L-shape domain

Strong formulation
(-1,-1) (1,1)

(-10) rp|©)

(0,-1) (1.-1)
Q is defined as [-1,1]x[-1,1] \ [-1,0]x[-1,0] (L-shape domain)
Dirichlet boundary I',, is denoted by blue color
Neumann boundary I',, is denoted by red colour

We seek for temperature scalar field
R? 5 (x,,x,) = u(x,,x,) € R where u(x,,x,) denotes temperature at point (x,,x,).
The strong formulation concerns the heat transfer equation
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o0“u

—5 =0 over Q
i1 0%

(equivalent short notation Au=0)
We introduce the following boundary conditions:
u =0 on I', (zero temperature oper Dirichlet boundary)

2u =g on [, (derivative in the norma direction is prescribed by g function)

where
%:vMonz %,a_u o(nljnz):%nl+a_un2=g
on ox, Ox, ox, ox,
Ou Ou | . .
where Vu = P is a gradient and (n,,7,) are components of the normal vector;
X 0%,

for example on the bottom of the domain — over (0,-1)-(1,-1) we have

%:Vuon: a_”,a_” 0(0,_1):_6_”:g
ox, Ox, 0x,

where g is a function defined in polar system of coordinates with the origin at point (0,0)
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Rx(O,ZH)a(r,H)—)g(r,0)=r3sin3(9+2)



Weak formulation
We get the weak formulation by taking L2 scalar produkt with so called test functions v

b(u,v)=1(v) VveV

2
b(u,v)z_[Vrovdx (in other words b(u,v)zj.z%%dx )

2 g Ox; Ox;

I(v)= jgvdS

V:{VEIHI(Q)Ztr’V:OOHFD}

Finite element method
We partition Q into Finite elements (in this example into three elements E1,E2,E3)
SQN " 1 2 3

Je e/

6

oQp/ s/

7 8
with the following basis functions (p=1)

we also generate the system of equations:

N
u=u, :Zaiel.
i=l1

N
Zal.b(el.,ej ) =l( e ) j=L.,N
i=1
2. Oe, Oe,
b(el.,e/. ): jVel. Ve, dx =j Oe, 0¢; X
' o ' o k=1 0%} OX;
l(ej ): J‘ejg ds
Ty
The Dirichlet boundary condition is enforced by setting rows and columns related to nodes 4,
5 and 7 to zero.



Some observations necessary for efficient implementation of the algorithm
1. We introduce the following four shape functions over each element (here for p=1)

g
} =

,

Each basis functions is a sum of one or two shape functions ¢,

El
9,

A4

e,= .+

2

(for example basis function e2 consists of the third shape function over element E1,
and fourth basis function over element E2)

2. How can we compute the formula for such arbitrary shape function ¢, ?

We introduce so called master element £ = [0,1]x[0,1] and define template shape functions
over the element
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Each rectangular element E can be prescribed by its location (by,b,) as well as its length and
height (a;,a;)

For example the three exemplary elements E1, E2, E3 are defined as

El: (bi,b2) = (-1,0); (ar,a2)=(1,1)

E2: (b1,b2) = (0,0); (a1,a2)=(1,1)

E3: (b1,b2) = (0,-1); (ar,a2)=(1,1)

We define the mapping from master element E into arbitrary element £

E> (é:l’é:Z)_)xE(é:l’éZZ): (bl +a,6,b, + azégz): (xl,x2)€ E

and the reverse mapping

Ea(xloxz)_)xE_l(xloxz) ( —h Xz j (flafz)

1 a,
In other words
x =b+al; x,=b,+a),

x, —b x,—b
f=i2 g -B2

a a,

We can prescribe formule for arbitrary shape function ¢. , i=1,2,3,4 by using the map Xg !

¢l(xl>x2):¢?1(x571(xlax2)) ¢1( —h xza b, J:

a a, a a,

| ~(x,—b x,-b, B
ACENETACS (xwxz)):‘éz[T’T]_

a, a, a, a,




)=l ) 2 Bl

a a,

a a, a a,

)= o)) S5 |

~x=b . (x,—b x,—b | x,—b
q a, a a,

3. The integrals can be partitions according to elements

) (22 )2 o4 (. 1\
b((ﬁi N ) EJ; o (x,,x,) o (x,,x, )dx,dx, +j5[ o (x,,x,) o (x,,x, )dx,dx,
For the first order approximation it is only necessary to take the value at the center of element
and the area of the element (a;*a;)

In other words

ogf a a, )04 a a
b(¢f,¢f):[%(bl +7‘,b2 +—2j—’(b1 +—1,b +72j (aya,)+
1

2 ) ox 2
o of;
[%[bl +%,b2 +a72ja_x;(bl +%,b2 +a—22j](a1a2)
kot 0t o4
The derivatives %, , %9, , ¢’ , ¢’ are constant and equal to +/—i or +/—i,
ox, Ox, Ox, Ox, a, a,
depending on the function and the direction of the integration.
: ot og! ot ot
4. The integral b(¢.",¢]]f): I 8¢l (x,,x,) p 2 (x,,x, )dx,dx, + J‘gi(xl,x2 )8—’(xl,x2)dxldx2
E, %4 X E, %% Xs

is assembled into proper row and column of the global matrix.

k k k k
B(il,jl)+= J‘%(xl,xz)%(xl,xz)dxldx2 + J.a¢’ (xl,xz)a¢i (xl,xz)dxlabc2
70X ox, 7 OX, 0ox,

How can we translate i and j into the global row il and column j1?

According to the scheme — each row (column) of the matrix is related to one coefficient a; of
one basis function e;

In other words (red color denotes the shape functions ¢l.k over elements k=1,2,3,4,

black color denotes coresponding basis functions e; = row number / column number in the
matrix)
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5. Integral over the boundary J. g(x,x, )t (x,, x, )dx,dx,
EI( mr‘N
We need to check whether edges of a given element E, are located on the Neumann boundary

T,.
If the given edge is located on the Neumann boundary, then we need to add the integral over
the edge to the right hand side

jg('xl > X2 )¢ik (xl > Xy )dxldxz = g(xl* > xz* )¢ik (xl* ’ x; ]edge|

edge
where

(xl*,x;) is the point from the center of the edge

g(xl*,xz*) is the function value at the point

¢! (xl*,xz*) is the value of the shape function ¢' at the point (always equal to % or 0)
|ea’ge| is the length of the edge

Sequential algorithm for global system generation

B(1:8,1:8)=0 (creation of the matrix)
L(1:8)=0 (creation of the right hand side)
Loop with respect to elements E}e{EpEpl%}

Loop wrt functions ¢ of element E,, ¢l.ke{¢lk,¢2",¢3",¢f}

il = row of the matrix related with ¢
L(il)+= J.g(x],x2)gél.k(x],xz)dxldx2
E NIy

Loop wrt functions ¢/k of element E,, ¢/’.‘e{¢1k,¢2",¢3",¢f}

jl = column of the matrix related with ¢jk
o og og; ogt og!
B(il,jl)+= jai(xl,xz)—’(xl,xz)dxldxzjtI 4 (x,, %, )= (x,, x, ) dx,dx,
7, OX, ox, 7, OX, 0ox,

End of loop over functions ¢/k



End of loop over functions ¢

End of loop over elements FE,

B(4,1:8)=0 (enforcing Dirichlet b.c. at node 4)
B(5,1:8)=0 (enforcing Dirichlet b.c. at node 5)
B(7,1:8)=0 (enforcing Dirichlet b.c. at node 7)
L(4)=0 (enforcing Dirichlet b.c. at node 4)
L(5)=0 (enforcing Dirichlet b.c. at node 5)
L(7)=0 (enforcing Dirichlet b.c. at node 7)
B(4,4)=1 (1 on diagonal at row 4)

B(5,5)=1 (1 on diagonal at row 5)

B(7,7)=1 (1 on diagonal at row 7)

Call frontal solver algorithm for
Ba=L

N
Get the solution a={al,...,a8} for uzuh=§:aﬁ;

i=1

Parallel algorithm

B(1:4,1:4)=0 (creation of the frontal matrix)
L(1:4)=0 (creation of the right hand side)

Loop wrt functions ¢' of element E,, ¢l.ke{¢lk,¢2k,¢3k,¢f}
L(i)+= J.g(xpxz )¢lk (xnxz )dxldxz

E,nI'y
Loop wrt functions ¢jk of element E,, ¢j’.‘e{¢lk,¢2k,¢3k,¢f}
o og! og; o ogt
B(J-/J)"':J- ¢ (xl,xz) ’ (xlaxz)dxldx2+J'i(xlaxz)_j(xlaxz)dxldxz
7, O, ox, 7 OX, 0ox,

End of loop over functions ¢f

End of loop over functions ¢

End of loop over elements E,
Zero Dirichlet boundary rows (I need to know where are these
rOws)

Call parallel frontal solver algorithm for
Ba=L

N
Get the solution a={al,...,a8} for uzuh=§:aﬁ;

i=1



