oN ax N gy | |BLfT N,
on ay on 0ox on dy on ay on
& oy »
5= [dudy = [ [detaéa J:‘Zég Jﬁ]:ﬁfa& 5"5
77[ y7££ et Jdsdi an oy on e8¢

L1l

v = [axdviz = | [ [ detlsJagdnd¢

~1-1-1

Subparametrical, isoparametrical and
superparametrical elements

ML) NJE) MlE) | ML Mk~
L NS0 2 4 B0 0] A B e T
t=T

g1 I S &=l bl 50 g1 =1 s o
L me-lag ME=1-¢ N(&)=-301-¢) NM()-2+8)

N,(€)

@=Np +N,p, + Nyop,

Subparametrical
x:f(é)leXl +NX,

@=Np +N,p, + N;;

) Isoparametrical
x:f(if):Nle+N2X2+N3X3

¢=Ng +N,p,

Superparametrical
x=f(&)=NX, +N, X, + N, X, perp

Transformation of coordinates.

Nl MAE) MalE)
-1 I =T =l  Ee] 20 &1
1 1
N.(ﬁ):—gé(l—ﬁ) Nz(é):gé(l+§) Ny(&)=1-¢*
x=x(&)=N,X, + N, X, + N, X, %:?
X
dN, _ dN, dx(&) —
dé dx d¢ ﬂ:[J],.dN,
dN,_ 1 aN©) “ %
d (&) de
d¢g
ﬂ—[]]:dN‘XIerNZXZerN}X]

dé dé dé de

Isoparametrical transformation

Noodes

xX= ZN,x, =Nx, +N,x, + Nyx; + N x, N, :%(14.5)(14.77)
=
Noodes 1

y= ZMyf:N1Y1+Nzyz+N3y3+N4y4 N422(1—<§)(1+77)
=]

Isoparametrical transformation

V== 0=k 1)
No=2i-¢)i-n)

V= £i-ne-n-1)
V=g

Ns:%(]*"f)(“"?xf”l*l)

N6:%(1_§2l1+’7)

N, =4 1-Etene-n+)
1 2
NX:E(I_” Xl—f)

veliglion

No= (1 )i-n)

10



Using for FE grid meshing

Gauss integration

p+1=2(n+1)
Number of points for Rang of exactly integrated polinomial
integration, n+1 function, p
1 1
(@) (€D
3 5
4 7

@=D
f=4-p
=1,

3 ~0,577350269
0

W =m

[ rtemsin- 2w sen)

~1-1 =1 j=I

Example of numerical integration for
triangular elements

1 3
1 é j 1 ‘
) 2
n=0

L, =1/3; a)L,=1/3; L=1/3; Li=1/3; W=-27/96
L=1/3; b) L, =11/15; L,=2/15; L,=2/15; W=25/96
L=1/3; oL, =2/15; L=2/15; Ly=11/15; W= 25/96
W=1/2. d) L, =2/15; L=11/15; L=2/15; W=25/96

Numerical integration in FEM

jf(f)dﬁf =W f(E)+ W &)+ 41, f(E,)

[ [ (& n)agan ~w, (&) + W, s (&) +.+ W,/ (E,0m,)

—1-1

For Gauss integration p+1=2(n+1)

W —weights of integration points
nt1 — number of integration points

n=2 Gauss integration
& ==& = \E ~0,774596669
R [ r(enpazan =33 ww,r(z.n,)

W, =W, = = 05555555536 bl =

W, = g ~0,8888888889.

g $ .
XXX
% | ¥ 7T
8 : e
e
¥ s | 2
0.TT4E

Example of numerical integration for
tetrahedral elements

i
PR
A For n=0 :
.% _my o Ly=lds L=1/4; L=1/4; L=1/4; W=1;
f
h:“‘a |
5 Forn=1:
;’."'-\\\ o= 0.58541020; B =0.13819660;
I.'II
SN Lm0 LB LB L= W=1/4;

f:::f" Lot D)L =B; L= L=P; L=B; W=1/4;
T\ oL=PBs LeBiLym o L= W1/
¥ d)L,=B; L=P;L,=B;Ls=0c; W=1/4;

66
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Example of code

DOP=1,N_p
CALL Jacob_2d(J_, J_inv, P, N_p, NBN,N1,N2, X, Y, Det); oN
DOi=1,NBN ON, i
Nalx(i)=N1(i,p)"J_inv(1,1) + N2(i,p)*J_inv(1,2) i
Naly(i)=N1(i,p)*Jinv(2,1) + N2(ip)* Linv(22)
ENDDO; ox _ Jfl a§
detJ = detJ* W(p); =
DON=1,NBN ON, ON,
DOI=1,NBN ‘ i
Hin = mK*(Ncbx(n)Nbx(i) + Ny(n)Ndly(i)‘Dets;
.st(n n est(n,i) + Hin; 6y 67]
EN
ENDDO
ENDDO
ox Oy
'
! Milenin Andre, AGH, 2008, milenin@agh.edu
FERrY:
SUBROUTIN Jacals _2d(J_J_inv, P,N_p, NBN, N1,N2,X, Y, DetJ); J=
IMPLICIT NONE; Ox 0y
REAL*S, DIMENSION(2,2) 9,
INTEGER*4 PR NBN; ~
REAS DENSIONNN ) N1 on on
REAL*8, DIMENSION(NBN) -
REAL'8 Dot
integerd i o
J=0.0; O
Jinv=0.; o ,Q
DOI=1,NBN
J (1 )= J (1 AN (i,p) XG); J = 1 677 ai:
(1.2)+N1(ip)"Y():
S doty) Ox o
#N2(i.p)Y(0): —
ENDD 877 65
dota= S92 _2rs e
1=2;

CALL Inv_MAT(i,J_, J_inv);
END SUBROUTINE Jacob_2d;

Temperature distribution

P a) o a) af ot ot
02+ 2 k()% )+ 2 k(e a
Bx[ X(t)axj+6y[ ”(')ay)+az( ()6zj+Q CarPor

q=a,,,(t-t,) om (W/m? K);

q=0,, (14 _ l‘;t) 6,00 (W/m?KY).

J= ﬂkg)[[ j+(2;]2+(g:jj Qz}lmj' (- tm)zdS+IqtdS

Minimization of functional

we differentiate the functional by vector {t} and equate the result to zero

a{} J.{k(t){{ v }Haéif}}'+{%f}Ha§yV}}r+ {825}}{625}}1]{'}’Q{N}}“

[alivy -1 Jvlas + [ g{n)as =0

[11]ie}+{pi=0

Stiffness matrix
oo Y R Y g

{Pl=—a{N},ds - j oNjav + [q{N}as

s

Lecture 3.

- Solving the heat flow problems by FEM.

- Steady state and non steady state heat flow
problems.

- Equations for stiffness matrix and load vector.
- Two dimensional FEM code for simulation of
heat flow.

Dyscretisation

I—ZN t, = t=[N]e}
. 6({N}r{,})={@}’{,}

ox & Ox

we substitute this results in the original functional instead
tand dt/dx, dt/dy. dt/dz:

J= ! {@[Hagf}}l {t}]2 +[{%}1 {t}]2 + [{%]zv}}l {t}]z]— oY {t}} av+

+j%( Jit-1,f s+ [g{NV {tlas

1d Example:

Hu{é}{ }Ma | ==
I{tdS+Iq %

12
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L g
1
AR N, .
=k LU-L Lo v NS
=] { : L} ol o ) _
I A
L1 Sk _ Sk
o _ | 102 10 |y | IO 0
()" =k 1S s s
o o T -
.
.
Lo NN, NN )’ "
@ _ | I 197 | o N, N, 1 \_: £
FP=n B A s +a{N,N, N,N} - '
T o L
Sk sk Sk Sk ’ L
(1] = p el +{0 0}_ e ™ o
Sklo as] Sk Sk 6 r e
L(Z) L‘?) L\\ L\Z\ B

Global stiffness matrix

[0} T
2

[H]=>[H]"

Non- stationary problem

[
S

} 008 0o}

Hrod)<

Ox Ox

=iV

Q’=Q—ceﬁ» =0-cypo- {r}{ ¥

We substitute the result into initial equation

{P=- ! alN Y, ds+ ! q{N}as {Ph=-] a{]]\\/{/ }tde + }[q{x/ }dS

[P @ T3
L @

Sk sk
o v 00 0
Sk Sk Sk Sk
(D) (2) _
[H]=[H]" +[H] -wm o O T |t
0 0 0 SkooSk o
T o te
Sk Sk 0
o I
Sk 11 Sk
=l 5"[@*@) e
Sk Sk
0 o F#—HS
qS 0 qS
{PI={PI" +{P}?={ 0+ 0 =1 0O
0 —-at, S -at, S

Stiffness matrix :
-l Y Y Y g

P} =—[a{n,ds-| Q{N}dV +[aiNjas

7 0 7
0-0-c,p L =0-cop V)

)i+ 12 ey + Py =0

N+ P}=0 =) iy Y




Deriv

o

N, At—71
Nl:L
At

ative in time

0
tl

g i iR

e R o )
- e

2. Implicit method  {t}={t} :

[+ [l a) gy

AT

(10 F)s-(Dpur -9

At

DATA FOR SIMULATION

100 mTbegin
1000 mTime

Initial temperature, C
Time of process, s

1 mdTime Time step, s
1200 mT_otoczenia Temperature of inviropment C
300 mAlfa W/Cm2
100 mHO h, mm
100 mBO b, mm
25 mNhH nh
25 mNhH nb
700 mC ¢, JICkg
25 mK k
7800 mR ro kg/m3
2o
e
¥
e

it}
o}

|

B+t trl=0

Lection 4.

ol _[on, o, [t} 0 _ -t
25 ’TNrH{a}}:ﬁ{’l’”{{a}}:{ s
Integration in time
1. Explicit method: {t}={t,} ,
[t el ol s gy
=t} )+ 17
EXAMPLE OF FEM CODE
& 7 3
FORMULATION OF THERMAL PROBLEM E D'i_??&ﬁ- :_]
| 15
(1 )3 (1Dg -0 j{ I .l
T 0,57735
T )

1.Solution of elastic problems by FEM.

Basics of theory of elasticity.
Variation principle.

Equations for stiffness matrix and load

vector.

Example of FEM code for solving plain

strain problem by FEM.
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Theoretical basis of the linear theory of elasticity

Stress tensor. Couchy stresses. Effective stress (intensity).

=0,0;+s;=4,+D,

R P 7| Om w O

i 2, 0, iz
£ 4“ . 5 ={ i ¢{
.:{// i o, = % (o‘xx +0,+ o‘zz)z 1 0,0,
=, gsusu. = %\/(O')“ O'W)z +(a}), —a::)z +(o. -

qQl

2 2 2 2
o) +6lo7, +ol. +0%)

Cauchy equations (Augustin Louis Cauchy)

a
ﬂz("‘la"‘z’us) & :% gxy:%[a“x_'_ij
xXx o (’;‘Oy ox
i _Ou, _1(0u, ou
. B [ » " oy =" 2ler oy
L] _du, 1(0u, , ou
= oz “"2ler  ox

Cauchy equations

1
U N, =——(a,+bX +cY)
£, =—= 24
o N, =, +b,x +c,7)
.U, =34
) 4 1
\(ou, oU, . N, = ﬂ(ak +b, X +c,Y)
&y == + ~
200y ox
a,=XY, - XY,
U, =U,N,+U N, +U,N, b =Y,-Y,
c,=X,-X
U, =U,N,+U N, +U,N, =X X,
5 a, = XY, - XY,
o =Yy, Ny, M =L (.b+Ub +ULB,) P Tk
ox aX v ax Yax 24 " v b, =Y, -Y
ou, aN,
6=y Wy Ny P 1 (Ur+Uc +U ) ¢ =X, =X,
o or or Uy
o MEUL U I B W N 2, AN a = XY, - XY,
IS B S S S 'ex ax ) b =Y Y
f
ﬁ(v,;,w"c, +Uye +U,b,+U b +U,b,) ¢ =X, -X,

Strains. Engineer approach. Logarithmical strains.

_ Ll _Lo _ &
! L(! L()
L e Xy Xz
| | | ] &) =\ & o €
Lo L &, &
L A

Cauchy equations in matrix form for plain strain

o,
ox

{e}=[BlU} (B]=| o %"]
o[N] o[N]
oy ox

Young's modulus. Poisson's ratio.

o
(=]
)
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Hooke's law. Hooke's law in matrix form.

1
Ey = E [o'n, - V(O'W + o-zz)]

{o}=[De}

&y = % [O-,\:v - V(o-xx to. )]

I-v v 0
£
£:Z=%[0'zz—v(qw+o-u)] [D]_(Hv)(IZV{ ; ]:)V (1_20‘,)/2}

1+v
v =" v
1+v
gxzzi Xz
E
1+v
%:T v

Material properties in matrix form

5 1-v v 0
[D]:(Hv)(l—Zv); v 0 }

Plain strain 0 (-2v)2
E 1 v 0
. D]= vl 0
Plain str [ 1-v?
ain stress "o 0 (w2
1-v v v 0 0 0
1-v 0 0 0
3d strain - £ - 0 0
[l (1+v)1-2v) (1-2v)/2 0 0
(1-2v)/2 0
sym (1-2v)2

Stiffness matrix

e~ (BT DYBWY - [[N] pa)av — [NT {plas—{p}=0

0 {U } v, s,

Principle of virtual work in matrix form

w5 el ey i
’ s o
y
{o}=[Dls} Hooke's law %] %

le}= [B]{U} Cauchy equations

We substitute the result into first equation:

w.= |3 (WY [T (DIl v

v,

Principle of virtual work in matrix form

w,={UY (P}={P} U} en={iz)
W, = ;[(utmx +uv,m,,-)dV :;,[{U}T[N]T{M}dV o= Z}
W S Y

W, = [l <0, )5 =10V V] oias {7

Stiffness matrix I v
,, e
[k} = [[8 [P]BlY
ar o, AT oo
BTy - o
O o Ta ov] 4[n]
dy ox

E
[D](1+v)(1—2v){ vl 0

16
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Stiffness matrix for plain strain problem

PR 1 Y 4 1

ox  Ox ox dy

(1=2v) o[NT 8[N] . (1-2v)a[NT o[N]
2 dy Oy 2 ox Oy
T o]
dy Ox oy oy
(1-2v)a[NT a[N] | . (1—2v)[NT &[N]
2 0 Ox * 2 o ox |

+

dv

]T[DIB]dV - j (1 + v)ﬁ - 2v)

{E}=~[INT v - [INT {plas - {P}

S,

Lection 5.

Solution of rigid plastic problems by FEM.

- Theory of plasticity on non compressible
materials.

- Variation principle.

- Equations for stiffness matrix and load
vector.

- Example of FEM code for simulation of
plain strain problem in flow formulation.

- Analogy between flow dynamic and theory
of plasticity in flow formulation.

Mechanical properties of the workable metal

+
]

il 00O

Example of FEM code for solving
plain strain problem by FEM.

The theoretical foundations of the theory of plastic
flow of incompressible materials

& ==, +v)
('Y =0
26 25
o-i/'zgljo-ﬂ-'—f i /:355/72‘”5’1
& =0
I3 —ldiv(a)—o o
0 S = =
3 H 3E
Problems:

17



Features of using FEM to solve problems in the theory
of plastic flow

fo}= i + b= l1T +[0li) -0 1 o

& &
{5}—{5,,,; s =3[0e=30 1 04: ] o =3le}=30 1 o]{a,,*
25,“, 28, 20,

W= j%{g}r {s}dVﬂ![O'u[I]{f}dV

v

W, = I{V}T {plis
:j }ciV+_[ao[1 &y — I{ ¥ {plds

g ai 0 g 0 T 0
B B O S | U R 130 0 1 e 14 1 [ y
{5}_{2?' ] 0 oy {V,}_ 0 oy {[N]{vy}}— 0 o {{Vy}}—[l?]{ }

w 0 0 0 9 O[N] O[N

oy ox o ox o o

v =[N]v,} 6([3]\/] o

v, = [N]{vy} [B]: (;c M

oy

{£)=[8lv} % @

7= 5 W BT PIBIa + [ [Eldar [} VT {pias =o
7= [ T Delskar s [l el - [ (9T s =0

%:[I[B]'[ B]dV] [j[E]' H]dV]cro (¥ tpkas =0

v s

afi,}:[i[H]T[EldV]{v}:o

[K]fv.00 )+ {F}=0

[}
= JSeF v+ ol — [t B

248,
Is}=[Dlg}=2ue,

H2,

0, =0y +2Uus, 2w 0 0 2
o, =0,+24¢, [Dl=] 0 24 © {s)=12u,
o, =428, 0 u 126,

J= 3 eV oYy [olehr=[ Y tohs

v

=L gl
i O o

Approximation of mean stress: oy = [N ]{o‘,,} o, =[Hloo}

&
& =lile}=N 1 Oﬂﬁ,,]-[ll[BJ{v}-[E]{v}
2

[£)=[115) = [6[1” a[ﬂ

is}=[pIslvi

Stiffness matrix [K]:

0.
2 - [n][][B]dvj{}[J H]dvjao (¥ tplas =0
oJ T
L [ﬂH] o Yoo
W | Ay ) ar
+HM a[n] oy ox ax Load vector:
& o
o[N] a[N]
WS vy
[K]—J s 5y ,,MM Py [H]av. {F}=I{[N]Tl’u]d5
v S Lo
[H]? [H]T 0

18



Graphic interpretation of local stiffness matrix [K]:

a o | VTN M[H]
, AT al) > o | o
"o o
[K]=§ #MM y vy [e]av.
NTET | A |
o
L T IV
[H] = 1] > 0

109

Stabile interpolations N (O) and /H (m)

O(h) T3BI/3C O(h’) T6/3C
o P+ +| =
o) 09/4C O(h2) T6BI/3D
n n
&*é& MR
o) Q4/1D o) 9/4D
n
I Af&
n n
O(’) Q9/3D O(h) T6/1D
111
Wnlca by mmyfa E
g1 02 83 o4
[
a a4raes

Graphic interpretation of global stiffness matrix [K]:
v, :Ef(hz —xz)

LI

53

110

Example of FORTRAN code

DO P=1, ELSIV%N_p
DO N=I,NBN
Rowl = N;
Row2 =NBN +N;
Row3 = 2*NBN + N;
DO I=1,NBN
Cl=1
C2=NBN+1;
C3=2*NBN+1;
feSM(Row1,C1)=feSM(Row1,C1) + m*(2*Ndx(N)*Ndx(i)+Ndy(N)*Ndy(i))*Det);
feSM(Row1,C2)—~feSM(Row1,C2) + m*Ndx(i)*Ndy(N)*Det);
if (i<=NBNp) feSM(Row1,C3)=feSM(Row1,C3) + Ndx(N)*detl*Hk(i,p);

feSM(Row2,C1)=feSM(Row2,C1) + m*Nex(NY*Ndy(iy*Det);
feSM(Row2,C2)=feSM(Row2,C2) + m*(2*Ndy(N)*Ndy(i)+Nax(N)*Ndx(i))*Det]

if (i<=NBNp) feSM(Row2,C3) = feSM(Row2,C3) + Ndy(N)*det] *Hk(i,p);
if (N<=NBNp) then
feSM(Row3,C1) = feSM(Row3,C1) + Ndx(i)*det/*Hk(n,p);
feSM(Row3,C2) = feSM(Row3,C2) + Ndy(i)*det)*Hk(n,p);
end if

END DO
END DO
END DO

Lection 6.
Commercial FEM code Qform for simulation
of hot metal forming processes.
Theoretical basics of Qform FEM program.
Structure and interface of Qform.
Simulation of forging, shape rolling and
extrusion in Qform.
Implementation of advanced material
models in Qform.
Lua scripts in Qform.
Implementation of flow stress and fracture
models in Qform.
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