ON THE CIRCLE CRITERION FOR BOUNDARY CONTROL SYSTEMS
IN FACTOR FORM: LYAPUNOV APPROACH

PIOTR GRABOWSKI AND FRANK M. CALLIER

ABSTRACT. A Lur’e feedback control system consisting of a nonlinear static sector type
controller and a linear, infinite—dimensional system of boundary control in factor form is
considered. Some criteria of absolute weak or strong asymptotic stability of the null equi-
librium point are derived using Lyapunov functionals. The construction of such quadratic
form functional is reduced to solving a Lur’e system of equations. The solvability of the
latter system is investigated. Here, the main results are results similar to the Kalman
- Yacubovi¢ lemma which are generalizations of results due to a) A.V. Balakrishnan [2]
and b) J.C. Oostveen and R.F. Curtain [27]. These results are illustrated in detail by
electrical transmission lines: 1) of the distortionless loaded RLCG-type and 2) of the
unloaded RC—type.
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1. INTRODUCTION

This paper uses some results on abstract linear systems in factor form, obtained by the
authors in earlier papers [16], [17] and shortly recalled in Section[2] These results combined
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with the input—output approach using passivity concepts lead in [I8] to a circle criterion
for the nonlinear Lur’e type feedback system described by below. The present paper
shows that Lyapunov state space theory together with the abstract results of Section [2] is
also useful for getting similar stability conditions.

Some absolute stability criteria are derived in Section [3] They are based on using a
candidate quadratic form Lyapunov functional. A rather sophisticated procedure of eval-
uating the derivative of the quadratic form along the system trajectories is studied and
successfully applied to get a novel so—called Lur’e system. A weak version of LaSalle’s in-
variance principle is then used to investigate the global attractivity of the state trajectories
to a unique equilibrium at the origin. Moreover the abstract results of Section [2 enable us
to strengthen the attractivity properties such that even global strong asymptotic stabil-
ity can be obtained under some more restrictive assumptions. An important consequence
is that the problem of constructing a quadratic form Lyapunov functional is reduced to
solving a Lur’e system of equations as given by or . This reduction is famous in
finite—dimensional system theory and leads to a variety of results commonly known as the
Kalman—Yacubovic-Popov lemma. Only a few particular cases of these results, surveyed in
Section [7.I], have been recently investigated in the infinite-dimensonal systems literature.
The main difficulty in getting a generalization of the Kalman—Yacubovic—Popov lemma is
due to the fact that boundary control and/or observation involve unbounded linear opera-
tors, which lead to some difficult mathematical questions. When writing this paper it was
observed that its specific problem was not met by the Lur’e system results of many papers.
A careful examination of the assumptions conditioning these results made it clear that the
latter had none or very limited utility for the stability question of this paper’s Lur’e type
nonlinear feedback system.

The solvability of the Lur’e system mentioned above is analyzed in Section 4] and related
to results of papers by Balakrishnan [2] and Nudel'man and Schwartzman [26]. Despite
the fact that some main steps of the classical Kalman proof are repeated here, it is up to
the knowledge of the authors original. Modulo some auxiliary results the proof consists of
three parts. The first part describes spectral factorization using Szego’s theorem. The next
part describes the solution of the realization problem under the assumption that the
open—loop system operator has a system of eigenvectors that is a state space Riesz basis.
The final part handles the solvability of the Lur’e system. A result due to Oostveen and
Curtain [27] is hereby usefully adapted to get solvability conditions for the specific system
at hand.

Section [5| presents an exhaustive illustration of the results above for the example of a
loaded distortionless electric RLC'G—transmission line. A salient feature of its presentation
is that the realizability problem is solved by two different methods: a direct method and
a Riesz basis method.

Section [6| handles the example of an unloaded electric RC—transmission line. The latter
has two features that are worth mentioning: 1) as here the factor control vector d is not
admissible, only a weaker stability result can be obtained, and 2) it is possible to verify
implicitly all assumptions made in Section [4] by using the theory of spectral factorization
of even entire functions that are nonnegative on jR.

Some prospects for further investigations are presented in the concluding Subsection
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2. PRELIMINARY DATA

In a Hilbert space H with a scalar product (-, )y consider the SISO model of boundary
control in factor form [16],

(2.1) {fif(t; - ;‘gi(t)JrU(t)d]} .

We assume that A : (D(A) C H) — H generates a linear exponentially stable (EXS),
Co-semigroup {S(t)};0 on H, d € H is a factor control vector, u € L*(0,00) is a scalar
control function, y is a scalar output defined by an A-bounded linear observation functional
c#. The restriction of ¢ to D(A) is representable as c#| D(A) = h*A for some h € H.

Define two operators:
V € L(H,L*(0, 00)), (V) (t) == h*S(t)x

W € L(L*(0,00), H), Wu = /00 S(t)du(t)dt

Recall that L and R = L*,
Lf=Ff, D(L) = W"*(0,00) ,
Rf =—f, D(R)={f€W"0,00): f(0)=0}
are the generators of the semigoups of left— and right—shifts on L*(0, 00), respectively.

Definition 2.1. The observation functional ¢ is called admissible if the observability
operator
P=VA, D(P)= D(A)

is bounded.

Definition 2.2. The factor control vector d € H is called admissible if
Range(W) C D(A) .

In the sequel IIT := {s € C : Res > 0} denotes the open right-half complex plane,
H°(IT*) is the Banach space of analytic functions f on II", equipped with the norm
1 e vy = sup [ f(s)| and H?(IT%) is the Hardy space of functions f analytic on II* such

sellt

that sup/ |f(o + jw)|*dw < oo, where f(jw) := lir(r)1+ f(o + jw) exists for almost all
>0 00 o—

w € R. The space H*(IT*) is unitarily isomorphic with L?(0,00) through the normalized
Laplace transform. To be more precise,

(f, 9120000y = / fljw)g

where f,§ are the Laplace transform of f and g, respectively.
Moreover [20, p. 134] we shall frequently use the unitary operator U € L(H?*(IIT)) given
by

(2.2) (Uep)(s) = (1/s)e(1/s)
which for the jw-axis H*(IIT)-norm corresponds to the change of variable w +— —w
Finally we shall encounter Wiener and Callier-Desoer convolution algebras. Recall [6, pp.

-1
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652 - 653], [7, pp. 81 - 84|, [8, pp. 337 - 338] that a scalar—valued Laplace transformable
distribution f with support on [0,00) is in the Wiener class A(o) for some ¢ e R if

f(t) = fa(t) + fua(t) for t > 0 with e 70 f,(-) € L}(0,00) and fu,(t) Zfz ti),

where (5 denotes the Dirac delta distribution and ¢t = 0 and ¢; > 0 for z > 0 are such

that Z e
=0

A(o) for some o < 0. /T(a) and A\_(O) denote the classes of Laplace transforms of such
distributions. A(c) is a convolution Banach algebra with norm

1 | aco) —He_a ()|l 000)+Ze

For more information see [7] or [§].

| < oo. Such distribution is in the Callier—Desoer class A_(0) if it is in

’L

Lemma 2.1. If ¢# is admissible then P, the closure of P has the form
Range(V) C D(L), P=1LV

d

7 [R*S(t)xo] € L?(0,00) with Laplace transform

(Pxo)(s) = c#(sI — A)~'zg € H*(II™). Moreover if d is admissible then the reachability

operator Q = AW belongs to L(L*(0, 00), H).

In particular for all 2y € H, (Pzo)(t) =

Lemma 2.2. If the compatibility condition

(2.3) d € D(c*)
holds then the function
(2.4) §(s) := sc® (s — A)'d — #d = sh*A(sI — A)'d — ¢*d

is well-defined and analytic on the complex right half-plane II7.
If in addition to ([2.3)), ¢* is admissible then:

(i) g(s) = s(Pd)(s) — c*d with Pd € H*(II") N H*(IT*).
(ii) The convolution operator K with kernel Pd, i.e., Ku := Pd*u belongs to L(L?(0, 00))
and it maps the domain of R into itself.

Lemma [2.2] lead to the following result [I7, Theorem 4.1].
Lemma 2.3. If holds, ¢ is admissible and
(2.5) g € H™(ITT)
then the input—output operator F',
F=-KR—c%dl, D(F)= D(R)

is bounded and its closure F is given by

Range(K) C D(R), @ F=—RK —c*dl .
Moreover, ¢ is then the transfer function of the system (2.1)).
The following auxiliary result [I7, Fact 3.2, p. 8] shall be needed.
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Lemma 2.4. Let ¢ be admissible. Let w < 0 be the growth constant of the EXS
Co—semigroup generated by A on H. Then for any o € (w, 0]

e (Pay) (t) € L'(0,00) NL*(0,00)  Vag € H .

As a consequence with d € H, (Pd)(s) € A(o) for any o € (w,0], and hence for such o, is
analytic and bounded in Re s > ¢ and thus also in a full neighborhood of s = 0.

Finally we need

Lemma 2.5. Assume that A : (D(A) C H) — H generates an exponentially stable EXS,
Co-semigroup {S(t)};>0 on H and assume that A~' € L(H) generates a Cy-semigroup
{e'"™"},=0 which is bounded uniformly in ¢ > 0 with respect to the operator norm of L(H),
then the semigroup {etA*l}tZO is strongly asymptotically stable (AS), i.e. for every zy € H,
lim €4 2 = 0.

t—o00

Proof. In addition to the assumption of uniform boundedness of {¢4™" },~, the exponential
stability of the semigroup generated by A gives op[(A*)'|NjR = and o(A~")NjR = {0}
(0 € oc(A™1) is the only point of the spectrum of A~! on jR). Hence the conclusion follows
by a result in Lyubich and Phong [25], or equivalently one in Arendt and Batty [1]. O

3. ASYMPTOTIC STABILITY OF THE LUR'E FEEDBACK SYSTEM

Consider the Lur’e feeback control system depicted in Figure [3.1]

CONTROLLER PLANT
iy | E0) = Ala(t) + du(t)]
o) ) ) 20) = 7 vt
y(t) — ot

F1GURE 3.1. The Lur’e control system

which consists of a linear part described by , and a scalar static controller nonlinearity
f:R—R.

Our aim in this section is to prove some criteria of global weak and strong asymptotic
stability for the Lur’e feedback system. For this purpose we assume the following linear
subsystem assumptions

(A1) The operator A generates an AS Cy—semigroup {S(t)}s>0 on H and 0 € p(A), where
p(A) stands for the resolvent set of A,

(A2) The compatibility condition holds,

(A3) There exist constants k; and ko > k; such that with

kit ks

(31) q = klkz, €. 9

+ kikoc®d, 6 := (1 + ki@ d)(1 + koc™d)
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the Lur’e system

HA + (A H — ghh* = —gg*
(3.2)
—Hd+eh = —/dg

has a solution (H,g), g € H, H € L(H), H =H* > 0.

Next for the controller two sets describe restrictions to be imposed on the static nonlinearity
f R — R, namely

e We define the sector
(3.3) S::{feC(R): k1<%<k2 vy € R\ {0}, f(o>:o} .

e We denote by M the class of those functions f € C(R) which are sufficiently smooth
to ensure that the solutions of the closed—loop system equations

(5.4) { A7 = z+df(y) }

y = cr=c"(A N —df) =" A0 — cFdf = h*a — cFdf
generate a local dynamical system on the state space H. Observe here that for
w € D(A*) we have
d d
£<w,x>H = E(A*w, Alr)y = (A*w, A7 i)y = (A*w, 2 + df ()

then any weak solution of the original closed-loop system @ = Az +df (y)], y = c*x
satisfies (3.4)) in the classical sense.
Theorem 3.1. Let assumptions (A1)+(A3) hold, where moreover in (A3) H is coercive,
le.
H=H >nl with n>0.
Let f belong to S N M. Then the origin of the space H is globally weakly asymptotically
stable

Proof. The idea of proof is to observe that the quadratic form V(z) = *Hx is a Lyapunov
functional for the system (3.4)). Its derivative along the solutions of (3.4)) can be represented

as )
V= #*Ha+ o Hi = " H(A G — df) + (A~ — df)*Hi =

_ HA + (A1) H —Hd T
= [& f]
—d"H 0 f
To meet the sector conditions (3.3)) we add and subtract the expression
Koy — FWILf(y) = kayl = [kah*@ — (koc®d + 1) f][(kicPd + 1) f — kah*d]

Now we get

HAL+ (AN H —qhh*  —Hd +eh

V= —(kay — F)(f —kuy) + [ & f ] CAH el 5

T
f
By (A3) we obtain

: ' 2
(3.5) V=- [g*fc + \/51”} — (hoy = /)(f =k1y) <0,
and V is a Lyapunov functional for the system (3.4]), independently of f € SN M.
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Since the operator H is coercive all solutions are bounded because they remain in the
level set of V' which are bounded positively invariant sets. Hence, the solutions of
generate a dynamical system on H. Moreover, the null equilibrium point is stable in the
sense of Lyapunov. These facts follow from the estimate

(3.6) 0 lla(t,2o)l[fy < Vx(t, 20)] < V(o) < llzoliy [H

which originally holds on the right maximal interval of existence of the solution x(-,x¢)
but then extends to all ¢ > 0.

By the weak invariance principle [3] all solutions weakly tend to an invariant set con-
tained in the set of those initial conditions xy which give rise to trajectories on which V' is
constant, i.e., to the set

E:={xg e H: Vi]z(t,xo)] = V(x0) vVt e R} .

Recall that on an invariant set the flow of a dynamical system acts onto, so we took ¢t € R
rather then t > 0, which would be the case of a positively invariant set. Now by
if 2o € E then necessarily y(t) = 0 on [0,00). However, this implies through the control
law u(t) = fly(t)] that the trajectory dictated by z(-,z¢) is a weak solution of the linear
open—loop system & = Az, whence x(t,z9) = S(t)zg. Observe that then (3.6) yields

nlzolly < V(wo) = (S(t)wo, HS(H)zo)w  Vt >0
and consequently, by (ii), we have 2o = 0. Finally £ = {0} and the null equilibrium point
is globally weakly attracting which jointly with its stability yields global weak asymptotic
stability. 0
Remark 3.1. Assumption (A3) of Theorem can be replaced by
(iii’) There exist constants k; and ke > k; such that the system

(3.7 (Az, Hx)y + (x, HAz)y = q(h*Az)® — (¢*Az)? Vr € D(A)
' —Hd+eh = —/dg
has a solution (H,g), g € H, H € L(H), H = H* > nl with n > 0.

For the next result we need to reconsider the factor control vector d € H. Recall that
Definition defines the admissibility of d under the assumption that the Cy—semigroup
{S(t)}+>0 generated by A is EXS. Below we shall need its extension to the case that
semigroup is only AS. To do this reconsider the mapping

W : L*(0,00) 3 u— Wu € H, Wu = / S(t)du(t)dt .
0

Definition 3.1. Let A generate a Cy—semigroup {S(¢)};>0 which is AS. Then the factor
control vector d € H is said to be admissible if W € L(L*(0, 00), H) and Range(W) C D(A).

Comment 3.1. In Definition W € L(L*(0,00),H) was guaranteed by EXS. Hence
there the admissibility of d reduces to Range(W) C D(A). If Definition holds, then
W* € L(H, L*(0, 00)) and is given by (W*z)(t) = d*S*(t)x, 2 € H. Moreover, the reachabil-
ity operator @ satisfies Q := AW € L(L*(0,00),H) and Q* € L(H,L?(0,00)), Q* = LW*,
because the restriction of ) to D(R) equals W R.

We are now ready for our next result, where H will be merely nonnegative, at the cost
of restrictions on the linear subsystem factor control vector d:
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(A4) The factor control vector d € H is admissible according to Definition
and on the controller sector condition:
e For sufficiently small € > 0 we consider the sector

(

3.8)
S. = {feC(R): —oo<k1<%[k1+k2—\/(kg—k1)2—45} g%g

g%[kﬁkﬁ\/(krkly—%} <hy<oo  WyeR\{0}, f0)=0} .

Theorem 3.2. Let assumptions (A1)+(A4) hold. Let f belong to S. N M. Then the
origin of the space H is globally strongly asymptotically stable.

Proof. By the first part of the proof of Theorem one gets (3.5). Now, due to f € S,

we have
(3.9) V=- [g*i: + ﬁf} — (kay — /)(f — kry) < —ey® .

A derivation of the latter estimate is presented in Appendix A. Integrating both sides of
(3.9) from 0 to t we obtain

—V (o) < V]x(t,z)] — V(zg) < —5/0 y2(7)d7
whence

t
mwummw%szwZaly%ﬂm.

/1
HyHLQ(O,oo) < - HHHL(H) [zollg -

By the sector conditions imposed on f we find

e = [ et = [To D < ma (1802} 1l

This yields

whence

1
(3.10) lullr2(0,00) < \/maX k2. R} 1L llzolly -

We have proved that y,u € L2(0, c0).
Since d € H is an admissible factor control vector, then
z(t) = S(t)xo + QR t>0

where Q € L(L*(0,00), H) is the reachability map of Comment (3.1 and R, € L(L*(0, o0))
denotes the reflection operator at ¢ > 0,

u(t—r), T€l0,t)
e L S TS

There holds that 0 < ¢ — xz(t) € H is strongly continuous. Using (3.10) and recalling
that AS of the semigroup {S(¢)}:>o implies by the principle of uniform boundedness its
stability, we conclude that there exists a constant v > 0, such that

(3.11) le@)llg <7 llzolly Voo € H, VE=0.
The stability of the null equilibrium easily follows from (3.11]).
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Considering state-attraction to zero, there holds that ||.S(t)xol|;; tends to zero as t — oo
for any 2y € H. Hence we may without loss of generality consider x(t) = QR;u. For any
fixed u € L*(0, 00) define for t; > 0

0 tel0,t
uy, (1) = { u(z;), t;il’ 1) }
One gets then, using (A4) and Comment that for ¢ > t;
z(t) = QRwu = S(t — t1)QRy,u + QRyuy,
where {S(t) }+>0 is AS,

|QReus, [[n < ||Q||L(L2(O,oo),H)||RtHL(L2(O,oo))HutlHL2(O,oo) < HQ||L(L2(O,OO),H)||ut1||L2(O,oo) ’

and ||us, || 2 ) can be made arbitrarily small for ¢; sufficiently large. Therefore a similar

reasoning as in the proof of [28, Lemma 2.1.3] yields that tlim |lz(t)]|g = 0. O
—00

Remark 3.2. Alternatively, the state—attraction to zero can be proved by showing that for
any u € L?(0,00) the function t — QR;u is bounded uniformly continuous and vanishes
at infinity [I8].

4. RESULTS SIMILAR TO THE KALMAN—-YACUBOVIC LEMMA

In this section we shall study sufficient conditions for solvability of the Lur’e system of
equations , or equivalently with respect to the pair (H,g). In that sense they
are similar to the Kalman—Yacubovi¢ Lemma for finite-dimensional systems. A major tool
of our results is spectral factorization, which we handle first. We give then a preliminary
analysis and finally present our main results.

4.1. Spectral factorization. In the sequel H*(ID) will denote the Hardy space of analytic
functions on the unit disk D := {z € C: |z| < 1} and square integrable on its boundary

T := 0D, and ﬁ_\l will be the space of functions f analytic on IT* such that f (1 + Z> €
—z

H*(D) i.e. % € H(ITT). The following result is fundamental [20, pp. 52 - 53] and [19]
S
Subsection 1.14]:

Theorem 4.1 (Szegd’s theorem). Let h € L'(T) be a real-valued, nonnegative function
on the unit circle. A necessary and sufficient condition for the existence of f € H*(ID) such
that

(4.1) h(e”) = f(e) f(e7) = | f(e”)
is Inh € L'(T), or equivalently

| 2

27
/ In h(e?)df > —o0 .
0
If the last condition is satisfied then the function

(4.2) £(2) = exp {i / T h(ei®)df
0

47 el — 2

solves the spectral factorization problem (4.1)).
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Note epecially that by (4.2) in contrast to [20] the boundary value of the modulus of
f reads | f(e’’)| = \/h(e??) and not | f(e?)| = h(e’?). This spectral factor is such that it
equals Vk if h(e?’) = k > 0, and corresponds to the outer function [20, p. 62] induced by

the positive square root of h . Other spectral factors are obtained by multiplication by a
constant of modulus one. Henceforth f as given by (4.1)) is called the spectral factor.

Proposition 4.1. Let m be a real-valued, nonnegative function on the jw—axis such that

the function w — ﬂ:‘_jwl belongs to L'(R). A necessary and sufficient condition for the
w
existence of ¢ € H_; such that
(4.3) m(jw) = ¢(jw)¢(—jw) = |6 (jw)|’
| .
is w+— % € L'(R), or equivalently
| .
(4.4) /de > —00 .
r 1+ w?
If the last condition holds then the function
1 [ sjw—1ln7(jw)
4.5 = — d
(145) o) —oxp |- [~ T IRAU,

solves the spectral factorization problem (4.3)).
Proof. The spectral factorization problem (4.3) reduces to (4.1]). Indeed,

£(z) = exp {i /0% &tz lnh(eje)dé’} — ¢ <1 i Z)

47 el? — 2 1—2
solves (4.1) iff, making substitutions
- jw—1 0 —1
eﬂ’:].w — w=cote and z="> ,
Jw+1 2 s+ 1

the function

s—1 1 [ sjw—1 jw+1 dw
= = — Inh
#(s) f(s—I—l) P {2#/_00 Jw—s " (jw—l) 1—|—w2} ’

' 1
where 7(jw) := h (jw i 1), solves 1' Observe that
JwW —
jw+1
o) ( ‘CU) o0 h iw—1 1 2 )
/ TIY) Gy = / T g = / h(e®)do |
- 0

o 1+ w? o 14+w? T or

m(w)
1+ w?

lnh(jw+1)

ool . 00 s 1 2 )

/ —M(]”)dw:/ o1 dw:é/ Inh(e?)do
_ 0

oo

belongs to L'(R) iff h € L*(T), and

i.e., the function w —

(s
Illi(J?' belongs to L*(R) iff In € L'(T). Moreover, f € H*(ID)
w

iff ¢ € H_;. O

i.e., the function w —
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Henceforth the function 7(+) of Proposition will be called the Popov function and the
function defined by (4.5)) the spectral factor. Further important properties of the spectral
factor are gathered in the lemma below.

Lemma 4.1. Let the Popov function 7(jw) belong to L>°(R) and consider two cases:

(a) Let in addition 7(jw) satisfy (4.4)), then ¢ € H*(IT"); moreover if in addition 7(jw)
has an analytic extension in a domain containing a full neighborhood of s = 0 which
is para—Hermitian self-adjoint (i.e. 7(s) = 7(—s)), then

(4.6) (s — M) e H(II*) N HA(ITH) .

s
(b) Let in addition 7(jw) be coercive, i.e. there exists an € > 0 such that
m(jw) > € forallw eR |

then both ¢ and 1/¢ are in H*(IT™); moreover if in addition 7(jw) has a para—
Hermitian self-adjoint analytic extension in a domain containing a full neighbor-
hood of s = 0, then (4.6 holds.

Proof. As m(jw) belongs to L>(R) the assumption of Proposition {4.1] holds.
(a). As 7(jw) satisfies (4.4]) the conclusion of Proposition 4.1| holds. Observe that with
s=x+jy, v >0,
jsw—1  z(l+w?) N yw? = 1)+ (1 —2? — y*w

(4.7) jw—s 22+ (y —w)? 22 + (y — w)?

The spectral factor ¢ is analytic on I because ¢ € ﬁ_\l, and we have to prove that ¢ is
bounded on IT*. By (4.5) we have

[p(s)| = ¥ o(s)

Using we get
6(5)] = exp [i I de} e { L [ nrlily —zw)),,

21 J_ oo 22+ (y — w)? o | o 1+ w?

1 /°° Sjw — 1ln7r(jw)dw

T on o Jw—35 14 w?

But
In7[(j(y — aw)] < In" 7[(j(y — 2w)] < In* [|7]|L>@) ,

Inx, x>1
InTz = ;
0, O<z<«l
and therefore

S 1 +
lp(s)] < exp [ - /0 1+w2d¢u] = exp b In Hﬂ'HLOO(R)] Vs e IIT .

where

We prove now ({4.6). As the Popov function has a para—Hermitian self-adjoint analytic
extension in a domain containing a full neighbourhood of s = 0 then we have there the
factorization

(4.8) m(s) = ¢(s)o(=s) ,
with ¢(s) analytic (this can be seen by considering the successive self-adjoint polynomial
approximations and their factorizations of the Taylor expansion 7 near zero). This jointly
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— (0
with ¢ € H*(II") leads to the fact that the function s — 9(s) = ¢(0)

S
bounded in a full neighborhood of s = 0 and finally is in H>(IT*) N H*(IT*).
(b). This follows because (4.4) holds whence the conclusions of (a) hold and moreover

o™ Mooy < €7

is analytic and

U

4.2. Preliminary analysis. From now on we consider the feedback system of Figure 3.1
with f(y) = poy and make a preliminary analysis under the following assumptions:

(H1) The operator A : (D(A) C H) — H generates an EXS linear Cy—semigroup on H;
(H2) The compatibility condition holds;

(H3) The observation functional ¢# is admissible, ¢#|pay = h*A4;

(H4) The transfer function g, defined by (2.4)), satisfies (2.5));

(H5) There exist kq, ko, k1 < ko such that

m(w) == 1— (ki + k2) Re[g(jw)] + krks [§(jw)|* =

(4.9)
= 0+ 2eRe[—g(jw) —c#d]+q|§(jw)—|—c#d‘2, weR

satisfied]
(4.10) m(w) >0 Yw e R

and?

* Inm(w) In7(w) L

4.11 — L*(R) ;
(4.11) /_m1+w2dw> oo<:>(wl—>1+w2 € L'(R) ;

(H6) For 1o = (k1 + k2)/2 we have
1
S—— —— | € H>(IIT) .
< 1- uog(S)) )

Note that as g € H*(IIT) one gets 7 € L™(R) and consequently the function w —
m(jw)
14 w? )
factorization 1} holds with ¢ € H_q, given by (4.5). Moreover by Lemma (a)7 o €

H*>(IT). Furthermore, as §(s) + ¢*d = s(Pd)(s), it follows by Lemma [2.4] that the Popov
function has a para—Hermitian self-adjoint analytic extension in a domain containing a full
neighborhood of s = 0 which reads

wlo) = 1= I 4 ]+ kika(e)a(-s) =
(4.12)

= 0—es [(ﬁi)(s) - (ﬁi)(—s)} — qu(ﬁl) (s)(ﬁl)(—s) :

is in L'(R). It follows from (4.10) and (4.11)) and Proposition [4.1| that the spectral

Hf k1ks < 0 then the frequency-domain inequality means geometrically that the plot of the
transfer function §(jw) is located in the circle with centre at (k7' 4 k5 ')/2 and radius (k; * — k7 *)/2. In
particular, this yields g € H>(IT).

1) means that the rate of which m approaches its zeros (asymptotic zeros included) is not to fast
(e.g. for the function 7(w) = e=+" all assumptions of Proposition besides are met and therefore
it is not factorizable), however the number of zeros may be countably infinite. The latter holds for the
example studied in Section
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Hence again by Lemma[1.1|(a)
(4.13) (s —, 28 =9(0) _ é(s) - \/g) € H>(II*) N H(II*) |

S S

where by (4.12) and (4.8) we got: 6 > 0 and $(0) = V6.

Henceforth given (H1)+(HS5), we call realization problem that of finding a g € H satis-
fying the identity:

o(s) — V8

S

(4.14) =g A(sI — A)~d, sellt |

such that the observation functional g*A is admissible.
The following auxiliary result will be useful:

Lemma 4.2. Let (H1)=-(H6) hold. Then

(1) h* is a linear bounded observation functional, which is admissible with respect to

the semigroup {e1°},¢ generated by the operator
- Ho
4.15 Ay=A"— —= __dn* € L(H) .

(2) If g € H is a solution of the realization equation (4.14)), then, g* is admissible with
respect to the semigroup {e*4°},5 if and only if g* A is admissible for the semigroup
generated by A.

(3) If g € H is a solution of the realization problem (4.14)), then ¢g* is admissible for the
semigroup {e10}>.

Proof. Obviously (3) follows by (2). Thus we must prove (1) and (2). A preliminary
exploration is made first.

Observe that the static loop return difference in Figure , namely 1 + poc?d # 0.
Indeed, if j1o = 0 then this is obvious. If jiy # 0 then 1 + poc”d = 0 would imply

w0 =5= (1= (1-32) = (- ) (- ) () <0

which leads to a contradiction with (4.10)). Hence, A is well-defined and clearly belongs
to L(H). Ay is the inverse of the closed—loop generator arising from ([2.1]) by taking a linear
feedback law wu(t) = poy(t) in Figure 3.1} i.e.

Ayt = A(I + podce™)

with
D(A) c D(¢*), D(Ag') € D(c*) and [l + podc®|D(A;") = D(A) |

where the last relation is a linear bijection as on D(c#), [I + podc”]™t = I — po(1 +
poc®d)tdc*. Consider now also the generator A~! € L(H) and recall that p(-) stands for
the resolvent set of an operator. Then the idea of open—loop versus closed—loop resolvent
identity and (4.15) give the following identities in L(H) valid for every s € p(A4) N p(A'),
Viz.

s

(A7 = D)7 = (sAo = 1) = (AT = D)7 [ ] (sAy = 1)

1+ poc#d

_ _ -1 Sto x -1 _ -1
= (sAg— 1) [1+Moc#ddh}(sA n-t.

(4.16)
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(1). Premultiplying and postmultying the first identity of (4.16)) by respectively h* and
xo € H, and using (2.4 gives

B (sAL — )Ly — ——H09(5) (5) h*(sAy — 1)L

1+ poc#d
or equivalently similarly as in [I8, p. 12]
1 d 1 #d =
(4.17) h*(sAg — I)"lay = L+ poctd WRA(ST — A) g = — B
1 — p109(s) 1 — p109(s)

where by (H3) and Lemma [2.1; P € L(H,L?(0,00)) is the observability map associated

with ¢#, while by (H6): . — € H*(IT"). Hence the operator
— Hog

H 3> 29— h*(sAy — 1) tzy € HA(ITT)
belongs to L(H, H*(II7)). Recall now the operator U € L(H*(II*)) given by (2.2) and

note here that ¢(s) = h*(sAg — I)7'zgy gives (Up)(s) = —h*(sI — Ag) " 'zo. Hence by
composition, one gets that the operator

H > zg— h*(sI — Ag) ‘oo € HA(ITT)
belongs to L(H, H*(IT*)). Thus h* is admissible with respect to the semigroup {e40};5.
(2). Let g € H be a solution of the realization equation (4.14). Premultiplication

and postumultiplication of the first identity of (4.16) by respectively ¢* and xy € H give
successively

g (sA™ = D)7lay — g*(sAg — )7l = —sg*(sA™' = 1)71d Lh*(sAg — It

1+ Moc#d
Lo
_ h*A(sI — A) lxg
T1- 109(s) [ ﬂ "
where the last equality follows by (4.14) and the first equality of (4.17] . There results
(4.18) g (sAg — I)7tag = g*A(sT — A) g + _ M [0(s) — \/E}Fxo ,

1 — p1og(s)
where one uses (H3) and Lemma [2.1| with P € L(H, L?(0,0)). Now ¢ € H>(II*), whence

by (H6) the two terms between square brackets of the last summand in (4.18)) are in
H>(TI"). Hence the operator

H 5z — —2C[4(s) — V3] Prg € HA(IT)

1 — pog(s)
belongs to L(H, H*(IT*)). Note also that a subsequent application of the unitary oper-
ator U € L(H2(H+) given by (2.2), will map o(s) = g*(s4y — I) zo into (Up)(s) =

—g*(sI — Ag)txg. These mformatlons show finally that by (4.18)) and composition, g*A
is admissible for the semigroup generated by A iff ¢* is adm1531ble with respect to the
semigroup {10 }y. O

Remark 4.1. represents the Laplace transformed action of the closed-loop observ-
ability map of ¢# with respect to the semigroup generated by A;', while gives the
same for the observability map of state—feedback control induced by the spectral factor.
The proof above shows that this follows by the important identity . In fact it is the
source of all linear feedback wisdom. To discover more note that as soon as holds and
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¢ is admissible, then the open—loop transfer function (2.4)) reads §(s) = ¢ (sA~! —I)~d.
Postmultiplying the first identity of (4.16)) by d gives

-1 -1 -17_ -1 -1 SHo * -1
(A —=1)"d— (sAg—I)"d=—(sA I) d—l—l—,uoc#dh(SAO I)~'d .
Then with h*(sAy — I)7'd and g§(s) = c#(sA™ — I)71d well-defined, c#(sAy — I)~'d is
well-defined. Assume that (1—pugg(s))™! is well-defined and consider the transfer function

N Ho # -1
4.19 (8) i = ———— Ag—1)"d .
( ) g(s) 1+MOC#dC(SO )
It turns out that
N MOQ(S)
4.20 gelS) = ——————
(4.20) () =12 tog(s)

i.e. one gets by (4.19) an explicit form of the system closed—loop transfer function in Figure
ﬂ. To see this premultiply and postmultiply the second identity in (4.16) by respectively
¢ and d. One gets

H(sA™ = 1)l — *(sAg — I)7Vd = *(sAg — I)"1d # sh*(sA™ — )7\,
which gives exactly

C#
a(s) - ”jj—d 6e(5) = Ge(s) [3(s) + *d] |

from which (4.20)) follows. The explicit form of the system closed—loop sensitivity transfer
function (inverse of the return—difference) in Figure reads then easily

3 (5) 1 1
s(s) == —— =
J 1—pog(s) 14 poctd

with correct static value for s = 0.

[1+ po (F(s4o — I)'d+ *d)]

We are now ready for our main results.

4.3. Main results. The theorem below is a generalization of the results due to Nudel'man
and Schwartzman [26, Theorem 4, p. 570], and A.V. Balakrishnan [2, Theorem 2.1, p. 179].
See also Subsection [7.1]

Theorem 4.2. Let assumptions (H1)-+-(H6) hold. Moreover assume that:

(H7) The vector d € H is cyclic for A7!, i.e., {A7*d}52, is a complete system in H;

(H8) The operator A has a system of eigenvectors {¢y }ren, corresponding to the eigen-
values {\g }ren, which forms a Riesz basis of H;

(H9) There holds:

Q. 2
4.91 M
(4.21) { b eem

Neld, Ye)m
and
. P 2 ; 277+
(4.22) ;)M’WH M) <00 Vfem(Im
where
s)— Vo 1
(423 owi= B[] = 5 Rl
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{¥k }ren is the system of eigenvectors of A* which is biorthogonal with respect to
{dx fren.
Then the system (3.2)), or equivalently (3.7)), has a solution (X, g), H € L(H), H = H* > 0,
g € H and the observation functional g*A is admissible with respect to the semigroup
generated by A.

Proof. By (H1)+(H6) all the results of preliminary subsection 4.2/ hold and in particular
the conclusions of Lemma For convenience recall that the realization problem (4.14]) is
to find g € H from the identity:

o(s) — Vo

such that the observation functional g*A is admissible.
We were not able to find a general solution to the realization problem using only assump-

tions (H1)+(H5) and (HT7), which is the case for a finite-dimensional version of (3.2)) or
BD.

However, a systematic procedure of solving the realization problem can be given pro-
vided that additionally assumptions (H7)+(H9) hold. Then each element x € H has the
expansions

=g A(sl — A)_ld, sellt |

k=1 k=1

Both the transfer function g and the spectral factor ¢ are meromorphic functions. Hence

o(s) = Vo

is meromorphic too and by (4.14)) we get

S
o * -1 =~

=qg"A(sl — A 'd = d \
;S—)\k g (8 ) ;S_)\k< 7¢k>H<¢kag>H VSE(C, S7é k

where the oy, for & € N are given by (4.23). The vector d is cyclic with respect to A~! iff
(A1, d) is approximately controllable or equivalently (A, d) is approximately controllable,
or equivalently (d,¢y)n # 0 for all £ € N. Thus by (H7) one gets

9= (or, 90 = v~

* _ = == C
9" Adr = (Adk, g)n = (Medr, 9)n = AT Akds ) m

and g € H can be recovered using (4.24)), provided that {g*¢p}ren € €*(N), ie., when
[@21) holds.

Applying the spectral criterion of admissibility in [I5] we get that g*A is admissible iff

73

Slg A [f(—2)| <00 Vf e HA(ITT)
k=1

i.e., when (4.22) is satisfied.

We show now the existence of an appropriate solution (#, g) of the Lur’e system (3.2)).
We start by noting that, since g*A and h*A = ¢#|p4) are both admissible and by (H1),
there exist unique Hy = H; > 0, H, € L(H) and H;, = Hj, > 0, H;, € L(H) such that

(A " H, + H AT = —gg*, (A "H), + HR AT = —hh* .

Hence H := H4— qH;, is a bounded self-adjoint solution of the first equation of the system

B2).
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We show now that the pair (, g) solves also the second equation of (3.2)). Note that by
(H1) the resolvent [s] — A~!]7! of A~! is regular on jR\ {0}. Therefore premultiplying the
first equation of (3.2)) by d*[—jwl — (A*)7']~! and postmultiplying it by [jwl — A7!]7'd
yields

d*[—jwl — (A) T HAT + (A7) Hjwl — A =
= d*[—jwl = (A) 7 ghh" — gg”][jwl — A Nd =

g liwl — AP YweR\ {0} .

h[jwl — A7 71| —

=q
Using the operator identities:
[l = (A AT = el — (A - T
A jwl — A7 = jwljwl — A7t -1
one obtains

—2Red*H[jwl — A 'd =¢q g*ljwl — AP vw e R\ {0},

R*[jwl — A~ 1d|

Let A := —Hd + eh + v/dg. Then upon substituting A by its expression one gets
2Re[A*(jwl — A1) 7] = q|h*(jwl — A7 g (jwl — A1 1d’2—|—
+2e Re[h* (jwl — A1) 7d] +2\/3Re[g*(jw] — A7) =
= 0+ 2eRe [h*(jwl — A1) + q |h* (jwl — A=) 1d)? —

—Vo = g*(jwl — AH)Wd?  VweR, w#0 .

Applying the transformation C > ¢ — s7! € C and (2.4)) we get
h*(CI — A7) ld = —sh*A(sI — A)~'d = —g(s) — c*d
g (I — AN d = —sg*A(s] — A)~'d .

Now, using and - we obtain

2Re[A* (jwI — A7)

d
d

-1

d=0 VweR\{0} .

Recall that the system { ¢y }ren is a Riesz basis of H with corresponding biorthogonal system
{1k }ren, iff there exist an isomorphism 7' € L(H) and an orthonormal basis {ey}ren such
that

o = Tey, U = (T*) es, kEeN .
Then
1Tzl < Tl llelln, 177 2le < IT7 L llela Ve eH
and Parseval’s theorem gives

[e.9]

Zl ml® < lellf < 1T g Y e, vnl Ve el .

(4.25)
T2, g, 1||L(H) p
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Thus, inserting = = e 'z, into (4.25) gives
B 9 e . 2 s 2
et oy = [ Dot w0, e < T Uy D [(€ ™ w0, )| =
k=1 k=1
o 2 o0
*\—1
TR 3 (oo, b = 1T gy S e o, v <
k=1 k=1

8

2 _
< T W quny D o, wdml® < IT Ry |IT Gy lollfy W € H, W20,
k=1

i.e., the semigroup {e*" },5¢ is uniformly bounded (stable). Hence by Lemma the
semigroup {e" V5o is AS.
Observe now

A*eA de it = A*(jul — A (jwl — A7) letA T demivt =
= jwe A (jwl — A_l)_lemfld — e IUA* (JwI — A_l)_lA_letAfld =

d 1
= dt[ e TN (jwl — A7) letA d} :

Integrating from 0 to T and using the AS of the semigroup {e" }i=o gives
A*(jwl — A_l)_ld—/ A*eA de It
0

Hence,

2Re[A*(jwl — A1)~ :/ At de It +/ At de It dt =
0 0

:/ A*etA_ldej“tdt+/ A*etA_ldej‘”tdt:/ A*eltlA™ ge=iwt gy
0 0 —00

The latter means that 2 Re[A*(jwl — A~')7!d can be regarded as the Fourier transform
of the continuous, decaying (for |¢| increasing) function R 3 ¢t — A*el4™"d. Now, the
injectivity of the Fourier transform in the class of distributions of slow growth [37, p. 185]
yields

A*ld=0 VteR
and consequently
A4 d=0 Wt>0,
where the left-hand side is an analytic function of ¢ > 0. Repeated differentiations at

t = 04 give A*A7%d, k = 0,1,2,3,..., i.e., the vector A is orthogonal to the subspace

spanned by system {A7*d}2°,. Since, by assumption (vi) of Theorem this system is
complete we obtain A = 0 and the second equation of the Lur’e system ({3.2)) is satisfied.
We show finally that ‘H > 0. Adding

Ho * Ho *
————hd —————Hdh
1+ poc#d " 1+ uoc#dH
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to both sides of the first equation of (3.2) and using the second equation of (3.2)) we get

HAy+ AfH =
2eqy
= (¢ — —=)hh* — g¢* — qi(hg* + gh*) =
(q NG ) 99" — qu(hg™ + gh") y
2eqq dpo
=— h h]* — —= + ¢ |hh* =
9+ ah]lg + ah] +[q \/S+€I1} TR
Hence, recalling the definitions of e, ¢ and § we obtain the system
(4.26)
HAg+ A7H = —lg+ ahllg + ah]" — qhh” (k)
“Hdteh = —/3g C Pt pecta T

By Lemma (9 + qih)*, h* are admissible with respect to the semigroup {e!4°};5 and
therefore H > 0. O

Our next criterion of solvability of the Lur’e system of equations (3.2)) is partially based
on the results of Oostveen and Curtain [27, Theorem 19 and Corollary 20]. See also
Subsection [Tl

Theorem 4.3. Let assumptions (H1)-+-(H6) hold. Moreover assume that:

(H10) The operator A : (D(A) C H) — H is such that the semigroup generated by A~
is uniformly bounded;

(H11) In assumption (H5) condition (4.11)) is strengthened to
(4.27) T(w)>e>0 YweR,

where 7 is given by (4.9).
(H12) The operator Ay defined by (4.15)) generates an AS semigroup on H.

Then the system ({3.2)) has a solution (H,g), H € L(H), H = H* > 0, g € H and ¢*A is
admissible with respect to the semigroup generated by A.

Proof. By (H1 )=+(H6) all the results of preliminary subsection are valid and in par-
ticular the conclusions of Lemma [4.2} moreover by (H11) and Lemma [4.1(b) the spectral
factor ¢ of 7 is such that both ¢ and 1/¢ are in H*(ITT).

Now by (4.27) w(0) = 6 > 0. Hence system (3.2) has a solution (#,g), H € L(H),
H=H*>0, g€ H and g*A is admissible iff the operator equation

1
(4.28) (ATY)Y'H +HA T + 5(—d*H + eh*) (—=d*H + eh*) — qghh* =0
has a solution H € L(H), H = H* > 0, such that ¢*A is admissible, where
1
4.29 = —(Hd —eh) .
(4.20) 9= (i

Upon changing H into —X, (4.28)) coincides with the operator Riccati equation discussed
in Oostveen and Curtain [27, Formula (1) with A replaced by A™! and B = d, C' = h*,
N =e,Q =q, R = ], see also in Subsection , where their results are shortly
reported.

By assumption (H1) and (H10) and by Lemma 2.5 the semigroup {e/" };5¢ is AS.
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The admissibility of | p(a)y = h*A with respect to the semigroup generated by A,
guaranteed by (H3), is equivalentﬂ to the admissibility of A* with respect to the semigroup
{e"""}=0. Indeed, by the unitary operator U € L(H2(II*)) defined in , o(s) =
h*A(sI — A)~'zq is mapped into (Ug)(s) = —h*(s] — A~}

Similarly, the transfer function defined in [27), Definition 13] (see also (7.5 in Subsection
7.1.4)

(4.30) G(s)=C(sI —A)'B=h*(sI =A™ 'd=—s"'h*A(s7' ] — A)~d
is tied with our transfer function ¢ (see (2.4])) by
(4.31) G(s™Y) = —g(s) — c*d

and thus due to (H2) and (H4) we get G € H*(IT*). Moreover the coercivity assumption
imposed on the Popov function defined in [27, Formulae (19) and (21)] (see also ([7.6)) in
Subsection [7.1.4)) reduces here to

§ + 2eRe[h*(jwl — A~ 7Y + q |h* (jwI — A—l)—1d|2 >e>0 VYweR\{0}.

By (4.30) and (4.31)) the latter holds iff

5—26Re[§(jw)+c#d]+q|§(jw)+c#d‘2 >e>0 Yw e R |

i.e., upon recalling the definitions of 9, e and g, iff
m(w) =1 — (k1 + ko) Re g(jw) + kika|g(jw)|> > e >0 YweR .
Now this holds by assumption (H11). Denote by ¥ € L(H, L*(0,00)) the observability
map associated with the pair ({et"rl }>0, h*) and by F — the input—output map dictated by
the triple (A~!, h*,d). In the frequency—domain F is given by the transfer function defined
n (4.30) and (4.31). Then by M.Weiss [35, Theorem 2.15] there holds that
H = —qU*V — U*(¢F + e )R~ (¢F* + eIV |
where
R € L(L*0,00)),  R:=0I+¢cF + eF* + ¢F*F |
and (by ( - ~1 € L(L*(0,00)), is a self-adjoint bounded solution of the operator

Riccati equation (4.28)).
Consider now g € H given by (4.29)). It turns out that the spectral factor of 7 reads

6(s) = 9" A(sT — A)'d+ V5 |
i.e. g solves the realization equation (4.14)). To see this premultiply and postmultiply equa-

tion (4.28) by respectively d* [—(jw) ™I — (A*)"1"" and [(jw) ™I — A~ "'d and subtract
0 from both sides. Tedious but straightforward manipulations deliver ultimately

|jwg® A(jwl — A) "'+ V|* =

=6 — 2eRe [jwh*A(jwl — A)~d] + ¢ ’jwh*A(ij — A)_ld|2 =m(w) .
Consider now the generator Ay € L(H) given by (4.15) and observe that by Lemma
4.2(2), the observation functional g* A is admissible with respect to the semigroup generated

by A iff the same holds for g* with respect to the semigroup {e'4°};5,. Hence we are done
if the latter holds and H > 0.

3Similarly, d is an admissible factor control vector with respect to the semigroup generated by A iff d is
an admissible control vector with respect to the semigroup {et"rl}tzo. However, here we do not assume
admissibility of d.
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Now by Lemma (1), h* is admissible for the semigroup {e!40},5¢, which by (H12) is
AS. Thus by [13, Theorems 3 and 4] the operator Lyapunov equation

AZX + XAy = —hh* |

has a unique solution H,, € L(H), H; = H; > 0. Observe now that the pair (H, g) solves
(4.26]). Hence the operator H € L(H), with H = H*, is a solution of the Lyapunov equation

ApX + X Ag = —ww™ — qohh™, w:=g+qhecH .
Define now Ho := H — qoHp. Obviously Hy € L(H) with Hy = Hg, is a solution of the

Lyapunov equation
(4.32) ApX + XAy = —ww™, w:=9g+qheH
which turns out to be nonnegative. Indeed premultiplication and postmultiplication of
(4.32) by respectivelely z*e!4 and e'4ox gives for any fixed x € H

|
dt
Moreover integration of both sides from 0 to ¢ yields

ar eV Hoe x| = —a*e M [AgHo + HoAo| e = [wre'xP V>0 .

t
—z* e H e + F Hox = / |w*eTA°$\2dT VE>0 .
0
Now as e1o is AS, the left-hand side above converges to z*Hoz € R as t — oo, whence
the right-hand side must do the same. Hence for any x € H

oo
r*Hox :/ lw*e™ 0z |?dr >0 |
0

where the right-hand side is an improper Riemann integral. Thus Hy > 0 and therefore
the existence of the solution Hg of the Lyapunov equation implies by [13, Theorem
3] that w* (as given in (4.32))) is admissible for the semigroup {e'°},5. As h* had already
this property, the same holds for ¢*. Finally H = Hq + qoH is nonnegative as the sum of
two such operators and we are done. U

5. EXAMPLE 1: DISTORTIONLESS LOADED RLCG—-TRANSMISSION LINE

In this section we discuss an electrical transmission line as a plant in Figure illus-
trating hereby the results of the previous sections.

The distortionless transmission line is a RLCG line for which o := R/L = G/C. Fol-
lowing [I7, Subsection 5.1] consider such line loaded by a resistance Ry. By using the
Hilbert space H = L*(—r,0) @ L?(—r, 0) with 7 = v/LC equipped with the standard scalar
product, one gets its dynamics desribed by an abstract model in factor form as in .
More precisely:

e The state space operator A takes the form

Ax = o, D(A) = {x € Wh2(—r,0) & WH?(—r,0) : z(0) = CS$(—7")} ;




22 PIOTR GRABOWSKI AND FRANK M. CALLIER

The operator A generates a Co—semigroup {S(¢)}+>0 on H (or even a Co—group if
det Cg # 0). This semigroup is EXS iff |A\(Cs)| < 1 or equivalently |b| < 1 [12, pp.
148 - 154], which is the case. Thus assumption (H1) of Theorem [4.2| holds.

e The observation functional ¢ is given by

(5.1) = cla(—r), D(c*) = {z € H: clx is right-continuous at —r} ,
where
1
C(]:|:O:|, a = +H20.
a p
It is representable on D(A) as
b1 a
# _ ¥ _ -
c|D(A)—hA, h—ﬂ{_l]eH, 19'_1—|—b’

where 1 denotes the constant function taking the value 1 on [—r,0]. The admis-
sibility of ¢# was implicitly discussed in [14, p. 363]. The Lyapunov proof of this
fact is presented in [I7]. Thus assumption (H3) of Theorem [4.2| holds.

e The factor control vector is identified as

-1 1
d:1+bd0, do:{l]EH’

where d is admissible [I7]. It is also proved therein that the Lyapunov operator
equation which proves the admissibility of d has a unique coercive solution. Thus
the system is exactly controllable. This implies that the pair (A, d) is approximately
controllable, which is equivalent to the cyclicity of d with respect to A~!. Thus
assumption (H7) of Theorem [4.2] holds.

The system dynamics can also be described by

52) { w(t) = Cew(t—r1)+u(t)by } b {o}

y(t) = cou(t—r) 1

The compatibility condition (2.3)) holds with ¢#d = — and by (2.4)) the transfer function
reads

—S8r

ae
5.3 §(s) = ——— .
(53 i) =
This is confirmed by applying the Laplace transform directly to (5.2). Moreover,
a

H§7|\H°°(n+) - 1——|b| :

and thus is satisfied. The situation is even better, namely we have that g is in the
Callier-Desoer algebra A_(0). All these results and many others can be found in [I7]. In
particular assumptions (H2) and (H4) of Theorem {4.2{ hold.

The closed—loop semigroup generator corresponding to the linear feedback law f(y) = py
takes the form

A =a/, DA = {o € WH(=r,00® W"(=r,0) - 2(0) = [Cs + boch] 2(—1) } .

Indeed, D(A,) consists of these = for which = + pdc#*z € D(A). The latter holds if
r € WH(—r,0) @ W"?(—r,0) and 2(0) + pdc?z = Cg [x(—r) + udc#x], or equivalently, if
z(0) = [Cg + uboc(ﬂ z(—r). The semigroup generated on H = L*(—7,0) ® L*(—r,0) by A,
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is EXS iff all eigenvalues of the matrix Cg + uboc? are in the open unit disk [12]. This is
the case if

(5:4) ul < —— .

Stability condition (5.4) yields the Hurwitz sector which has to be compared with a sector
(k1, k2) generated by the frequency—domain inequality (4.10)). It is clear that by (5.4]) the

145
b . .
into (4.9) gives

and the lower limit for &y is ——.
a
>0 Yw e R

upper limit for ks is

1
5.1. Analysis of the case b < 0. Substituting ky = —k; = +

14+b\? 9 —4bsin® wr
] = 1 J— _— a1 =
m(w) ( a ) 90)l (1 —0)% + 4bcos? wr
and therefore the Hurwitz sector (5.4) agrees with the sector implied by (4.10). Now

, —4bsin® wr
7T(]Ld) 2 W Ywe R s

and by [11), 865.64]

* Inw(jw) —4b < 1 > Insin? wr
———dw >1 ——d ——d —00 .
/_001+w2 u}—n[(1—b)2}/_w1+w2”Jr/_oo a2 W77

Hence condition (4.11)) holds provided that b # 0, and by Proposition there exists a

spectral factor ¢ € H_;. Thus assumption (H5) of Theorem is valid. We have even
more, by Lemma [4.1f(a) the spectral factor is in H**(II*). It can be obtained from (4.5),

however we shall use an elementary method to recover it. To do this rewrite 7 in the form
—2b(1 — cos 2wr)
1 —0b)2+4bcos?wr

m(jw) = (
and apply the identity
(CY + 66_ST +")/€_2ST)(OJ + 6637' +,y€25r) —
= (@ + 52 +7%) + Bla+7)e™ + Bla+ 7)™ + aye™" + aye®™

to get the spectral factor only for the denominator. It requires solving the system of
equations

(5.5)

o + 5%+ 4% = 20, 26(a+7) =0, 20y = 2b .
The solution for a = v/—b, § =0 and v = —/—b leads to the spectral factorization
VIB(1 = e %) (1 i)

1+be2or 1+ be2or

m(jw) =

)

with spectral factor

(56) o) = Y=

For this factor one has ¢(0) = V6 = 0. If b = 0 then 7 = 0 and the trivial case of
Proposition is met. It was not mentioned in Proposition that in this case we
trivially get the null spectral factor, which then coincides with (5.6]).
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To determine the vector ¢ € H we have to solve the realization problem (4.14]). Here
§ = 0 because we have ky = 1/9 and ¢#d = —9). A solution will be sought in the form

1
g = constant [ 1 }

On substituting ¢ and
1 efsr+59

(5.7) (A(sI — A)~td)(0) = [ [ o0 } ; s € p(A), 0¢€l[-r0

into (4.14)) one has

(5.8) gzﬂ{ﬂ

The solution is unique because the system is exactly controllable. Now using (5.8)) we find

(5.9) g*Ax:\/—_bU x’1(0)d0—|—/

-r -r

0 0

xé(@)d&} = —V/=b(1+b)z1(—r) Vz € D(A) .

Assuming a solution of (3.7)) of the form
(Hx)(0) = Hz(0), HeL(R?*), H=H"

and taking (5.1)) with ¢ = —k2 < 0, and (5.9)) into account we can reduce (3.7) to a discrete
matriz Lyapunov equation

C{HCs — H = —(1 + b)*diag{—b,1} .

Its solution is H = (1 + b) diag{—b, 1}. Since H > 0, provided that b # 0, then by AS a
unique solution H of is coercive. For b = 0 we have only H > 0.

Elementary calculations show that the second equation of the system is also satisfied
for e =1/9.

Assumption (H6) of Theorem {4.2| clearly holds, because here ug = (k1 + k2)/2 = 0.

Note that we have solved the realization problem directly, i.e. without using assumptions
(H8), (H9) of Theorem [4.2] Below, we confirm this solution using spectral analysis.

The eigenproblem for A takes the form

{x’(@) = a(9) }

z(0) = Cgx(—r)
and therefore the general form of an eigenvector is () = e*?z(0), where x(0) is a nonzero
solution of the linear homogeneous equation [/ — éCs|z(0) = 0 with £ := e™". Such a

solution exists iff det(I — £Cs) = 0, or equivalently, iff £ is a root of the characteristic
polynomial 1 + £2b.

For b = 0 there is no eigenvalue, and the resolvent of A is not compact.

+1
For b < 0 there are two series of eigenvalues, corresponding to two roots é*f = — =

+
e—)\nr

Iy

of the characteristic polynomial, where

Inv/—b 2 Inv/—b 2
A;:n +J m, /\;:n +7 mJHT, nez .
T T T T
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. . + J— .
The corresponding eigenvectors {x}'}, ., {2, },cz can be written as

In \/—be

+ -1 _ r ot o Yn 0
[zn mn]—e [ (0) (O)][O y;]

2nm
1 j—10
where {5}, ...yt (0) == Wej 7 is the classical Fourier orthonormal basis of eigenvec-

tors of a skew-adjoint operator B acting in L*(—r,0),
Bfy=y, D(B")={yeW"(-r0): y(0)=y(-r)} ,
2nm+m

while {y;, }.cz Yn (0) = T stands for the classical Fourier orthonormal basis

VG:

of eigenvectors of a skew-adjoint operator B~ acting in L?(—r,0),

By=y, DB7)={yeW*=r0): y0)=—y(-r)} .
Finally, z%(0) is a solution of the equation [I — é*Cg]z(0) = 0. In particular, for
1
2

1 ) 1
0| 5| 03] )

Jr
the system {x},ez, {2, }nez is the image of the system {[ yg ]} , {[ y()_ ]} ,
nez n nez
being an orthonormal basis in H = L*(—r,0) @ L?(—r, 0), under a bounded linear isomor-
phism. This implies that the system {z;} },cz, {z, }nez,
1 1

+ r - AVAR
(5.10) zH(0) = eMn? vr . () =eMn? vr
vV —=b —v—b
vr 2
of eigenvectors of A forms a Riesz basis in H and assumption (H8) of Theorem [4.2]is met.
The biorthogonal Riesz basis of eigenvectors of the adjoint operator A*,

Ap=—p, DA ={peW(=r0&W?(-r0): p(-r)=Cip(0)} .

corresponding to the conjugate eigenvalues A_;y = )\fn, E =\, ;18
1 1

A 2\r _ = NG

pr@) =01 T e =Ml Y

2/ —br V=br

Now we have

— V—=b(1 —e 2" vV=b(1+b
ozTiL = Res —¢(S> \/5 = Res ( ¢ ) = (L+0) ,
s=AL s s=ar | s(1+ be=2m) 2rbAE
and . )

T o b Ao/ —br
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Since (d,p/ )y # 0 and (d,p,)n # 0 the system is approximately controllable, which
confirms that assumption (H7) of Theorem holds (moreover we know that the system
is exactly controllable). Therefore

N af 1+ a; 1+0b

CTonphe VT T T N 2V,
with {g*x} }nez € 3(Z), {9* T, }nez € (*(Z), whence the realizability problem has a solu-
tion g € H such that

g'x

. 145 R
914933_:—7, QA%:Q—\/;-
The latter can be confirmed by inserting ([5.10)) into (5.9).
Since g*AzE and Re AE do not depend on n € Z, the spectral admissibility condition

holds iff
> [[Rent F(-XD)

n=—oo

2+ ]ReA;f(—E) 2] <oo VfeHI) ,

i.e., when the sequences {\*},cz are of the Carleson—Newman type, which is the case as

they are uniformly separated and located on a vertical line parallel to the imaginary axis.
Thus assumption (H9) of Theorem |4.2 holds.

1+0 1+0b

5.2. Analysis of the case b > 0. Here for k; = ——— we cannot take k‘g ——. Thus
the Hurwitz sector ([5.4)) is essentially larger than the sector implied by (4.10] and another
1+0
choice of ki, ko has to be proposed. Assuming k; = _LiEh we search for the maximal
a

allowed value of ks for which (4.10]) holds. Since
m(jw) =1 = (k1 + ko) Re[g(jw)] + ki [§(jw)[* =
_ (14 b)? cos?wr + (1 — b)%sin® wr + (1 + b)? coswr — kea(1 + b) coswr — kya(1 + b)
(1 —10)2+4bcos?wr
then treating the numerator as a polynomial of coswr we find the maximal allowed value
of ky for which the frequency domain inequality (4.10) holds, viz.

1+b 8b
5.11 ko = — .
(5.11) ? a a(l+0b)
Then

, 4b(1 + cos wr)? 6b + 8b cos wr + 2b cos 2wr
m(jw) = = >0 .
(1 —b)% 4 4bcos? wr (1 —0)%+ 4bcos? wr

Observe that now wor

16 cos* — 5

W) > ————— Yw e R
(jw) > TEE w e

and from [I1l 865.65] we know that
wr

o) . o] lncos —_—

In7(jw) 16b 1 9
STV o > In | ——— 2 oo
/_Oo 1+ w? dw 2 n{( —|—b)2]/ 1+ w Tyt /_Oo 1+ w? dw > —00

Condition (4.11)) is satisfied, whence assumption (H5) of Theorem [£.2 holds. By Propo-
sition 4.1 there exists a spectral factor ¢ &€ 0, 1. Actually by Lemma it belongs to
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H°(IT*). As in the previous case formula (4.5) will not be used to determine ¢, but an
elementary method based on identity ((5.5) will give its denominator. Simple calculations

yield the spectral factor (here o = v/b, 8 = 2v/b and v = V/b)
\/5(1 + e—sr)Q
1+4be2sm

For this spectral factor there holds ¢(0) = v/§ = 4v/b/(1 + b).
To determine the vector g € H we apply (4.14), which leads to the identity

¢(s) = V6 Vb b—3+ (2+2b)e™ + (1 — 3b)e 2"
s 140 s(1 4 be=2sr)

valid for all s € IT*. A solution of ([5.13]) will be sought in the form

g1l
g =
g21
where g; and gy are constants. On substituting g and (5.7)) into ([5.13]) one obtains
g1 Vb(3b—1) V(b — 3)
g = 9 g1 —_— .

(5.12) o(s) =

(5.13) =g*A(sI — A)~'d

(5.14)

gl T 1+ 0 T T4

The solution is unique by exact controllability. Using (5.14) we find with x € D(A)

(5.15) g Az = ¢ / ’ 24(0)d0 + g / ’ 24(0)d6 = Vb(1 — b)ay(—r) + 2Vbxa(—7) .

-r -r

Assuming a solution of (3.7)) of the form
(Hx)(0) = Hz(0), HeL(R?*, H=H"
and taking (5.1)) with ¢ = (—b* + 6b — 1)/a* and (5.15)) into account, we can reduce (3.7))

to a discrete matriz Lyapunov equation

(5.16) CTHCs— H = —R, _ [ b(1—b)2  2b(1—b)

2b(1 —b) (1—10)?
Here to calculate the matrix R we used the identity

(" Ax)? — q(h*Az)? = 27 (—r)Ra(—r) Ve e D(A) .

The solution of ((5.16)) is
26(1 —b
p1—p 21=b)
1+0b
= >0
2b(1 — b) -
1+

Thus (by AS) we get a unique solution H of (3.7)) which is coercive. Observe that R > 0
iff ¢ < 0, and the latter holds only for b € (0,3 — 2v/2).

Tedious but elementary calculations show that the second equation of the system ((3.7)
is valid for e = (14 b)/a — 12b/[a(1 + b)].



28 PIOTR GRABOWSKI AND FRANK M. CALLIER

Sincdd
H 1 B (1 + b>2

we get that assumption (H6) of Theorem 4.2 holds. Indeed, for b > 0 we have

_kaik Ll4b 8 14b] 4
=772 4 a(l+b) a | a(l+0)
and therefore, by (5.3) we get
1 B (1+0)(1 + be2)

T—j0g(s) (e "+ 12 +b(1+e )
A lower bound for the modulus of the denominator is obtained using

(14 be™)2 +b(1+e )2 > |1+ be ™[> —b|l+e | =

(14 be™" coswr)? + e 2"b? sin® wr — b [(1 + e 77" coswr)? + 727" sin* wr| =

(1 —=0)(1 —be %) > (1 —b)?, s=o0+jw, >0,

with inequality at s = jz. This means that
r

‘ 1

b
1 — pog(s) = <1i_b>2

s
and the upper bound is achieved at s = j—.
r

As in the previous case the realization problem is solved directly without using as-
sumptions (H8), (H9) of Theorem [4.2] Below we confirm this solution by using spectral

analysis.
L
For b > 0 there are also two series of eigenvalues, corresponding to two roots é* = 7‘% =
+
e~ An" of the characteristic polynomial,

T T
2nm — — 2nm + —
Invb Invb
:n\/_+j 2’ )\—:n\/—+j 2, nei .

r r " r r

+
)\n
. . + — .
The corresponding eigenvectors {z;}}, .. {7, },.c; can be written as

ln\/l_)

0 yt 0
bt x| =e T z(0)  x(0 "
(ot o ] [0 <>}[0 yg]
onm — ©
where {y;"}, s, yn(0) = 76 r is the classical Fourier orthonormal basis of
T

eigenvectors of a skew-adjoint operator B* acting in L*(—r, 0),

BYy=y,  D(B")={yeW"(=r0): y(0)=—jy(-n}

4This formula remains valid for b < 0.
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2nm + g
1 jg——=
while {y,, },.cz vn (0) := Wej r stands for the classical Fourier orthonormal basis

of eigenvectors of a skew-adjoint operator B~ acting in L?(—r,0),
By=y, DB)={yeW?=r0): y0)=jy(-r)} .

Finally, z%(0) is a solution of the equation [I — £*Cg]z(0) = 0. In particular, for

0) = ! —(0) = !
“)_[—M]’ x()_[m]

Jr
the system {x},ez, {2, }nez is the image of the system {[ yé‘ ]} ) {[ yO_ ]} ,
nez n nez

being an orthonormal basis in H = L*(—r,0) @ L?(—r, 0), under a bounded linear isomor-
phism. This implies that the system {z;} },cz, {z,, }nez,

1 1
+(p) — e)\,fﬁ NG () = eMn? VT
(5.17) z)(0) = e | . (0) = M

vr v

of eigenvectors of A forms a Riesz basis in H which shows that assumption (vii) of The-
orem holds. The biorthogonal Riesz basis of eigenvectors of the adjoint operator A*,
corresponding to the conjugate eigenvalues \f = A\_,, \- = AT is given by

1 1
7| 2V . oo | 2vr
pi =ML T = et | B

2\/br 2Vbr

Now we have

Wt e Res |2V =V Vb [b =34 (24 2b)e + (1= Bb)e
m s=AE S 140 s=AF s(1 + be=27) =
IEES TN
2rv/bAE ’

and
J - —J
. du n = .
oH/or e pron 20 Vbr
Since (d,p; )y # 0 and (d,p,)n # 0 the system is approximately controllable, which

confirms that assumption (H7) of Theorem holds (moreover we know that the system
is even exactly controllable). Therefore

<d7 pjzr>H =

b0 _(1=b)j+2vh (o0 —(1-b)j+2Vh
R Y v D ey e MRV O C
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with {g*z; }ez € (3(Z), {g*x,, }nez € (*(Z), whence the realizability problem has a solu-
tion g € H such that

(1—b)j +2vb
\/F )
The latter can be confirmed by inserting ((5.17)) into ([5.15)).

Since g*AxE and Re AL do not depend on n € Z, the spectral admissibility condition is
satisfied iff

—(1—b)j +2Vb
NG .

3 [[Rext 7D+ [Rer F-RD)[ ] <0 v/ e w2

i.e., when the sequences {\*},cz are of the Carleson—Newman type, which is the case as
they are uniformly separated and located on a vertical line parallel to the imaginary axis.
Thus assumption (H9) of Theorem |4.2 holds.

By Theorem the origin of the state space H is globally weakly asymptotically stable
for all f € M NS with ky = —(1+0b)/a and ky = —k; if b < 0 and ky given by
if b > 0. This result is “e—better” than that of [I8], which means that now nonlinearities
asymptotically close to the boundary of the sector S are allowed. This is contrary to [I§]
where the boundaries where cut away by taking straight lines with slopes ki +¢ and ks —¢,
respectively. In [I8] we have used the input-output approach. Moreover by Theorem
for the cases considered the origin of H is globally strongly asymptotically stable for all
f € MNS.. This result agrees with that of [1§].

For b = 0 the origin is strongly asymptotically stable for all f € M NS, with &k =
—(14b)/a = —ky. This result agrees with that of [18§].

6. EXAMPLE 2: UNLOADED RC—-TRANSMISSION LINE

Following [I7, Subsection 5.2], the Hilbert space H = L*(0,1) with standard scalar
product is used to model the dynamics of an unloaded RC' transmission line according to
(2.1) with:

e The state—space operator
Ax =2, D(A) = {x € H*(0,1) : 2/(1) =0, x(0) = 0}
which generates an EXS analytic self-adjoint semigroup on H. This is due to
A = A* < 0. Moreover, A has a system of eigenvectors {e, }>°, (corresponding to

its eigenvalues {\,}22 ) that is an orthonormal basis of H (see [15, Formula (21)]
or [16, Lemma 3.1 with K=0]),

en(0) = ﬂsin(%%—nw)@, 0<6<1, n>0
T 2
— — — >
A, (2—|—n7r> , n>0

Thus assumptions (H1) and (H8) of Theorem |4.2| are satisfied.
e The observation functional

r = x(1), D(c*) = {x € L*(0,1) : x is left-continuous at 1} > C[0,1] ,
whose restriction to D(A) reads as c#‘D(A) = h*A with h(0) = -0, 0< 6 < 1. It

was proved in [14] that ¢# is admissible and therefore assumption (H3) of Theorem

[1.2] holds.
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e The factor control vector d is given by

d=—1¢€L*0,1), 10)=1, 0<60<1,

which is not admissible. For a proof see [16, Subsection 3.3] or for a shorter one
[17, Appendix B]. Since
2
(d,en>H:—7r\/_ #0 VneNu{0} ,

§—|—n7r

the system is approximately controllable, i.e. assumption (H7) of Theorem
holds.

It is easy to see that (2.3) holds with ¢#d = —1 and that by (2.4) the transfer function

reads

1
cosh /s’

sellt .

9(s) =

Moreover one has

(6.1)

||§||H°°(H+) =1,

where the norm is attained at s = 0. For a more exhaustive discussion of these facts and
many others see again [I7]. In particular assumptions (H2) and (H4) of Theorem (4.2 hold.
It follows from (6.1) that (4.9) holds for ky = —k; = 1. More precisely one gets

(6.2)

Indeed,

and

1 2
m(jw) =1— S>>0 VweR.
‘cosh\/jw‘ w* +6
1
; 20
1 _J cosh[(1+ )9 Y= |l >0
cosh/jw 1 ’ V2 =
- , w<0
cosh[(1 — 5)Q]

lcosh[(1 £ 7)Q]|* = |coshQcosQ + jsinh Qsin Q|* = cosh? Q cos® Q + sinh? Qsin? Q =

Hence

= (14 sinh®Q) cos? Q + sinh? Qsin? Q = sinh* Q + 1 — sin®Q .

1 _ sinh’Q —sin? Q)
‘(j()s}jh/jw‘2 N 1+SiDhQQ—Sian '

m(jw) =1

Now the Maclaurin expansions of sinh and sin givdﬂ:

1
sinh € + sin 0 > 2(), sinh 2 —sin ) > 593 vQ>0 ,

leading to

This jointly with the monotonicity of the function x — 7

2
sinh? Q — sin?Q > 594 vQ >0 .

x
on x > 0 yields
x

204 w?

> = >
— 34204 Ww24+6

m(w) 0 YweR .

"By taking higher order terms one can improve the lower bounds arbitrarily.
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The proof of (6.2]) is now complete. Now by (6.2)
<] ] * In(w? + 6
/ nw(w)dw>4/ 1nw dw—2/ de:—2ﬁln(1+\/é)>—oo.
_ 0 0

o 1+ w? - + w? 1+ w?

Note that by Proposition the second integral can be evaluatedﬂ by calculating ¢(1)
from the elementary rational spectral factorization problem

o) = -

L w
w246

9

the solution of which is <

s) = .

o(s) =
Since assumption (H6) of Theorem holds trivially, we shall have verified all the as-
sumptions of Theorem 4.2 if (H9) holds.

The spectral factorization problem reads here as

A 1 1 coshy/scosy/s —1 1
— = 1 — _ = 1 —_— == .
O(s)¢(=) 9(s)9(=s) cosh /s cos /s cosh /s cos+/s

where cosh /s and cos /s are entire functions of exponential order % and of exponential
type 0 [36, p. 63, p. 71] having the product representations

coshﬁz}l{(}(l—%), cosﬁz}l{(}(l—f—i) .

Consider now the even entire function x(s) := cosh/scos/s — 1. It is of exponential
order 1 and of exponential type 0 (with maximum modulus on jR). Observe that

2 1
x(jw) = cosh \/jwcos \/jw — 1 = sinh? Q — sin® Q > §Q4 = 6w2 >0

and therefore

> In[x(jw)] 1 w?
el A} > hadll —
/ 1 to? W 2 /Oo1+w2ln<6>d”

[e.e]

o0 1 o
= 4/ ne dw—21n6/ d—w:—ﬂln6>—oo.
o l+w? o l4+w?

As a consequence x(s) is nonnegative on jR and an entire function of exponential type
0 of class A [21], p. 223]. Hence by Akhiezer’s spectral factorization theorem for entire
functions of exponential type [4, Theorem 7.5.1, p. 125], [2I, Theorem 1, p. 437], [32]
Theorem 3.6, p. 315] there exists an entire function 9J(s) of exponential type 0 such that

(6.3) X(8) = cosh\/scos /s — 1 = J(s)I(—s) .
It turns out that ¥(s) has real zeros (; for k = 0,1,2,... with {; = 0, in the closed left
complex half-plane. Indeed the (; are roots of the equation

1
cosh /s =

cos+/s
which upon setting s = —22, x > 0, reads
1
coshz’

(6.4) cosx = x>0 .

6Alternatively one can apply [IT, Formulae 864.54 and 864.62].
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The graphs of the functions on the left-hand— and right—hand side intersect in simple
roots g = 0, x; > 0 for k € N, such that with

ek::xk—[g—i—kzﬂ}, ke NU{0} ,
one gets the exponentially fast converging root—error bound
(6.5) lex| < 20 me VM < e T = e & 0.009277 VkeN |
with g = —g and —\, = (g —i—l{;7r)2. For more information on this formula as well as (6.10

and (6.11)) below, see Appendix B. Then with 1y, 1= \,—C = M 27 = M+ (ep+vV )% =
€k (2\/—>\k + ek) and € := e~ 1497 one gets the exponentially fast converging absolute error
bound
(6.6) M| = | A — Gl < 27(1 4 €)e®P /= Ape VM < 3e(1 + ) VhkEN
ie.

Ink] < 2.083my/—Ape VM <0.028077%  VEkeEN |

where the last expressions are the next to last ones at k£ = 1.
The relative error bound reads

VAR 4e(1
Tk 0.017 € c(1+e)

6.7 <2m(l+e€ < = Vk e N |
(6.7) . ( Je = 3 P
le.

e < 2.083 e < 0.01247 Vk € N

m . ’
/\k vV _/\k

with a similar comment concerning the last expressions as above, whence

Gk

k

(6.8) 0<1—p< <1+4+p=1.01247 VkeN .

From and the fact that

Z " 00, a>0
peefl AR

we get

(6.9) a>0.
kz:: ’Ck|2+a

Hence upon applying to x(s) = v(s)J(—s) Weierstrass’s factorization theorem and sub-
sequently Hadamard’s factorization theorem as indicated in Appendix B, there holds the
product representation:

(6.10) 19(3)2K5ﬁ(1—i), K:\% .

There holds that 9(s) is an entire function of order % and of exponential type 0. The former
is by Borel’s theorem, while the latter follows from [36] Theorem 7, p. 71]).
The error analysis above suggests that

ﬁ(1+2f> ~llj(1+§’;> <1+ Ao> cosh /=y .

=1
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Indeed upon defining the product-ratio

1 1/(1—e™")
one finds (with p defined in 1' a constant R = [—] ~ 1.0134 such
1—p(1+p)
that
(6.11) R'<RN)<R VkeNu{0}.
As
V(M) (=Ag) = cos/—Agcosh /=N, — 1 =—1 |
with

I(=Ae) = K(=\e) H<1 + %) - K(—Ak)R()\k)(l + %)4 cosh v/— Ay |

=1 0

4R
one finds then a constant L = = 4.024 such that
— K\
(6.12) W(\)| < Le™V™™  VkeNuU{0} ,

i.e. the sequence {9(\;)}32, tends to zero exponentially fast.
By the considerations above the general form of the spectral factor is

0(s)
= A k=0,1,2,... .
¢(S) cosh \/g) § 7é k> 07 )
Since ¢(0) = /6 = 0, from (4.23) we find for k € NU {0}

or = Res [@] ~ lim (s — Ay) J(s) 2000)  _ 2(=DFI0)

s=Apl 8 S s(cosh y/s — cosh v/ ;) - VA sinh v/, B V=g

and therefore with the orthonormal A-eigenvector basis {ej}3>, of H

(653 ﬁ(—l)k+119()\k)

)\k<d, €k>H - <_)\k) ’

where (6.12)) holds. This shows that (4.21)) holds. Using the standard estimate (with
Res > 0)

|f(s)|\/2 Res = ‘(f, e*E(‘)>L2(O’OO)‘\/2 Res <
< HfHLZ(o,oo)He_s(')||L2(o,oo) V2Res = ||f||L2(0,oo) g
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we get (with real negative eigenvalues A\, and using (6.12))

S | Vel = S| ot iVl <

e 6_2V_)\k €—7T OO
< L2||f|| ) Z— < L2||f||22 _Ze—%w _
- L oo — - L 0,00 —_
0= (=) 029 (=20) 1=
1 e
= L2||f||LZOOO W —— <oo VfeL*0,00) .

Hence holds and so does assumption (H9) of Theorem

Contrary to Theorem , the assumptions of Theorem are easily checked. In the
equalities are attained at w = 0 and therefore cannot be satisfied until ko = —k; = 1.
Nevertheless, if we decrease ky = —k; from 1 to /1 — €, where € > 0 is small then
will hold. Indeed, by we have then

1—(1-8)gjw))?>1-(1-e)=e>0 VYweR.

Furthermore, for ky = —k; = /1 — ¢ all the assumptions of Theorem (except for
(H10) and (H12)) are satisfied, because their verification is similar as in the case of the
assumptions of Theorem As for (H10) and (H12) one must check that the semigroup
generated by Ag, which here equals A~!, is uniformly bounded and hence AS. This can
be done in many ways. In particular, we can repeat the Riesz basis property method,
used in the proof of Theorem , and conclude that the semigroup {10}~ is uniformly
bounded.

By Theorem the Lur’e system has a solution (#,g) such that H € L(H),
H=H*>0,and g € H with ¢g*A admissible with respect to the semigroup generated by
A. Since one does not know whether H is coercive, one cannot use Theorem 3.1 Moreover
as d is not admissible, Theorem [3.2 cannot be applied. However, by the proof of Theorem
. - is valid Wlthout the admissiblity of d, so one can conclude that y,u € L*(0, o0)
provided that f satisfies the sector condition

‘%‘gm VA0, f(0)=0 .

This confirms the result of Grabowski and Callier [I8, p. 10], where the same has been
derived using the input—output approach.

Theorem provides an positive answer to the question of solvability of the Lur’e system
of equation for ky = —k; = 1. Consequently y,u € L*(0,00) even if f satisfies the
weaker sector condition

(6.13)

‘%'<1, Yy #£0, f(0)=0.

This result can be sharpened using the output equation
y = Pxog+g*u ,

"See the text just after formula (4.25) with some simplifications due to the fact that A has a system of
eigenvectors being an orthonormal basis, so the similarity transformation 7T is trivial, i.e., T = 1.
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where the observability map P is given by

(F%)(t) = Zel\ktc#ek@?o, er)H =
k=0

(6.14) - 2

> — (— - k:7r> t

= \/52(—1)’%5 2 <SL’0,€]€>H Vit >0, VrgeH

k=0
and therefore Pz is continuous function of ¢ > 0 and decays exponentially as ¢ tends
to infinity. The impulse response g is the derivative of Pd and thus ¢ is continuous for
t >0, (Pd)(0) = =1 = ¢*dY, g(0) = 0 and g decays exponentially as ¢ tends to infinity,
see [I7, Subsection 5.2] for details. Since u € L*(0,00) then by the standard properties
of convolution g x u is a continuous function of ¢ > 0 and tlgglo (g xu)(t) = 0. Hence y is

continuous for ¢ > 0 and tlim y(t) = 0. This jointly with continuity of f and the sector
—00

conditions (6.13]) implies that u is continuous for ¢ > 0 and tlim u(t) =0.
—00

The closed—loop linear semigroup generator corresponding to the linear feedback law
f(y) = py takes the form

Az =1, D(A,) = {z € H*(0,1) : /(1) =0, z(0) = pz(1)}

It is proved in [13] that A, generates an analytic semigroup on L2(0,1) which is EXS for
p € (—coshm, 1) with coshm &~ 11.592. Hence, the Hurwitz sector is essentially bigger
than the sector (ky, k2) obtained above.

7. DISCUSSION

7.1. A survey of known results on the solvability of Lur’e equations.

7.1.1. Nudel'man and Schwartzman |26, Theorem 4, p. 570].

Theorem 7.1. Let A € L(H) be the generator of an EXS linear Cy—semigroup on H and
let the vector B € H be cyclic for A, i.e., {A*B}, is a complete system in H. Then the
existence of a solution R € L(H), R = R* > 0 of

{ A*R+RA <0 }

(7.1) “RB+C =0

is equivalent to
(7.2) ReC*(jwl —A)'B>0 VweR .

This theorem cannot be applied to decide the solvability of as the semigroup gen-
erated by A7! cannot be EXS unless dimH < oo, because 0 belongs to the continuous
spectrum of A™! (clearly A~! has an unbounded inverse). One may think to use the possi-
ble exponential stabilizability of the pair (A~!, d). However this does not hold, as otherwise
the semigroup {e4'+4},_ would be EXS for some g € H. Since the operator dg*
has rank one then by a result of Triggiani [33] the semigroup {4 };5¢ would also be
EXS which is not the case if dimH = oo. Hence the pair (A™!,d) is not exponentially
stabilizable.

8For ¢ = d the series in (6.14)) converges for t > 0, and its convergence at ¢t = 0 is conditional which
follows from Leibniz’s criterion.
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7.1.2. Likhtarnikov and Yacubovic [23, Theorem 3, p. 902].

Theorem 7.2. Let A € L(H) be the generator of a linear Cy—semigroup on H, let B €
L(U,H), let the pair (A, B) be exponentially stabilizableﬂ and let there exist a 6 > 0 such
that

F(z,u) > 6 (|zlf + lullb) V(w,z,u) € R x D(A) x U, jwz = Azr+ Bu ,

where
with @ € L(H) S € L(U,H), R € L(U) and R = R*. Then there exists an

H@

* > 0 which satisfies for some 7 > 0:
+ Bu H:L‘)H + (z, H(Az + Bu))g+
$F(,u) 2 (el + ul?) () € D(A) < U .

, Q@ =
operator H € L(H), H
(Az

(7.4)

Theorem does not apply to (3.2)), because the left-hand side of (3.5)) is not repre-
sentable as the left-hand side of ([7.4]). Furthermore, then the quadratic form F' is not

continuous. Theorem does not apply also to (3.7)), as then the control operator B is
not bounded and still the quadratic form F' is not continuous.

7.1.3. Balakrishnan |2, Theorem 2.1, p. 179].

Theorem 7.3. Let A: (D(A) C H) — H generate an EXS linear Cy-semigroup on H,
let A~! be compact, let A have a system of eigenvectors which forms a Riesz basis of H,
and let the following restrictions hold:

BGD(A>7 CGD(A*)7 <CvB>H7£07 <C>AB>H7£O )

the pair (A, B) is approximately controllablﬂ and (7.2)) holds. Then there exists R € L(H),
R = R* > 0 satisying ([7.1)).

The main difference between Theorem [£.2 and the result above lies in the assumptions
concerning d and h. To be more precise, comparing the Lur’e system ([7.1)) with . one
can see that (7.1 corresponds to (3.7) with d = B, eh = C, H = R, an 5=0,q=0.
The domain assumption B € D(A) implies that Ad is meaningful and belongs to H, while
the domain assumption C' € D(A*) implies that A*h is meaningful and

r = (Az, by = (x, A*h)y, r € D(A) .

Hence by the Riesz representation theorem the observation functional ¢# extends to a
bounded, linear everywhere defined functional and we conclude that the Lur’e system
considered by Balakrishnan corresponds to a system with bounded control and observation
operators.

90riginally Likhtarnikov and Yacubovi¢ have assumed the so-called L2-controllability of the system,
however Louis and Wexler [24] proved that this concept is equivalent to exponential stabilizability. In fact
Louis and Wexler rediscovered the theorem by generalizing an earlier result also due to Likhtarnikov and
Yacubovié¢ [22]

0Equivalently, B is a cyclic vector for A~ i.e., {A7*B}%, is a complete system in H.
1

1
Hn the context of (13.2) the two last equalities mean that ky =0, ko = ——— = —= > 0.
c#d  §(0)
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7.1.4. Oostveen and Curtain [27, Theorem 19 and Corollary 20].

Theorem 7.4. Let A : (D(A) C H) — H generate an AS linear Cy—semigroup on H,
let B € L(U,H) be an admissible control operatoﬂ, let C' € L(H,Y) be an admissible
observation operatoﬂ, let the transfer function

(7.5) G(s):=C(s[ —A)'B

belong to H*(ITT,L(U,Y)) and N € L(Y,U), @ € L(Y), @ = Q*, R L(U), R=R* >
01 > 0. There holds: if the Popov function satisfies

(7.6) R+ NG(jw) + [NG(jw)|" + [G(jw)]"QG(jw) > el >0
then the Riccati operator equation:
(7.7) A*Xx+ XAz — (B*X + NC)Y*RY(B*X + NC)xz +C*QCz =0  Vx € D(A)

has a unique self-adjoint bounded solution such that the operator [A— BR™'(B*X + NC)]
generates an AS linear Cy—semigroup on H.

Theorem [7.4] inspired Theorem [4.3] of Section 4] For an interesting complement of infor-
mation for the case that the Popov function is nonnegative but not coercive, see [9].

7.1.5. Pandolfi [29, Theorem 3, p. 740].

Theorem 7.5. Let A € L(H) generate a linear Cy—group on H, B € L(U,H) and let the
pair (A, B) be exactly controllable. There holds: if

F(z,u) >0  V(w,z,u) e Rx D(A) x U, jwzr=Azr+ Bu ,

where the form F' is given by (7.3) with @ € L(H), @ = Q*, S € L(U,H), R € L(U), and
R = R*, then there exists an H € L(H), H = H* satisfying

(Az + Bu, Hx)g + (z, H(Az + Bu))g + F(x,u) >0  V(z,u) € D(A) x U .

Observe that here the coercivity assumptions of Theorem are eliminated by replacing
the L?—controllability by the stronger requirement of exact controllability; simultaneously
A is now the generator of a group.

7.1.6. Bucci [9, Theorem 3.1].

Theorem 7.6. Let A € L(H) generate an EXS linear analytic Cy—semigroup on H, let
there exists an « € (0,1) such that D € L(U, D[D(—A)%]. There holds: if there exists a
0 > 0 such that

F(A(jwI — A)"'Du,u) > d|jully V(w,u) e Rx U ,

where F'is given by (7.3) with @ € L(H), @ = Q*, S € L(U,H), R € L(U), and R = R* >
0, then there exists an ‘H € L(H), H = H* satisfying

(7.8) (H(x — Du), Ax)g + (Ax, H(x — Du))g + F(x — Du,u) >0 V(z,u) € D(A) x U

This result can be applied to decide the solvability of system (3.7)) but only when the
observational fuctional ¢# extends to a linear bounded, everywhere defined functional.

12This holds iff B*(sI — A)~'z € H*(II*, U) for all z € H.
13This holds iff C*(sI — A)~'x € H3(IIT,Y) for all z € H.
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7.1.7. Pandolfi [30, Theorem 2].

Theorem 7.7. Let A € L(H) generate a linear analytic Cy—semigroup on H, let D € H,
A~! be compact, let A have a system of eigenvectors which forms a Riesz basis of H, let
op(A) = {zn}nen where the z, are simple eigenvalues, let there exist a x4 > 0 such that
| Im 2,/ Re z,| < g uniformly with respect to n € N. There holds: if

m(w) = F(—A(jw — A)'Du,u) >0  VY(w,u) eRxU ,

where F' is given by with @ € L(H), @ = Q*, S € H, R € R and there exists an
exponent ¢ < 1 such that

w|*n(w) > H,
for some positive H and large enough |w|, then there exists an H € L(H), H = H* satisfying

3.

This result can be applied to decide the solvability of system (3.7)) but only when the
observation fuctional ¢ extends to a linear bounded, everywhere defined functional.

7.1.8. Pandolfi [31, Theorem 3, p. 482].

Theorem 7.8. Let A € L(H) generate a linear Co—group on H, let D € L(U,H) be an
admissible factor control operator and the pair (A™!, D) be exactly controllable. There

holds: if
F(z — Du,u) >0  VY(w,z,u) € Rx D(A) x U, jw(x— Du)= Ax

where the form F' is given by (7.3) with @ € L(H), Q@ = Q*, S € L(U,H), R € L(U) and
R = R*, then there exists an ‘H € L(H), H = H* satisfying (7.8)).

Again the quadratic form F' is continuous, so the result is related to the solvability of
(3.7) with bounded observation.

7.2. Conclusions. The most important results of this paper are:

e Some circle criterion type absolute stability criteria presented in Section [3| based
on quadratic Lyapunov functionals (Theorems , . These criteria give results
similar to those of the input—output approach, however to verify here the Theorem
assumptions one has to examine the solvability problem of the Lur’e system (3.2]).

e Solvability results for Lur’e systems in Section [ where in particular, appropriate
versions of the Kalman—Yacubovi¢ lemma are presented (Theorems and [4.3).

e A detailed presentation of two examples of electrical transmission—lines, illustrating
the results of previous sections, in Sections [5]and [ The discussion shows that this
paper’s stability criteria are checkable.

Some considerations for generalizing the results are now discussed. Some further inves-
tigations should be made to replace the Riesz basis assumption in Theorem by weaker
assumptions. This probably will require the derivation of a new admissibility criterion for
observation functionals in terms of the cyclic system {A7%d}2 ) rather than in terms of a
Riesz basis of eigenvectors of A. Note that up to now there is no satisfactory characteri-
zation of admissibility of the non—spectral type.

Futhermore, more involved numerical analysis is in order to complete the results of the
example of Section @ for finding interesting approximations of (H,g) — the solution of the
Lur’e system . In view of the exponential decay of ¥(\y), it is a good bet that some
spectral approximations could converge very fast to the solution (H,g). This involves
numerical analysis which falls outside the scope of the present paper.



40 PIOTR GRABOWSKI AND FRANK M. CALLIER

Finally observe that, except for the case b < 0, all examples above show that the absolute
stability conditions generated by the circle criterion are significantly more conservative than
the Hurwitz sector condition. It is known that for finite-dimensional autonomous continu-
ous Lur’e systems Popov’s method leads to considerably better stability conditions than the
circle criterion. It is less known that a generalization of Popov’s method to finite-dimensio-
nal autonomous discrete Lur’e systems is possible only by further restricting the class of
admissible nonlinearities. This causes one to expect some difficulties to get an appropriate
Popov type stability criterion for the system described by , which is sufficiently gen-
eral to handle discrete—time systems, as can be seen by noting that is an equivalent
model giving the essentially discrete—time dynamics of the electrical distortionless loaded
RLCG—transmission line. An additional observation is that the input—output approach
for finite—dimensional feedback systems is usually based on some smoothness assumptions
imposed on the system output. Thus an other difficulty for obtaining a generalization of
Popov’s method will be that one has to examine some differentiability properties of the
system output.
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APPENDIX A: DERIVATION OF EQUATION ([3.9))
Let a:=ky — k1 >0, b:= ko + k; and A := a? — 4e. Then

-2

b+ VA  |b+VA  f(y) fly) b=vVA] b-VA B
:{,@_ SENRLES y]}{[y NEYES _kl}_
_Ja=VA [b+VA  f(y) fly) b=vVA| a—VA| _

B 2 |2 y | y 2 | T B
_ VAT b-VA] [b+VA f(y)] [f<y>_b—¢z
2 Y 2 I 2 Y Y 2
(a_VZ> b+ VA ﬂw]a—VZ__
+ + =
4 2 y 2
_[b+vA ) [f(y)_b—x/z .
2 Y y 2 '

Now since f € S. we have

ot

Y

+ey? > ey? .

:y2

b+\/Z_f(y)] [f(y)_b—ﬂ
2

Yy y 2

APPENDIX B: ERROR ANALYSIS CONCERNING THE EXAMPLE OF SECTION [G]

Ad inequality (6.5]). Observe that for k € NU {0}, (=1)*"'e; > 0. Moreover for k € N,
lex| < |ex—1] < 0.5m and for |¢| < 0.57, (2/7)|e| < sin|e|. Put x = e+ (0.5+ k)7 in equation
(6.4). The latter reads then
1
coshle + (0.5 + k)]’
Thus for £ € N with £ odd there holds
2 1 1
Lol < g _ < < 9o~ (O5+R)T _ 9,V =2k
el < sinfedl = e T A S coshl(05 7 M)A = ¢ ‘
Hence for k € N with k odd

lex| < me VTN < e 15T < 0.017 .

(=) sine = keN, |e <057 .

Then for k € N with k even, —e; = |ex| < |ex—1]| < 0.01m, such that

2 ) 1 1
—lex] < sineg| = <
m

<
cosh[—|ex| + (0.5 + k)7r] — cosh[(0.49 + k)m] —
< 267(0.49+k)71' — 260.017767(0.5+k)7r — 90.01m o=V =X

Thus for k£ € N with k even

lex| < 00T o=V =2

Hence upon comparing with the odd case, inequality (6.5]) holds. [l
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Ad equation (6.10). Observe that x(s) = J(s)J(—s) has a double root at {; = 0 and
simple real roots at +(; with (, =~ A\, < 0 for £ € N. The latter satisfy inequality .
Hence x(s) is of genus 0 and order  (the latter can be confirmed by Borel’s theorem [36],
Theorem 6, p. 69]). Consequently by Weierstrass’s factorization theorem, [36, pp. 54 -

57],
R () (O

where p(s) is a real polynomial. Now by Hadamard’s factorization Theorem, [36, pp. 74 -
75], the degree of p(s) cannot exceed 3. Hence p(s) is a constant such that

x(s) = coshv/scos /s — 1 = I(s)I(—s) = K*(—s?) H<1 — i) H<1 + i) ,
- G/ Gk
where K is a constant. Observe that near zero, for s real and small
2
1+( 5 )+o( ) —1=K*(-s) ,
1
whence K = % From these considerations one gets equation (|6.10)). U
Ad inequality (6.11]). By definition of n; we have:
= mo Ak
R(\y) = 1 A M) = — .
( k) H[ +:ul( k):|7 ,LL[( k) Cl >\l+)\k

=1
Note that in definition of 1;(A;) the second factor is positive and less than 1 and the first
factor is related to the relative error, i.e. small. Recalling that p = (4/3)(1+¢€)e ~ 0.01247,

€= e 1497 and (6.7) yield
VN
2 < (14 p)2m(1+ ) ©

i
)| < -
‘:ul( k)‘ = Cl )\ \/__)\l
where the last expression is the third one evaluated at [ = 1.
Therefore, since | (Ax)| < p(14p) ~ 0.01263 for all I € N, the graph of (—1,1) 5 z +——

Ny
p(1+p)
=Bl M) < Infl + p(Me)] < Bl M) VieN .

Combining we get then

(7.9) exp[ =6 luOwl| < ROW) < exp [ﬁz W]
I=1

where for all £ € NU {0}

- s V=X 27(1 0.017 1 &)

A
l <p(1+p)~001263 VieN

In(1 + z) yields that for g := — ~ 1.0064, there holds

A V= I=1
_ 4d+p)(+e 0017 ,—0.57 Z ol — AL+ p)(L + ¢) e™0Mmetom _
3 3 l—e

=1

A1 +pel+e)  p(l+p)
3(1—e7) l—e ™
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Thus for all £ € NU {0},

= —In[l - p(1+p)]
ﬂ;|m(>\k)| S —

1 1/(1—e™™)
This and 1p imply inequality (6.11) with R = [—] ~ 1.0134. 0
1—p(1+p)

INSTITUTE OF AUTOMATICS, ACADEMY OF MINING AND METALLURGY, AL.MICKIEWICZA 30, B1,
RM.314, PL-30-059 CrACOW, POLAND
E-mail address: pgrab@ia.agh.edu.pl

FACULTES UNIVERSITAIRES NOTRE — DAME DE LA PAIX, DEPARTMENT OF MATHEMATICS, REMPART
DE LA VIERGE 8, B-5000 NAMUR, BELGIUM
E-mail address: frank.callier@fundp.ac.be



	1. Introduction
	2. Preliminary data
	3. Asymptotic stability of the Lur'e feedback system
	4. Results similar to the Kalman–Yacubovic lemma
	4.1. Spectral factorization
	4.2. Preliminary analysis
	4.3. Main results

	5. Example 1: Distortionless loaded RLCG–transmission line
	5.1. Analysis of the case b0
	5.2. Analysis of the case b>0

	6. Example 2: Unloaded RC–transmission line
	7. Discussion
	7.1. A survey of known results on the solvability of Lur'e equations
	7.2. Conclusions

	References
	Appendix A: Derivation of Equation (3.9) 
	Appendix B: Error analysis concerning the Example of Section 6

