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COMPUTATIONAL COST OF MULTI-FRONTAL SOLVER

FLOPS(2D)=p".
FLOPS(3D)=p".




COMPUTATIONAL COST OF MULTI-FRONTAL SOLVER

Number of operations for partial forward elimination
(Schur complement computations)
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COMPUTATIONAL COST OF MULTI-FRONTAL SOLVER

FLOPS(2D)=22p".
FLOPS(3D)=2%p".

NOTE: 2° = Number of elements in each direction (s = 3 here)
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COMPUTATIONAL COST OF MULTI-FRONTAL SOLVER

FLOPS(2D)=22p6 & 24p3.
FLOPS(3D)=2%p% + 26p5.




COMPUTATIONAL COST OF MULTI-FRONTAL SOLVER

FLOPS(2D)=2%p® + 22(s=1)21p3,
FLOPS(3D)=2%p? + 23126 S,




COMPUTATIONAL COST OF MULTI-FRONTAL SOLVER

FLOPS(2D)=22p6 4 22(:~1)24p3 1 98,3
FLOPS(3D)=2%p" + 23(s=1)26p5 4+ 2126




COMPUTATIONAL COST OF MULTI-FRONTAL SOLVER

FLOPS(2D)=2%pb 4 22(s—1)24p" 4 22(s—2)283
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COMPUTATIONAL COST OF MULTI-FRONTAL SOLVER

FLOPS(2D)=2%p® + 22(s-124p? 4 22(s=2)28p1 4+ = O(Np?) + O(N'9)
FLOPS(3D)=2%p" 4 23(s—1)26p6 4 23(s—=2)212p6 L = O(Np®) + O(N?)




COMPUTATIONAL COST OF FRONTAL SOLVER

Computational cost of elimination of a single layer O((N°>)3)=0(N3/2)
Number of layers = O(N°-)

Computational cost of elimination of entire mesh
= computational cost of elimination of a single layer * number of layers

O(NO5N3/2)=0(N2) in 2D

O(NY3N®/3)=0(N7/3) in 3D




COMPUTATIONAL COST OF FRONTAL SOLVER

Computational cost of elimination of a single layer O((N°>)3)=0(N3/2)
Number of layers = O(N°-)

Computational cost of elimination of entire mesh
= computational cost of elimination of a single layer * number of layers

O(NO5N3/2)=0(N2) in 2D

O(NY3N®/3)=0(N7/3) in 3D
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MODEL ELIPTIC PROBLEM

Find v = u(z,y,2z) € H' (Q) such that Au =0

where Q = (0, 1)3, with boundary conditions

FindueV={uecH (Q):u(::0)=u(::1)=0}

such that b(u,v)=1(v),Vv eV

9,
b(u,v):LVu-VvdV l(ﬂ):—/s:la—de




COMPUTATIONAL COST OF 3D DIRECT SOLVER

Notation:

N = number of degrees of freedom

N, = number of elements

p = polynomial order of approximation
O(N)=O(N.*p?)

Computational cost of direct solvers =
cost of static condensation + cost of LU factorization

Static condensation O(N_*p®)=0(N*p®)
Cost of LU factorization over regular grid O(N?)

CONCLUSIONS:
For regular grid total cost is O(N*p®+N?) = O(N?)

For other grids it is not always the case (static condensation may dominate)




UNIFORM REFINEMENTS
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UNIFORM REFINEMENTS
MULTI-FRONTAL SOLVER APPROACH
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LU factorization O(N?)

Total cost is O(N*p®+N?2) = O(N?)




REFINEMENTS TOWARDS POINT SINGULARITY
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REFINEMENTS TOWARDS POINT SINGULARITY
FRONTAL SOLVER APPROACH

Static condensation
O(N*p®) +

K )
f

Schur complent of a single layer O(p®)
Number of layers k=O(N_)=0(N/p3)

Total cost of LU factorization O(p®*k)=0(p®*N/p3)= O(N*p3)

Total cost is O(N*p®+N*p3) = O(N*p®)




ISOTROPIC REFINEMENTS TOWARDS EDGE SINGULARITY
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ISOTROPIC REFINEMENTS TOWARDS EDGE SINGULARITY
FRONTAL SOLVER APPROACH

k=1 k=2

Static condensation
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Number of dofs in a layer 3*2kp2=0(2%p?)
Number of interfaces dofs in a layer 2*2kp2=0(2kp2)
Cost of Schur complement of a single layer O(23p®)

s=number of layers, N =O(Za*zk 3) _ ( S 3) 0(p?2)

Cost of LU factorization O (Z 23";}‘5)= O(p®23%)=0(N3/p3)

k=1

DO NOT USE FRONTAL SOLVER APPROACH



ISOTROPIC REFINEMENTS TOWARDS EDGE SINGULARITY
MULTI-FRONTAL SOLVER APPROACH

k=1 k=2 k=3 k=4
2 (s-k) 2 (4-1)=23=8 2(4-2)=22=-4 2(4-3)=21-> 2(4-4)=20=1
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Number of dofs in a patch O(kp?)

Number of patches in a single layer O(25%)

Number of interfaces dofs in a patch O(kp?)

Cost of Schur complement of a single layer O(25% k3p®)

s=number of layers, N=0 (Za* zkpa) ( 2 3) O(p32°)

Cost of LU factorization O (JZIE”‘*‘REPG) <O(s3p®2°)=0(Np?3 (log,3N,))

Total cost is < O(N*p®+Np3 ( log,3N,))



ANISOTROPIC REFINEMENTS TOWARDS EDGE SINGULARITY
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ISOTROPIC REFINEMENTS TOWARDS EDGE SINGULARITY
FRONTAL SOLVER APPROACH

Static condensation S m
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Number of dofs in a layer O(p?)
Number of interfaces dofs in a layer O(p?)

Number of layers k=O(N_)=0(N/p?)
Total cost of LU factorization O(p®*k)=0(p®*N/p3)= O(N*p?3)

Total cost is O(N*p6+N*p3) = O(Np?®)




ISOTROPIC REFINEMENTS TOWARDS FACE SINGULARITY
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ISOTROPIC REFINEMENTS TOWARDS EDGE SINGULARITY
FRONTAL SOLVER APPROACH
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Number of dofs in a layer 22kp2=0(22kp?)
Number of interfaces dofs in a layer 22kp2=0(2%%p2)
Cost of Schur complement of a single layer O(2p®)

s=number of layers, N = O(J{le:kpa) = O(p32%)

Cost of LU factorization O(Z 2‘5"?*3) = O(p®2%5)=0(N3/p3)

k=1

DO NOT USE FRONTAL SOLVER APPROACH



ISOTROPIC REFINEMENTS TOWARDS EDGE SINGULARITY
MULTI-FRONTAL SOLVER APPROACH
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Number of dofs in a patch O(2%p2)

Numbers of patches in a layer O(22(s-))

Number of interfaces dofs in a patch O(2%p2)

Cost of Schur complement of a single layer O(22(s-K123kp®)

s=number of layers, N = O(Z 2”‘#3) = O(p32%)

k=1

Cost of LU factorization O(Z 22'13"‘3'2%6) = O(p®235)=0(N1>*pl>)

Total cost is O(N*p®+N1->*pl->)



ANISOTROPIC REFINEMENTS TOWARDS FACE SINGULARITY
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ISOTROPIC REFINEMENTS TOWARDS EDGE SINGULARITY
FRONTAL SOLVER APPROACH

\

Number of dofs in a layer O(p?)
Number of interfaces dofs in a layer O(p?)

Number of layers k=O(N_)=0(N/p3)

Static condensation \ \
O(N*p6) + ooooo
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Total cost of LU factorization O(p®*k)=0(p®*N/p3)= O(N*p?3)

Total cost is O(N*p6+N*p3) = O(Np?®)




COMPARISON OF NUMERICAL AND THEORETICAL
SCALABILITY EXPONENT FACTORS

FOR REFINEMENTS TOWARDS A SINGLE ENTITY
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Umtm m | Point Edge Edge F"{CL F"{C‘L
Isotropic | Anisotropic | Isotropic | Anisotropic
p=2 1.86 1.09 1.10 1.07 1.47 1.01
p =< 1.86 1.17 1.18 1.07 1.47 1.12
=6 1.83 1.08 1.21 1.09 1.54 1.08
Theorctic al 2 1 1 1 1.5 1




POINT + ANISOTROPIC EDGE SINGULARITY
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POINT + ANISOTROPIC FACE SINGULARITY
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ANISOTROPIC EDGE + ANISOTROPIC FACE SINGULARITY
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POINT + ANISOTROPIC EDGE + ANISOTROPIC FACE SINGULARITY
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NUMERICAL SCALABILITY EXPONENT FACTORS
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FOR REFINEMENTS TOWARDS MULTIPLE SINGULARITIES

Pomt + Edge

Pomt + Face

Edge + Face

Pomt + Edge + Face

1.33

1.46

1.24

1.57
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1.23

1.65
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