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Abstract

A set D of vertices in an isolate-free graph is a total dominating set if
every vertex is adjacent to a vertex in D. If the set D has the additional
property that the subgraph induced by D contains a perfect matching, then
D is a paired dominating set of G. The total domination number ~(G)
and the paired domination number ~,,(G) of a graph G are the minimum
cardinalities of a total dominating set and a paired dominating set of G,
respectively. The total domination stability (respectively, paired domination
stability) of G, denoted st.,(G) (respectively, st, (G)), is the minimum
size of a non-isolating set of vertices in G whose removal changes the total
domination number (respectively, paired domination number). In this paper,
we study total and paired domination stability in prisms.
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1. INTRODUCTION

A dominating set of a graph G with vertex set V(G) is a set D of vertices of G
such that every vertex in V(G) \ D is adjacent to a vertex in D. The domination
number of G, denoted by v(G), is the minimum cardinality of a dominating set.
A dominating set of G having cardinality v(G) is called a 7-set of G.

The concept of domination stability in graphs was introduced in 1983 by
Bauer, Harary, Nieminen and Suffel [5] and has been studied, for example, in [18].
Stability for other domination type parameters has been studied in the literature.
For example, total domination stability, paired domination stability, 2-rainbow
domination stability, exponential domination stability, and Roman domination
stability are studied in [1, 4, 7, 11, 14].

An isolate-free graph is a graph with no isolated vertex. A total dominating
set, abbreviated TD-set, of an isolate-free graph G is a set D of vertices of G
such that every vertex in V(G) is adjacent to at least one vertex in D. The
total domination number of G, denoted by ~,(G), is the minimum cardinality of
a TD-set of G. A TD-set of G having cardinality v,(G) is called a v;-set of G.
A vertex v is totally dominated by a set D in G if the vertex v has a neighbor in
D. Total domination in graphs is well studied in the literature [13].

The total version of domination stability was first studied by Henning and
Krzywkowski [11]. To define this formally, we call a set S C V(G) of vertices in
G a non-isolating set if the graph G — S is an isolate-free graph, where G — S
denotes the graph obtained from G by removing S and all edges incident with
vertices in S. Let NI(G) denote the set of all non-isolating sets of vertices of G.
The v, -stability of G, denoted st (G), is the minimum size of a non-isolating set
S of vertices in G whose removal decreases the total domination number. The
7, -stability of G, denoted stjt(G), is the minimum size of a non-isolating set
of vertices in G whose removal increases the total domination number, if such a
set exists. If no such non-isolating set exists whose removal increases the total
domination number, we define st?, (G) = oo. As a trivial example, st-, (Py) = 2
while st¥, (P;) = oco. The total domination stability of G (or the ~;-stability),
denoted st.,(G), is the minimum size of a non-isolating set S of vertices in G
whose removal changes the total domination number. Thus,

sty, (G) = Smin {1S|: (G = S) # w(G)} = min {st;(G), sthFt(G)} .
eNI(G)

A paired dominating set, abbreviated PD-set, of an isolate-free graph G =
(V,E) is aset D C V such that every vertex of G is adjacent to some vertex in D
and the induced subgraph G[D] contains a perfect matching M (not necessarily
induced). Two vertices joined by an edge of M are said to be paired. The paired
domination number of G, denoted by 7pr(G), is the minimum cardinality of a
PD-set of G, and a PD-set of G having cardinality v, (G) is called a vyp,-set of G.
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Necessarily, the paired domination number of a graph is an even integer. Since
every PD-set is a TD-set, we note that 14(G) < v (G) for all graphs G without
isolated vertices. The concept of paired domination was first introduced and
studied by Haynes and Slater in [10].

The paired version of domination stability was first studied by the authors
in [7]. Unless otherwise stated, let G be an isolate-free graph. The Ypr-stability
of G, denoted st (G), and the ~},-stability of G, denoted st (G), respectively,
are defined analogously to the total versions. The paired domination stability of
G (or the vp.-stability), denoted st . (G), is the minimum size of a non-isolating
set S of vertices in G whose removal changes the paired domination number.
Thus,

Sty (G) = sé?\rif(lc) {181:76:(G = 8) # p(G)} = min {st; (G), st (G)}.

Note that if no such non-isolating set exists whose removal increases the
paired domination number, we define stf;pr(G) = o0o. As a trivial example,
st} . (P5) = 1 while stjpr(P5) = oo. Following the original paper of Bauer et al.
[5], we consider the null graph Ky (also called the order-zero graph), which is
the unique graph having no vertices and hence has order zero, as a graph. As
observed in [7], considering the null graph, the total domination and paired dom-
ination stability of a non-trivial graph is always defined. If G is a graph of order
n and y(G) = 2, then st7, (G) = n since removing all vertices from the graph
G produces the null graph with total domination number zero. Analogously, if
G is a graph of order n and 7y (G) = 2, then st; (G) = n. Hence, it is only of
interest for us to consider isolate-free graphs G with +;(G) > 3 when determining
st,(G), and with v, (G) > 4 when determining st} (G).

A perfect dominating set D in a graph G is a dominating set of G in which
every vertex of G is dominated by exactly one vertex in D. Thus, if a graph G
has perfect dominating set, then the set Ng[v] for all v € D, partition the set
V(G). It is clear that a perfect dominating set for a graph G is necessarily a
~-set of G.

The Cartesian product G H of graphs G and H is the graph whose vertex
set is V(G) x V(H) and two vertices (g1, h1) and (go, ha) are adjacent in G O H
if either g1 = ¢go and hihg is an edge in H, or h1 = he and g1¢g2 is an edge in G.

The prism of a graph G is the graph GO K». Thus, it is defined by taking two
disjoint copies GG1 and G35 of G, called layers, and adding an edge between each
pair of corresponding vertices. For each vertex v in G we denote its equivalent
in G; by v; for i € [2], and refer to the vertices v; and ve as partners. If G
is a bipartite graph, then we call the prism G U Ky the bipartite prism of G.
If G is a cycle, then we call the prism G O Ky a cycle prism of G. It should
be mentioned that the Cartesian products of graphs have wide applications to
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numerous problems of theoretical computer science, where the information nets
are very often modelled by prisms.

The relationship between domination parameters in the graph and its prism
have been studied extensively. In particular, we note that total domination and
paired domination in prisms have been studied, for example, in [3, 6, 9, 16].

Figure 1. The hypercube Q3.

We denote by @,, the n-dimensional hypercube, and so ),, can be represented
as the n'! power of Ky with respect to the Cartesian product operation [, that is,
Q1 = Ko and @, = Qn—1 0 K> for n > 2. The vertices are represented by binary
sequences of length n and two vertices are adjacent if the corresponding sequences
differ in exactly one coordinate. Note that the hypercube @3, illustrated in
Figure 1, is the bipartite cycle prism of Cjy.

For notation and graph theory terminology we generally follow [13].

2. KNOWN RESULTS AND MOTIVATION

We recall first trivial lower bounds on the total and paired domination numbers
of a graph in terms of the maximum degree of the graph.

Observation 1. If G is an isolate-free graph of order n and mazximum degree A,
then v(G) > [%] and Ypr(G) > 2 [%W

Let G be a graph, and consider the prism G K5 formed by taking two disjoint
copies G1 and G9 of G. Let D be a y-set of G, and let D; be the set of vertices in G;
corresponding to D for i € [2]. The set D1 UD3 is a PD-set of G, with each vertex
of Dy paired with its neighbor in Dy. Thus, v,:(G) < |D1|+|D2| = 2|D| = 27(G).
We state this observation formally.

Observation 2. If G is a graph, then v(G O Kj3) < v (GO K2) < 2v(G).

Azarija, Henning, and Klavzar [3] proved that if G is a bipartite graph, then
we have equality throughout the inequality chain in Observation 2. A simple
proof of this result was given in [6].

Theorem 3 [3]. IfG is a bipartite graph, then v(GOK2) = vpr(GOK3) = 2v(G).
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It is also shown in [3] that the bipartite condition in the statement of Theo-
rem J is essential.

The ~, -stability and the total domination stability of paths and cycles is
computed in [11], while the 7,,-stability and the paired domination stability of
paths and cycles is computed in [7]. In the introductory paper [7] on paired
domination stability, it is shown that the paired domination stability of a graph
can be very different from its domination or total domination stability.

Our aim in this paper is to study total and paired domination stability in
prisms. We show that the difference between ~,-stability and ~;-stability is
a small constant for some special but useful class of the Cartesian products.
Additionally, 7y, is very close to ; for such graphs. In Section 3 we determine
7, -stability of cycle prisms (Theorem 6) and establish upper bounds for ’yt+ -
stability of these graphs (Theorems 7 and 8).

In Section 4 we determine ~,,-stability of cycle prisms (Theorem 19) and we
establish next upper bounds on the y;;—stability of these graphs (Theorem 21).

On the other hand, the following result establishes an upper bound on the
7; -stability and ~,,-stability of a general graph in terms of its maximum degree.

Theorem 4. If G is a connected graph with mazximum degree A, then the fol-
lowing holds.

(a) ([11]) If %(G) = 3, then st7,(G) < 2A — 1, and this bound is sharp.

() ([7]) If vpu(G) = 4, then st} (G) < 2A, and this bound is sharp.

Both bounds in Theorem 4 are tight for an infinite family of trees, as shown
in [7, 11]. In Section 4.1 we prove that the bound in Theorem 4(b) is tight for the
family of hypercubes, @, in the case when n = 2* for all ¥ > 1 (Theorem 12).

3. ToTAL DOMINATION STABILITY IN CYCLE PRISMS

In this section, we investigate total domination stability of a cycle prism. Recall
that for n > 3, v(C),) = {%] We begin by establishing the total domination
number of a cycle prism.

Proposition 5. For n > 3,

29(Cy) =1 if n=1(mod 6),

7(Cn D K) = { 2v(Ch) otherwise.

Proof. If n is even, then the result follows from Theorem 3. If n = 1 (mod 6),
then the result is known cf. [3, Proposition 16]. Suppose that n (mod 6) € {3,5}.
If n = 6k + 3 for some k > 0, then 4k + 2 = [(12k + 6)/3] = [2n/A] <
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Y(Cpn O K3) < 29(Cy) = 2[n/3] = 4k + 2. If n = 6k + 5 for some k£ > 0, then
4k +4 = [(12k + 10)/3] = [2n/A] < %(C,, O K3) < 2v(Cy,) = 2[n/3] = 4k + 4.
In both cases, we must have equality throughout the above inequality chains,
implying that v,(C,, O K2) = 2v(C},) when n (mod 6) € {3,5}. |

We note that the vertices totally dominated by a set D of vertices in a graph
G are precisely those vertices that have a neighbor in D. We are now in a position
to present a proof of the following result determining the «y, -stability of a cycle
prism.

Theorem 6. Forn >4,

1 if n=4(mod 6),
st,(Cn O Ks) = ¢ 2 if n(mod 6) € {1,2,5},
4 if n(mod 6) € {0, 3}.

Proof. For n > 4, let G = C,, 0 K5. Let G and G2 be the two layers of the
prism G, where G7 is the cycle vivs - --vyv1 and Go is the cycle ujus - - - upug.
Let G be obtained from G and Gy by adding the edges w;v; for i € [n]. Suppose
that n = 4 (mod 6), and so n = 6k + 4 for some k > 0. By Proposition 5,
v (G) = 4k + 4. Letting S = {u,}, the set D = {v,—1} U U?io{ugi_l,_Q,’Ugi_i_Q} is
a TD-set of G — S, implying that S is a non-isolating set of vertices in G such
that v(G — S) < |D| = 4k + 3 < %(G). Hence, st7, (G) < |S| =1, implying that
sto, (G) = 1.

Suppose that n = 1 (mod 6), and so n = 6k + 1 for some k& > 1. By Propo-
sition 5, 1 (G) = 4k + 1. If |S| = 1 and S is a non-isolating set of vertices
in G, then |V(G — S)| = 12k + 1 and A(G — S) = 3. Thus in this case,
(G —S) > [(12k + 1)/3] = 4k + 1 = %(G). Hence, if S is a non-isolating
set of vertices in G such that v(G — S) < 4k, then |S| > 2, implying that
sto, (G) > 2. Letting S = {un,v,}, the set D = U?ial{U3i+2,U3i+2} is a TD-set
of G — S, implying that st7, (G) < 2. Consequently, st_, (G) = 2.

Suppose that n = 2 (mod 6), and so n = 6k + 2 for some k£ > 1. By Propo-
sition 5, 1(G) = 4k + 2. Let S be a minimum non-isolating set of G such that
(G —S) <4k+1. Let D be a y-set of G — S, and so |D| = v(G - S) < 4k + 1.
Adding vertices to D if necessary, we may assume that |D| = 4k + 1. Thus, G[D]
consists of at least one component of odd order at least 3. This implies that at
least two vertices in D have a common neighbor in D, and therefore that the num-
ber of vertices totally dominated by D is at most 3| D|—1 = 3(4k+1)—1 = 12k+2.
Since the number of vertices totally dominated by D is |V(G—5)| = 12k+4—|S],
we have 12k+4—[S| < 12k+2, implying that st_, (G) = |S| > 2. We now consider
the set S = {v1,us}. Let Dy = {ug,us, uq,ve,v7}. If k=1, let D = Dy, while if
k>2 let D, =D U U?ﬁg {usi+1,v3i+1}. The resulting set Dy is a TD-set of
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G—S, implying that v(G—S) < |Dg| = 4k+1. Hence, st (G) < 2. Consequently,
sto, (G) = 2.

Suppose that n = 5 (mod 6), and so n = 6k + 5 for some k£ > 0. By Propo-
sition 5, v(G) = 4k + 4. Let S be a minimum non-isolating set of G such
that 1(G — S) < 4k + 3. Reasoning analogous to case when n = 2 (mod 6)
allows us to state that st (G) = |S| > 2. We now consider the set S =
{ul,U5}. Let D1 = {02,1)3,1)4}. If Kk =0, let D = Dy, while if & > 1, let
D, =D U U?ﬁ;l{u3i+1,vgi+1}. The resulting set Dy, is a TD-set of G — S, im-
plying that (G — S) < [Dg| = 4k + 3. Hence, st7 (G) < 2. Consequently,
sto, (G) = 2.

Suppose that n = 0 (mod 6), and so n = 6k for some k > 1. By Proposition 5,
7(G) = 4k. Let S be a minimum non-isolating set of G such that (G — S) <
4k —1. As previously, an easy calculation suffices to show that st_, (G) = [S]| > 4.
We now consider the set S = {uy,u2,ug,v1}. Let Dy = {vs,vq,v5}. If k =1,
let D = Dy, while if £ > 2, let D, = Dy U U?i;l{u3i+2,vgi+2}. The resulting
set Dy is a TD-set of G — S, implying that (G — S) < |Dy| = 4k — 1. Hence,
sto, (G) < 4. Consequently, st (G) = 4.

Suppose that n = 3 (mod 6), and so n = 6k + 3 for some k > 1. By Propo-
sition 5, 1(G) = 4k + 2. Once more, we omit the calculation showing that
sto,(G) = |S| > 4. We now let S = {uy,us,ug,v1} and Dy = {v3,v4,v5} U
U?EQ{U37;+2,U37;+2}. The resulting set Dy is a TD-set of G — S, implying that
(G — S) < |Dg| = 4k + 1. Hence, st (G) < 4. Consequently, st (G) =4. =

We next establish upper bounds on the v, -stability of a cycle prism. For
small values of n € {3,4,5}, we note that st¥, (C,, 0 K3) = co. Hence it is only
of interest to consider values of n > 6. Firstly, we determine the exact value of
the v, -stability of a cycle prism C,, 0 Ky when n = 0 (mod 3).

Theorem 7. Forn > 6 and n = 0 (mod 3),

3 ifn=0(mod 6),

" _
st (Cn D K2) = { 4 if n=3(mod 6).

Proof. For n > 6 and n = 0 (mod 3), let G = C,, 0 K. Let Gy and G2 be the
two layers of the prism GG, where G is the cycle vivs - - - v,v1 and Gy is the cycle
uiusg - - - Upu1. Let G be obtained from G; and Go by adding the edges u;v; for
i € [n]. We show firstly that st?, (G) > 3. By Proposition 5, 7(G) = 2n. For
i€ 3], let V; = {uj,v; : j =i(mod3)andj € [n]}. Let S be a minimum
non-isolating set of G such that (G — S) > %n Since each of the sets Vi, V5
and V3 is a TD-set of G of cardinality %n = v (G), we note that |[SNV;| > 1 for
all 4 € [3], implying that st¥, (G) = |S] > 3.

Suppose that n = 0 (mod 6), and so n = 6k for some k > 1. We show that in
this case, st¥,(G) < 3. By Proposition 5, v(G) = 4k. Let S = {u1,u3,us} and
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consider the graph G — S. If k = 1, then (G — S) =5 > 4 = v(G), implying
that st (G) < |S| = 3. Hence we may assume that k > 2. Every TD-set of G — S
contains the two vertices vo and v4. Let D be a ~;-set of G — S. We show that
|D| > 4k+1. Let V' = U?iﬁ{ui, v;} and let H = G[V']. Note that H is isomorphic
to Pg—1)+1 U K2. Suppose that v3 € D. If vs5 € D, then we can replace v5 in
D with the vertex ug or vy. If vgp € D, then we can replace vgg in D with the
vertex ugr—1. Hence, we may choose D so that D N {vs,ver} = 0, implying that
|ID| > Hv2,vs, 04} + % (H) = 3+ %(Pse—1)+1 O K2) = 3 + 29(Ps(r—1)+1) =
3+2(2(k—1)+1) =4k + 1.

Assume now that vs ¢ D. With this assumption, we can choose D so that
{v1,v9,v4,v5} C D. If vg € D, then we can replace vg in D with the vertex
u7. If vgp € D, then we can replace vgr in D with the vertex wugr_;. Hence,
we may choose D so that D N {vg,ver} = 0. In order to totally dominate the
vertices ug and ugg, this implies that uy € D and ugr—1 € D, respectively. Let
V" = V'\ {ves, v}, and let D' = DNV’ Thus, {ur,ugr—1} C D’ and the set
D’ totally dominates the set V”. Since |[V”| = 12(k — 1) and each vertex of D’
totally dominates at most three vertices, we note that |D’| > 4(k — 1).

We show that |D’| > 4(k—1). Suppose, to the contrary, that |D'| = 4(k—1).
This implies that each vertex of D’ uniquely totally dominates three vertices of
V. By our earlier observations, u7 € D’. Since ug has only one neighbor in V",
and since v7 has only two neighbors in V", we note that ug ¢ D' and vy ¢ D',
and therefore ug € D’. This in turn implies that D’ N {vs, ug, vg,uip} = 0.
Therefore, {vig,v11} C D’. If k = 2, then as observed earlier, u1; € D', and so
|D'| > 5 > 4(k — 1), a contradiction. Hence, k > 3. Since each vertex of D’
uniquely totally dominates three vertices of V| and since {vig,v11} C D', we
therefore have that D' N{u11, u12,v12,v13} = 0. Therefore, {u13,u14} C D’. This
in turn implies that D' N {v14, u15, v15, w16} = 0 and {v1g,v17} C D’. Continuing
in this way, for each i € [k — 1] we have {ug;+1, ugi+2, V6ita, Vsits} C D’. However
as observed earlier, ug,—1 = ugr—1)4+5 € D', implying that [D'| > 4(k —1) + 1, a
contradiction. Hence, |D'| > 4(k — 1). Therefore, |D| > 4 + |D'| > 4k = v(Q),
implying that st (G) < [S] = 3.

Suppose that n = 3(mod 6), and so n = 6k + 3 for some £k > 1. We
show that in this case, stf (G) < 4. By Proposition 5, v(G) = 4k + 2. Let
S = {u1,us,us,ur} and consider the graph G — S. If k = 1, then 3(G — S) =
7 > 6 = (G), implying that st¥,(G) < |S| = 4. Hence we may assume that
k > 2. Every TD-set of G — S contains the three vertices v, v4 and vg. Let D be
a y-set of G — 5. In order to totally dominate the vertex vy, we can choose D
so that v3 € D or v5 € D. By symmetry, we may assume that vs € D. With this
assumption, we can choose D so that vy € D in order to totally dominate the
vertex ve. Thus, {v1,v2,v4,v5,v6} C D. If v € D, then we can replace vy in D
with the vertex ug or the vertex vg. If v,, = vgr43 € D, then we can replace vgg13
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in D with the vertex ugr1o. Hence, we may choose D so that DN {v7, vgri3} = 0.
Let V' = {ugeys} U U {ui, v} and let D' = DNV, Since each vertex of
D’ totally dominates at most three vertices, in order to totally dominate the
12(k — 1) + 3 vertices in V' we note that |D'| > 4(k — 1) + 1 = 4k — 3. We show
that |D'| > 4k — 3. Suppose, to the contrary, that |D’| = 4k — 3. This implies
that each vertex of D’ uniquely totally dominates three vertices of V’. Since each
of ug and vg has only two neighbors in V’, this implies that D' N {ug,vs} = () and
therefore that {ug,v9} C D’. This in turn implies that D' N {u19, v10,u11,v11} =
(0, and therefore that {u12,v12} C D’. Continuing in this way, we have that
{usi,v3;} € D" and D’ N {uszit1,v3i41, usive, v3it2} = 0 for all i € [2k] \ {1,2}.
This implies that the vertex ugg3 is not totally dominated by D, a contradiction.
Hence, |D’| > 4k — 3. Therefore, |D| =5+ |D’| > 5+ (4k — 3) = 4k + 2 = v(G),
implying that st¥, (G) < |S] = 4.

It remains for us to show that sti, (G) > 4 in this case when n = 6k + 3 for
some k > 1. Let S be a minimum non-isolating set of G such that v(G—5) > 2n.
As shown earlier, |S| > 3. We wish to show that |S| > 4. Suppose, to the contrary,
that |[S| = 3. If £ =1 (and so, n = 9), then this can be readily checked. Hence
we may assume that k& > 2. By our earlier observations, |S NV;| > 1 for all
i € [3] where recall V; is the set of all vertices of G with subscript congruent to i
modulo 3. Thus, |[SNV;| =1 for all i € [3].

Suppose that S contains two adjacent vertices. Renaming vertices if neces-
sary, we may assume that {uy,us} C S. If vgias ¢ S, then (V3 \{u1})U{verrs} is
a TD-set of G — S of cardinality |Vi| = v(G). If vggs3 € S, then (Vo \ {uz})U{vs}
is a TD-set of G — S of cardinality |Va| = 7(G). Hence, v(G —S) < 1(G), a con-
tradiction. Thus, the set S is an independent set in G. A detailed case analysis,
which we omit, shows that 7.(G — 5) < v(G). We remark that our case analysis
relies heavily on the fact that n = 3 (mod 6). To illustrate this, consider an arbi-
trary vertex v of G. For notational convenience we may assume v = wu3. In this

case, the set D' = {v1,v2,v4,v5} U (Ule{ugi+1,u6i+2}> U (Uf;ll{v6i+4,v6i+5})
is a y-set of G — uz. Thus for example, if S = {u;,us,us}, then the set D' is
a TD-set of G — S, implying that 14(G — S) < |D'| = %(G), a contradiction.
Indeed, the fact that n = 3 (mod 6) implies that there are many ~y;-sets of G,
in addition to the sets Vi, V5 and V3, and one can guarantee that at least one

such set is always a TD-set of G — S in this case when |S| = 3, producing a
contradiction. Hence, |S| > 4, and so stf, (G) > 4. By our earlier observation,
st1,(G) < 4. Consequently, st¥, (G) = 4 in this case when n = 3 (mod 6). m

We present next a proof of the following result establishing upper bounds on
the v, -stability of a cycle prism C,, [0 Ko when n > 7 and n # 0 (mod 3).
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Theorem 8. Forn > 7 and n # 0 (mod 3),

5 4fn=1(mod 6),
stZZ(C’n OKs) << 7 ifn(mod6) € {2,5},
8 if n=4(mod 6).

Proof. For n > 6, let G = C), 0 K5. Let G; and G2 be the two layers of the
prism G, where G7 is the cycle vivs - --vyv1 and Go is the cycle ujus - - - upug.
Let G be obtained from G and G9 by adding the edges w;v; for ¢ € [n].

Suppose that n = 1 (mod 6), and so n = 6k + 1 for some k > 1. By Proposi-
tion 5, 7(G) = 4k +1. We let S = {u1,us,v1,v3,v5} and D be a y;-set of G — S.
Necessarily, {ug2,uq,v2} C D and we can choose the set D so that us € D. Let
V' = {ue} UULT {us, vi}.

In order to totally dominate the 12k — 9 vertices in the set V', the set
D contains at least 4k — 3 vertices in addition to the four vertices in the set
{ua, u4,us,v2}. Suppose that D contains exactly 4k—3 additional vertices. In this
case, each additional vertex uniquely totally dominates three new vertices. Hence
neither wugg41 nor vegr1 belong to D since both these vertices have degree 2 in
G — S. Hence, {ugk, vgr} C D in order to totally dominate the vertices ugg1 and
vgk+1. Since each of ugy and vgg uniquely totally dominates three vertices, this
implies that {ugx_2, usk—1, V6k—2, V6k—1} N D = 0 and that {uer_3,vex—3} C D.
Continuing this argument, we have that U?ig){u;),i, v3;} C D.

At least two additional vertices are needed to totally dominate the three
vertices vg, uy and vz, implying that in addition to the vertices in {usg, u4, us, v},
the set D contains at least 2 + 4(k — 1) = 4k — 2 additional vertices to totally
dominate the vertices in V', a contradiction. Therefore, the set D contains at
least 4k — 2 vertices in addition to the vertices in {ug,uq, us, v2}, implying that
V(G — S) = |D| > 4k + 2 > %(G). Thus, st¥,(G) < |S] = 5.

Suppose that n = 2 (mod 6), and so n = 6k + 2 for some k > 1. By Proposi-
tion 5, v(G) = 4k + 2. Let S = {u1,v1,us, v3, us, vs,v7} and consider the graph
G — S. Let D be a y-set of G — S. Necessarily, {ug, v, ug, v4,us} C D and we
can choose the set D so that u7 € D. If k = 1, then the vertex ug is needed in
D to dominate the vertex vg, implying that v(G — S) = |D| =7 > 6 = %(QG).
Suppose that k£ > 2 and let V' = {vg} U U?ﬁg‘z{ui, v}

In order to totally dominate the 12k — 11 vertices in the set V', the set
D contains at least 4k — 3 vertices in addition to the six vertices in the set
{ug, vo,uyq,vq,ug,u7}. Thus, |D| > 6 + (4k — 3) = 4k + 3 > (G). Hence,
st1,(G) < |S|=T.

Suppose that n = 5 (mod 6), and so n = 6k + 5 for some k& > 1. By Propo-
sition 5, v(G) = 4k + 4. As in the previous case when n = 2 (mod 6), we let
S = {uy,v1,us,v3, us,vs,v7} and consider the graph G — S. Let D be a y;-set of
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G — S. Necessarily, {ug,v2,us,v4,u6} C D and we can choose the set D so that
uz € D. Let V! = {vg} U {ui, v}

In order to totally dominate the 12k — 5 vertices in the set V', the set
D contains at least 4k — 1 vertices in addition to the six vertices in the set
{u2,v2,us,v4,us,u7}. Thus, |D| > 6+ (4k — 1) = 4k +5 > (G). Hence,
stjt(G) <|S|=T.

Suppose that n = 4 (mod 6), and so n = 6k + 4 for some k > 1. By Proposi-
tion 5, 7 (G) = 4k + 4. Let S = {uy,v1,us, v3, us, vs, v7,v9} and let D be a ~y;-set
of G — S. We show that |D| > 4k + 5. Necessarily, {ua, v2, us,v4,ug, ug} C D
and we can choose the set D so that uy € D. If k = 1, then {ug,u10} € D or
{u10,v10} € D, and so |D| > 9 = 4k + 5, as claimed. Hence we may assume
that & > 2. Suppose that ug ¢ D. In this case, |D| = 7+ v¢(Por—s O K2) =
T4+ 2y(Psk—s) =74+ 2(2k — 1) = 4k + 5 > %(G). Assume now that ug € D and
let V' = {vio} U Uy {ui, vi}-

In order to totally dominate the 12k — 11 vertices in the set V', the set
D contains at least 4k — 3 vertices in addition to the eight vertices in the set
{ug, vo, uq, vy, ug, w7, us, ug}. Thus, |D| > 8 + (4k — 3) = 4k + 5. Hence in all
cases, | D| > 4k 45 > y(G), implying that st¥, (G) < [S] = 8. n

As an immediate consequence of Theorems 6, 7 and 8 we have the following
result on the total domination stability of a cycle prism.

Corollary 9. Forn > 4,
if n = 4 (mod 6),
if n (mod 6) € {1,2,5},

if n =0 (mod 6),
if n =3 (mod 6).

St% (Cn O K2> =

B~ W N =

Proof. By Theorems 6, 7 and 8, the only remaining case that needs to be covered
now is the fact that the ~; -stability of C,, (0 K3 is greater than 1 in cases when
n(mod 6) € {1,2,5}. Let v be an arbitrary vertex of C,, 0 K3. We remark that
removing one vertex from C, J Ky does not produce isolated vertices. It is easily
seen that there is a y4-set D of C), 0 Ky such that v ¢ D. Hence, D is a TD-set
for (Cr, 0 K3) — {v}, so we conclude that st (Cy, 0 K3) > 1. u

It remains an open problem to determine the exact value of the 7;' -stability
of a cycle prism C,, 0 Ky for n > 7 and n # 0 (mod 3).

4. PAIRED DOMINATION STABILITY IN PRISMS

In this section, we investigate paired domination stability of a prism. We consider
three types of prisms, namely hypercubes, bipartite prisms, and cycle prisms.
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4.1. Hypercubes

In this subsection, we consider the class of prisms called hypercubes @, for n > 1.
Recall that Q1 = Ko and @, = Qn—1 O Ky for n > 2. To determine v(Q»)
turns out to be an intrinsically difficult problem. To date, exact values are only
known for n < 9, and for two infinite families of hypercubes. These results are
summarized in Table 1 and Theorem 10. The result v(Qg) = 62 in Table 1 due
to Ostergard and Blass [17] actually presented a breakthrough back in 2001.

5 6 7 8 9
7 12 16 32 62

4
4

Y(Qn) | 1

Table 1. Domination numbers of hypercubes up to dimension 9.

Theorem 10 [3]. If k > 1, then v(Qqr_1) = 2271 and v(Qq) = 22"

A code in a graph G = (V, E) is a subset C' C V such that any two vertices
of C are at distance at least 3 in G. A perfect code is a code C with the property
that C is a dominating set in G, cf. [15]. The first assertion of Theorem 10 is
based on the fact that hypercubes Qqx_; contain perfect codes, cf. [8], and the
domination number of a graph with a perfect code is equal to the size of such a
code. We note that @,, contains a perfect code if and only if n = 2¥ — 1 for some
k> 1. The second assertion of Theorem 10 is due to van Wee [19].

As a consequence of Table 1 and Theorem 3, the exact values of v, (Qy,) for
n < 10 are given in Table 2.

6 7 8 9 10
14 24 32 64 124

n

'Ypr(Qn)

Table 2. Paired domination numbers of hypercubes up to dimension 10.

4 5
4 8

Arumugam and Kala [2] established the following upper bound on the dom-
ination number of a hypercube.

Theorem 11 [2]. For all n > 7, we have v(Q,) < 2"73.

Total domination in Cartesian products has been studied in [12]. We focus
on the paired domination and paired domination stability in hypercubes.

We are now in a position to prove the following theorem, that establishes the
existence of a 2¥-regular connected graph G, where k can be chosen arbitrarily
large, satisfying st,;pr(G) = 2A(G). Thus, the family of hypercubes @, where
n = 2 for some k > 1, shows that the upper bound in Theorem 4(b) is tight.

Theorem 12. If Q,, is a hypercube such that n = 2, for k > 1, then
St’;pr (Qn) = QA(QH) = 2k+1‘
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Proof. Let n = 2* for some integer k > 1, and consider the hypercube Q,,. We
note that [V (Q,)| = 2" and A(Q,) = n = 2¥. By Theorem 3 and Theorem 10,
we have that v, (Qn) = 27(Qn—1) = 2-2" k=1 = 27~k Suppose that there exists
a non-isolating subset S of vertices in the hypercube @, such that v, (Qn —5) <
Ypr(Qn) and |S| < 2A(Q,) — 1 = 25T — 1. Thus, [V(Qn — 9)| = |V(Qn)| —|S| >
2" — 2k+1 1 1. We note that A(Q, — S) < A(Q,) = 2. By Observation 1, we
therefore have

V(Qu—S)| _ [2" =21 +1] .y
Yor(Qn — ) > NG >{ o7 -‘—2 ~ 1.

Since the paired domination number of a graph is an even integer, this im-
plies that vp(Qn — 5) > 2% = ~4,,(Qn), a contradiction. Hence, every non-
isolating subset S of vertices in the hypercube @), such that v, (Qn—S5) < Ypr(Qn)
has cardinality at least 2A(Q),), that is, st;pr(Qn) > 2A(Qy). By Theorem 4,

sty (@Qn) < 2A(Qn). Consequently, sto (Qn) = 2A(Qy) = 2k+1, ]

We establish next the upper bound on the W;Fr—stability of a class of connected
bipartite prisms.

Proposition 13. If G = (X,Y; E) is a connected bipartite graph, with v(G) <
min{| X|, |Y|}, then st,Jerr(G 0 K3) < min{|X|, |Y|}.

Proof. Let G = (X,Y; E) be a connected bipartite graph with v(G) < min{|X|,
|Y'|}. Without the loss of generality, let min{|X]|, |Y|} = |X| =k and let G; and
G2 be two copies of G that form a graph G 1 Ky by adding a perfect matching
between corresponding vertices in G1 and Gs. Let X; and Y; be the two partite
sets of G; for i € [2]. Renaming the sets if necessary, we may assume that there is a
perfect matching between the vertices of X; and Xy (respectively, between Y; and
Y>) in GO K». Note that v, (GO K3) < 2k since we can choose a dominating set
in G; and its corresponding set in G3_;. Let H be the (connected) graph obtained
from GO K9 by removing the vertices in the set X1, and so H = GO Ky — X;1. We
note that each vertex in Y; has degree 1 in H. Further, the (unique) neighbor
in H of each vertex in Y7 belongs to the set Y. Thus, each vertex of Y5 is a
support vertex in H, and therefore belongs to every PD-set of H. Since the set
Y5 is an independent set, this implies that every PD-set of H has cardinality at
least 2|Y2| > 2| Xa| = 2k > 7, (G O K3). Hence, the set X; is a non-isolating set
of vertices of G O K3 such that (GO Ky — X1) > (G O K3), implying that
St,Jyrpr(GDKg) <k= |X1| |

From Proposition 13 we can immediately conclude the following result.

Corollary 14. For n > 4, we have stjpr(Qn) <2n2,
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Proof. Let G = Q,, for some n > 4. We show that v, (G) < 277! for all n > 4.
By Table 2, this is true for small n € {4,5,...,10}. For n > 11, by Theorems 3
and 11, we have that yp; (G) = 27(Qn—1) < 2-2""% < 2771 Thus, v, (G) < 277!
for all n > 4. Further, with reasoning as in the proof of the Proposition 13 we
conclude that the result follows. ]

It remains an open problem, however, to determine the exact value of the
fy;“r—stability of a hypercube @, for n > 4.

4.2. Bipartite prisms

In this section, we study bipartite prisms. For this purpose, we first determine
the v~ -stability of a regular graph.

Lemma 15. For r > 2, if G is an r-reqular graph that contains a perfect domi-
nating set, then st (G) =1+ 1.

Proof. Let G be an r-regular graph of order n that contains a perfect dominating
set. Since any perfect dominating set is necessarily a minimum dominating set, we
have n = k(r+1) for some integer £ > 1, and v(G) = k. Let S be a set of vertices
of G such that v(G — S5) <~v(G) —1 =k — 1. We note that |[V(G - S)| =n—|95]
and A(G — 5) < A(G) =r. Thus,

VG=8) _ n-|s|
AG=S)+1~ r+1’

E—1>~(G-5)>

and so, |S| >n—(k—1)(r+1) =k(r+1)— (k—1)(r +1) = r+ 1, implying
that st (G) > r + 1. However, if D is a perfect dominating set of G' and v € D,
then removing v and all its neighbors from G produces a graph with domination
number [D| —1 = 7(G) — 1, implying that st; (G) < r + 1. Consequently,
sty (G) =r+ 1. ]

We are now ready to prove a sharp upper bound on the -, -stability of a
bipartite prism.
Theorem 16. If G is a bipartite graph, then
sty (GO K) < 2st (G),
and this bound is sharp.

Proof. Let G be a bipartite graph, and consider the prism G [ K5 formed by
taking two disjoint copies G1 and G2 of G. Let S be a non-isolating set of vertices
in G such that v(G — S) < y(G) and [S]| = st (G). Let D be a y-set of G — S.
Let D; and S; be the set of vertices in G; corresponding to the sets D and S,
respectively, in G for i € [2].
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We note that the set S; U .S is a non-isolating set of vertices in G [ K.
Further, we note that the graph (GO K2)—(S1US2) is isomorphic to (G—S)0 K.
Additionally, in the graph (G O K3) — (51 U S2) every vertex of the set D; is
adjacent to its partner in Ds. Hence, Dy U Dy is a PD-set of (G — S) O Ko.
Therefore, S1U.Ss is a non-isolating set in G 0 Ky such that v, ((GOKy) — (S1 U
S2)) < |D1 U Dy| =2|D| =2v(G - S) < 29(G) = 7pr(G O K3). Consequently,
St;pr(GD KQ) < ‘Sl U SQ’ = 2’5’ = QSt;(G).

It remains to show that this bound is tight. This may be seen by taking,
for example, G to be a hypercube Q,,, where n = 2¥ — 1 for some k > 1. In
this case the graph G 0 K» is isomorphic to Q,4+1, where n + 1 = 2¥. Thus
by Theorem 12, we have st (G U K3) = sty (Qnt1) = 2A(Qp41) = 2(n + 1).
As observed earlier, the hypercube G = Q91_; contain a perfect code, that is,
the graph G contains a perfect dominating set. This implies by Lemma 15 that
sty (G) = st (Qn) = A(Qn) +1=n+ 1. Thus, st] (GO K3) = 2st (G). n

We present next an additional example of a class of graphs G achieving
equality in the upper bound of Theorem 16. For & > 1, let G be the graph
constructed as follows. Consider two copies of the path Py with respective vertex
sequences ajbjagby - - - agbor, and cydicads - - - coday. For each i € [2k], join a; to
d; and b; to ¢;. To complete the construction of the graph Gy, add the two edges
abor and cidg,. Let G = {Gor, : k > 1}. The graph G4 € G is illustrated in
Figure 2, where the framed vertices form a y-set of G4. We note that Gof is a
cubic graph of order 8k for all k£ > 1, and that Gy contains a perfect dominating
set. In particular, v(Gay) = 2k.

Figure 2. A graph G4 € G.

Proposition 17. If G € G, then st} (G U K3) = 2st (G).

Proof. Let G be an arbitrary graph in the family G, and so G = Gy, for some
k > 1. Thus, 7(G) = 2k. The graph G is a 3-regular graph that contains a
perfect dominating set, and so by Lemma 15, we have st (G) = 4.

We show next that st;pr(G O K3) = 8. Let G; and Gg be the two layers
of the prism G [0 Ks. Let D be a y-set of G, and let D; be the set of vertices
in G; corresponding to the set D in G for i € [2]. The set D; U Dy is a PD-
set of G O K3, and so v, (G O K3) < |D1| + |D2| = 2|D| = 2v(G) = 4k. Since
GOKj is a 4-regular graph of order 16k, by Observation 1 we have ,,(GOK3) >
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|[V(GOK,)|/A(GOK3) = 16k/4 = 4k. Consequently, v, (GOK2) = 4k. Let S be
a non-isolating set of vertices in GO K3 such that v, ((GOK2)—S) < v (GOK3),
and so vpr (GO K3) — S) < 4k — 2. We note that |V (GO K3) — 5)| = 16k — | S|
and A((GOK3) — S) < A(GO K3) = 4. By Observation 1,

V(GO Ky) = S)| _ 16k - |S]
A(GOKy) —8) = 4

4k —2 > e (GO K3) = 5) >

and so, [S| > 8, implying that st} (GOK3) > 8. However, removing from the
Ypr-set D1 U Do of G U Ky a vertex vy € Dy and its partner vo € Do, and all
their neighbors in G O K, produces a graph with PD-set (D U D2) \ {v1, va}.
Thus, there exists a set of eight vertices whose removal from GUKs decreases
the paired domination number, implying that st (GUK>) < 8. Consequently,
St;pr (GDKQ) = 8. |

4.3. Cycle prisms

As observed earlier, for n > 3, v(Cy,) = [n/3]. We show first that the result of
Theorem 3 can be extended to (odd) cycles.

Proposition 18. If G is a cycle, then v (G O K3) = 2v(G).

Proof. For n > 3, let G be a cycle C,, and consider the cycle prism of GG, namely
G O K,. We note that |V(G O K3)| = 2n and that G O K> is a cubic graph. By
Observations 1 and 2, we have

2[2] =2 [22"31 —9 [m} < (GO K) < 24(6) = 2[5

Consequently, we must have equality throughout the above inequality chain. In
particular, v, (G O K2) = 2v(G). |

We are now in a position to determine the v, -stability of a cycle prism.
Theorem 19. Forn > 4,

2 ifn(mod 6) € {1,4},
st, (Cn O K3) =4 4 if n(mod 6) € {2,5},
6 if n(mod 6) € {0,3).

Proof. For n > 4, let G = C,, J Ky. Let G1 and G5 be the two layers of the
prism G used to build the graph G, where G is the cycle vivs - - - vv1 and Gg is
the cycle uqus - - - upui. Let G be obtained from G and G2 by adding the edges
u;v; for i € [n].

Suppose that n = 1 (mod 6), and so n = 6k + 1 for some k& > 1. By Propo-
sition 18, ypr(G) = 2v(Copp1) = 2 [EF] = 4k + 2. If |S| = 1, then |V(G — 9)
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= 12k + 1 and A(G — S) = 3. Thus in this case, (G — §) > 2 [12EH] =
4k + 2 = yx(G), a contradiction. Hence, [S| > 2, implying that st} (G) > 2.
Letting S = {uy,v1}, the graph G — S is isomorphic to P, O Ko. In this case,
by Theorem 3 we have vp (G — §) = 2y(Pgi,) = 2 {%ﬂ =4k < 4k + 2 = v, (G).
Thus, S is a non-isolating set of vertices in G such that vp:(G — §) < pe(G),
implying that st (G) < 2. Consequently, st} (G) = 2.

Suppose that n = 4 (mod 6). With computations analogous to the case when
n = 1 (mod 6) we obtain the desired result.

Suppose that n = 2 (mod 6), and so n = 6k + 2 for some k > 1. By Proposi-
tion 18, v (G) = 27(Cerr2) = 2 [EF2] = 4k + 2. If |S| < 3, then |V(G — 5)| >
12k 41 and A(G —S) = 3. Thus in this case, Y (G —S5) > 2 [%W =4k+2 =
Ypr(G), a contradiction. Hence, [S| > 4, implying that st} (G) > 4. Letting
S = {uq,v1,u2,v2}, the graph G — S is isomorphic to Py 0 Ko. Thus, by Theo-
rem 3 we have v (G — ) = 2y(Psi,) = 2 [%] =4k < 4k + 2 = v, (G). Hence,
S is a non-isolating set of vertices in G such that v, (G — S) < vpr(G), implying
that st (G) < 4. Consequently, st (G) = 4.

Suppose that n = 5 (mod 6). The result is obtained by analogous reasoning
as in the case when n = 2 (mod 6).

Suppose that n = 0 (mod 6), and so n = 6k for some k > 1. By Proposi-
tion 18, Ypr(G) = 27(Cex) = 2 [S£] = 4k. If |S| < 5, then |V(G — §)| > 12k — 5
and A(G — S) = 3. Thus in this case, vp:(G — S5) > 2 [122’??:5] = 4k = 7 (G),
a contradiction. Hence, [S| > 6, implying that st} (G) > 6. Letting S =
{u1,v1,u2,v2,us,v3}, the graph G — S is isomorphic to Pg—3 O Ks. Thus, by
Theorem 3 we have v, (G — §) = 2v(FPer—3) = 2 [GICT*SW =4k — 2 < 4k = 7 (G).
Hence, S is a non-isolating set of vertices in G such that v, (G — S) < e (G),
implying that sty (G) < 6. Consequently, st} (G) = 6.

Suppose that n = 3 (mod 6). The calculations are analogous to the case
when n = 0 (mod 6). |

We next consider the V;Q—stability of a cycle prism C,, 1 K5. For small values
of n € {3,4,5,7}, we note that st} (C, O Kz) = co. Hence it is only of interest
to consider values of n where n > 6 and n # 7. For this purpose, we prove an
additional lemma.

Let G be a path Py for some k > 1, and consider the prism G K5 formed by
taking two disjoint copies G1 and Go of G. Thus, G1 and G are the two layers
of the prism, G K». If £ = 1, then (G} is isomorphic to Kj, and we let Lj be
obtained from G [J Ks by attaching two leaf neighbors to the vertex of G;. Thus,
Ly is isomorphic to K 3. For k > 2, let Lj, be a graph of order 2k + 2 obtained
from G O K3 by attaching a leaf neighbor to each end-vertex of the path Gj.
Let £ be the family of all such graphs Ly, and so £ = {Lg:k > 1}. We proceed
further with the following lemma that computes the paired domination number
of a graph that belongs to the family L.
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Figure 3. The graph Ls from the family L.

Lemma 20. If G is a graph in the family L with order n, then

2 {%] if n # 0(mod 12),
Yo (G) = { % +2 ifn=0(mod 12).

Proof. Let G € L have order n, and so G = Ly, for some k > 1. Let G1 and G»
be the two layers of the prism P[] K5 used to build the graph G, where G is the
path vivsg - - - v and G is the path ujus - - - ug. Let G be obtained from G and Go
by adding the two new vertices vyp and vg41, and adding the edges vovi, VEVEL1,
and the edges u,;v; for ¢ € [k]. We note that A(G) = 3 and |V(G)| =n = 2k + 2.
Thus, by Observation 1, we have v5,:(G) > 2 [%] = 2 [%]

Claim 1. If n # 0 (mod 12), then 7p(G) = 2 [E£1].

Proof. Suppose that n # 0 (mod 12), implying that & # 5 (mod 6). We show
that v, (G) < 2 [%] We proceed by induction on k > 1. If k =1 or k = 2,
then let D = {vj,ve}. If k = 3, then let D = {uy,v1,us,v3}. If & = 4, then
let D = {u1,v1,uq,v4}. If k =6, then let D = {uy,v1,uq,v4,u6,v6}. In all four
cases, the resulting set D is a PD-set of G and satisfies |D| = 2 {%] This
establishes the base cases. Let k > 7, and assume that if G’ = Lj for some &’
where 1 <k’ < k and k' # 5 (mod 6), then v, (G') = 2 {%—‘ We now consider
the graph G = L. Let S = {vg, v1, v, U3, Vg—2, Uk—1, Uk, Vk+1 U{u1, U2, ug—1, ug }.

We note that the set D = {v;,ve,vp_1,vx} is a PD-set of the subgraph, G[5],
of G induced by the set S. Let G’ = G — S, and note that G’ is isomorphic to
Ly, where k' = k — 6. Thus, 1 < k¥’ < k and ¥ # 5(mod 6). Applying the
inductive hypothesis to G’, we have v, (G') = 2 [%1 =2 [%] — 4. Thus,

Vor(G) < Ypr(G') + vpe(G[S]) < (2 [ — 4) +4 = 2 [E2], as desired. Hence,

by induction, v, (G) < 2 {%] As observed earlier, we have v, (G) > 2 (%w

@"
3

Consequently, vpr(G) =2 | . This completes the proof of Claim 1. O

By Claim 1, we may assume that n = 0 (mod 12), for otherwise the desired
result follows. With this assumption, £ > 5 and k£ = 5 (mod 6).

Suppose that k = 5, and so G = Ls. Let D be a y;,-set of G. Since D contains
all support vertices of G, we have {v1,v5} C D. In order to dominate the vertex
us, the set D contains a vertex v € Ng[ug]. Thus, letting A = {v, v1,v5}, we note
that the independent set A is a subset of D, implying that v,.(G) > 2|A| = 6.
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Conversely, the set {v1, ve, us, vs, v, v5} is a PD-set of G (with v; and vy paired,
uz and vz paired, and vs and vs paired), and so v (G) < 6. Consequently,
Ypr(G) = 6 = % + 2 and this establishes the base case as we will further proceed
with induction on k.

We show firstly that when k£ > 5 and k£ = 5 (mod 6), we have v, (G) < § +2.
Let k > 11, and assume that if 5 < k&’ < k where k' = 5 (mod 6), then ~p(Lg) <
L;'Q + 2. Let the set S be defined as in the proof of Claim 1. As before, we
note that vpr(G[S]) < 4. Let G’ = G — S, and note that G’ is isomorphic to
Ly, where k' = k — 6. Thus, 5 < k¥ < k and ¥’ = 5(mod 6). Applying the
inductive hypothesis to G’, we have 7, (G’) < Zklgi +2=2k2_9o_12_2
Thus, Yp: (G) < Ype(G') + 702 (G[S]) < (§ — 2) +4 = § + 2, as desired.

We show next that when & > 5 and k = 5 (mod 6), we have v,:(G) > § + 2.
Let k > 11, and assume that if 5 < k&’ < k where k¥’ = 5 (mod 6), then v, (Lg) >
L;'Q + 2. Let D be a ~yy-set of G. Since D contains all support vertices of G,
we have {vy,vx} C D.

We show that we can choose D so that vo € D and the vertices v; and vy are
paired in D. Suppose that the vertex v is paired with w; in D. (The case when
vy is paired with vy is analogous.) If vy ¢ D, then we can simply replace u; in
D with the vertex vo, and in the resulting set pair v; and vo, as desired. Hence,
we may assume that ve € D. If vy is paired with us, then we can simply replace
the pairs v1 and uq, and vo and wue, with the new pairing v; and vo, and uq and
ug, to yield the desired result. Hence, we may assume that vs is paired with vs.
If now u3 € D, then we contradict the minimality of the set D. Hence, uz ¢ D.
In this case, the set D' = (D \ {u1}) U {us} is a new vyp-set of G, with v; and vy
paired, and uz and vz paired in D’, once again yielding a vp-set of G with the
desired property that v; and vy are paired in the set. Hence, we may choose D
so that vo € D and the vertices v1 and vy are paired in D.

With this choice of D, we note that vg ¢ D. If uy € D, then uy € D and u;
and uo are partners in D. In this case, the vertex u; is only needed to partner
the vertex us, and we can replace u; in D with the vertex uz. Hence, we may
assume that u; ¢ D. If vg3 € D, then we can replace v3 in D with the vertex
ug. Hence, we may further assume that vs ¢ D. If ug € D, then uz € D with
u9 and ug paired, and we can replace uo in D with the vertex u4. Hence, we can
choose the set D so that D N {vg,v1,ve,v3,u1,us} = {v1,v2}. Analogously, we
can choose the set D so that D N {vg_2,vk—1, Vg, Vk+1, Ug—1, Uk} = {Vk—1, Uk}

Let the set S be defined as in the proof of Claim 1, and consider the graph
G' = G — S. We note that G’ is isomorphic to L/, where ¥ = k — 6. Thus,
5 <k <k and k' =5 (mod 6). By our choice of the set D, we note that the set
D" = D\ {v1,v2,v5-1,v;} is a PD-set of G’, and so v, (G') < |D'| = |D| — 4.
Applying the inductive hypothesis to G’, we have |D|—4 > ~v,,(G') > Lg“ +2=
242 _ 2 = % — 2. Thus, 7p(G) = |D| > % + 2, as desired. As proven earlier,
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Ypr(G) < § + 2. Consequently, v,:(G) = 5 + 2. This completes the proof of
Lemma 20. u

We are now in a position to establish upper bounds on the vﬁ—stability of a
cycle prism Cp, 1 K9 when n > 6 and n # 7.

Theorem 21. Forn > 6 andn # 7,

if n = 0 (mod 6),
if n(mod 6) € {2,3},
if n (mod 6) € {4,5},
if n =1 (mod 6).

sth (Cn O K) <

Sy U i W

Proof. Forn > 6 and n #7, let G = C,,[dK5. Let G; and G5 be the two layers
of the prism G used to build the graph G, where GG is the cycle vivy - - - vv1 and
G- is the cycle ujus - - - upuy. Let G be obtained from G; and G5 by adding the
edges w;v; for i € [n].

Suppose that n = 0(mod 6). In this case, n = 6k for some £ > 1, and
Ypr(G) = 4k. We consider the non-isolating set S = {u1,us, us}. Let D be a yp-
set of G—S. Since D contains all support vertices of G— S, we have {vy,v4} C D.
We can clearly choose the partner of vy in D as the vertex v1, and the partner of
vg in D as the vertex vs. Thus, DN{ug,vs,us} = 0. If k = 1, then vg € D in order
to dominate the vertex ug, implying that v, (G —5) = 6 > 4 = 4k = 7, (G), and
so st] (G) < |S| = 3. Hence, we may assume now that & > 2.

If v, € D, then we can replace v, in D with the vertex u,_1. If vg € D, then
we can replace vg in D with the vertex uy. Hence, we may further choose D to
contain neither vg nor v,. Let D1 = {v1,v2,v4,v5} and let G’ = G—(SUNg[D1]).
We note that G’ is isomorphic to Lgx_7 € L, and so G’ has order n' = 12(k — 1).
By Lemma 20, v, (G') = 2 [%ﬂ +2=2 [%-‘ + 2 = 4k — 2. By our choice
of the set D, the set D' = D\ D; is a PD-set of G’, and so vy (G') < |D'| =
|D| =4 = vpr(G—S) —4. Thus, 7pe(G—5) > 7 (G') +4 = 4k +2 > 4k = v (G).
This implies that st3 (G) < [S| = 3.

Suppose that n = 2 (mod 6). In this case, n = 6k + 2 for some k& > 1, and
Yor(G) = 4k + 2. We consider the non-isolating set S = {uy, us, us,ur}. Let D
be a yp-set of G — S. Since D contains all support vertices of G — S, we have
{va,v4,v6} C D. We can choose D so that the partner of ve in D as the vertex vy,
the partner of vg in D as the vertex vy, and the partner of v4 in D as either the
vertex vsg or vs, say vs. If k =1, then vg € D in order to dominate the vertex us,
implying that 7, (G — §) = 8 > 6 = 4k + 2 = y,,(G), and so st (G) <[S] = 4.
Hence, we may assume now that k > 2.

If v,, € D, then we can replace v, in D with the vertex u,_1. If vg € D,
then we can replace vg in D with the vertex ug. Hence, we may further choose
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D to contain neither vg nor v,. Let D; = {v1,v2,v3,v4,v6,v7} and let G' =
G — (S U Ng[D1]). We note that G’ is isomorphic to Lgr—7 € £, and so G’ has
order n’ = 12(k — 1). By Lemma 20, 7;,:(G’) = 4k — 2. By our choice of the set
D, the set D' = D\ Dy is a PD-set of G/, and so v, (G') < |[D'| = |D| — 6 =
Ypr(G —8) — 6. Thus, v (G —8) > 1r(G') +6 = 4k +4 > 4k +2 = 4, (G). This
implies that st (G) < |S| = 4.

Suppose that n = 3 (mod 6). The reasoning is analogous as in the case when
n = 2 (mod 6).

Suppose that n = 4 (mod 6). In this case, n = 6k + 4 for some k£ > 1, and
Yor(G) = 4k + 4. We consider the non-isolating set S = {u1, u3, us, w7, ug}. Let
D be a ~yp-set of G —S. Since D contains all support vertices of G — S, we have
{va,v4,v6,v8} C D. Let Dy = {v1,v2,vs3,v4,05,v6,0s,v9}. We can choose D so
that Dy C D, where v; and vy are paired, vy and v4 are paired, vs and vg are
paired, and vg and wvg are paired. If k = 1, then vig € D in order to dominate
the vertex ujp, implying that v, (G — S) = 10 > 8 = 4k + 4 = ,,(G), and so
st (G) <[S] = 5. Hence, we may assume now that k > 2. We can now further
choose D to contain neither vig nor v,. Let G’ = G — (S U N¢g[D1]). We note
that G’ is isomorphic to Lgr_7 € L, and so G’ has order n’ = 12(k — 1). By
Lemma 20, v (G') = 4k — 2. By our choice of the set D, the set D' = D\ D,
is a PD-set of G', and so v (G') < |D'| = |D| =8 = 4p(G — S) — 8. Thus,
Yor(G — S) > Ype(G') +8 = 4k + 6 > 4k + 4 = ~(G). This implies that
st (G) < |S|=5.

Suppose that n = 5(mod 6). The case is analogous to the case when n =
4 (mod 6).

Suppose that n = 1 (mod 6). In this case, n = 6k + 1 for some k£ > 2, and
Yor(G) = 4k + 2. We consider the non-isolating set S = {1, us, us, ur, ug, u11}.
Let D be a Ypr-set of G—S. Let D; = {vl,vg,vg,v4,v5, Vg, U7, U8, U107U11}' We
can choose D so that D; C D, where v; and vy are paired, v3 and vy are paired,
vs and vg are paired, v7 and vg are paired, and vy and vy are paired. If k = 2,
then two additional vertices are needed in D, implying that v, (G — §) > 12 >
10 = 4k + 2 = (G), and so stf (G) < [S] = 6. Hence, we may assume now
that k > 3. We can now further choose D to contain neither vi5 nor v,. We let
G' = G — (SUNg[D1]), and note that G’ is isomorphic to Lg—g) € £, and so G

has order n’ = 12k — 22. By Lemma 20, v (G') = 2 [%/—‘ =2 [1%6%221 = 4k — 6.
By our choice of the set D, the set D’ = D \ D; is a PD-set of G’, and so
Vor(G') < |D'| = |D[ =10 = e (G — §) = 10. Thus, yp:(G — ) > 7e(G') +10 =
4k + 4 > 4k + 2 = y,;(G). This implies that st (G) <6. n

As an immediate consequence of Theorems 19 and 21, we have the following
result on the paired domination stability of a cycle prism.
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Corollary 22. Forn > 4, st (C,0K>) < 4, with strict inequality if n (mod 6) €
{0,1,4}.

It remains an open problem to determine the exact value of the 'y;;—stability

of a cycle prism C), [0 K5 for n > 6 and n # 7.
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