L2 Projection problem over two dimensional mesh
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We use standard discretization
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We span linear basis functions over the mesh
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We introduce the following four shape functions over each element (here for p=1)



Each basis functions is a sum of one or two shape functions ¢
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(for example basis function e2 consists of the third shape function over element E1, and fourth basis

function over element E2)

Over a master element [0,1]x[0,1] our shape functions are defined as follows:

P1(&1.&2) = x1(&)xa(&2) = (1 = &)(1 = &2)
$2(&1. &) = 2(&)X1(&2) = &1(1 — &)
D3(&1.&) = X2(€1)X2(&2) = &1&

P41, &) = Xu(é)va(&) = (L - &)

We assume regular two-dimensional mesh, so each arbitrary rectangular element £ can be defi-
ned by its location (by, ba), length, and height (a1, as).

We define the map from the master element E into an arbitrary element F

E 3 (&,8) = zp,(61,6) = (b + a161, by + aga) = (21, 22) € Ey



We also define the inverse map from an arbitrary element £ into the master element E
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In other words,
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We can now define four vertex shape functions ®¥. i = 1,2, 3,4 over an arbitrary element. We

can do that by using our template shape functions and the inverse map ;rgl:
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We can compute the above integrals element-wise, since integral of the sum is the sum of inte-

grals:
b(@f._‘I’;?‘) =/E ‘I’f(;rl,;rg)i’?(;rl,;rgjdzrrld:cz
k

Let us compute the integrals at the local system of equations over the master elements E:
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The shape functions are symmetric over the master element, so we can distinguish the three

cases fo compute

— The case where there are two identical shape functions

b(‘i’l,‘i’l) = b(‘i’z(i)g) = b(&’g,‘i’g) = b(‘i’ @4) =

< 11 1

/ (.l‘-l.l‘-g)gd:rld$2 —/ (:r:l)zd;rlf (z2) 2dzy = 3379
[0,1]2 [0,1] (0,1]

— The case where there are two shape functions ®; and ®;4

b(‘i’ @2) = b(‘i’z (i)g) = b(‘ig,‘iﬁ) = b(‘i’4,(i)1) =
b(Pg. D1) = b(D3, Dy) = b(Dy, B3) = b(D1. By) =
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— The case where there are two shape functions ®; and ;-

b(‘i’l, ‘i’g) = b(‘i’g (i)4) = b((i)g, ‘i’l) = b(‘i’4. ‘i)z) =

f r129(l — 1) (1 — zo)drdre = [ r1T9 — ;rl;r% — .1’-%.1?2 + :c'f:cga’rld;rg =
[0,1]2 [0,1]2
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[0.1] [0,1] [0,1] [0,1]
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Let us now compute the integral over an arbitrary element with location (by, bo), length and height
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Any integral over an arbitrary element E* can be computed by changing variables into the master

clement £ and incorporating the Jacobian.

b(DF, ) = [E B[ ®fdrydry = fE D;®;|jac (vgh) |dwidas

The Jacobian itself
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and the system of linear equations over an element £ looks like this:

1 1 1 _ 1 2
9 18 36 18 1
1 1 1 1 ,
1 —i8 9 i3 36 u2
aaz | 1 _1 1 1 9
36 18 9 18 3
1 1 1 1 2
| T 18 36 8 9 4 L ™4

We need to merge the element local matrices into global matrix

e.g.

a1a9

IE‘ f(i)ldi’-l d;ITQ
IE‘ f‘i’gdi’-l d;ITQ
IE‘ f‘i’gdi’-l d;ITQ

| IE‘ f‘i’4di’-1 d;ITQ

(1)



1 2 3
1 211
el.1 el.2
43 4153 6 1 1 1 _ 1
1 12 9 18 36 18
1 1 1 1
el.3 el.a 18 0 18 36
1 1 1 _ 1
36 18 9 18
73 4183 419
1 1 1 1
i 18 36 18 9 i
1 2 3 4 5 6 7 8 9
1 1/9 -1/18 1/36 -1/18
2 -1/18 | 1/9+1/9 -1/18 | -1/18 1/36+1/36 | -1/18
3 -1/18 1/9 -1/18 1/36
4 1/36 -1/18 1/9 -1/18
5 -1/18 | 1/36+1/36 | -1/18 | -1/18 1/9+1/9 -1/18 -1/18
+1/9 | -1/18 +1/36
6 -1/18 1/36 -1/18 1/9+1/9 -1/18 1/36
-1/18
7
8 +1/36 | -1/18 +1/9 | -1/18
9 -1/18 1/36 -1/18 1/9
Task:

INPUT: Mesh size Ne x Ne, bitmap

1. Generate element matrices (1) over each element

2. Compute the right hand sides over each element

3. Merge element local matrices into one large global matrix

4. Factorize the matrix (Gaussian elimination is the simplest choice, although very not efficient)

5. Plot the solution over the mesh (just plot u_i at vertices of the mesh)




