
Szymon Łukasik, 12 września 2007 PPAM 2007, Gdańsk – 1 / 17
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Let: G = (V,E) be a given graph with n vertices V connected withm
edges E
Graph Coloring Problem: Find an assignment of k colors to vertices
c : V → {1, . . . , k} , k ¬ n such as ∀(u, v) ∈ E : c(u) 6= c(v) and k is
minimal (graph chromatic number χ(G).

GCP is one of the NP-hard problems.
Main heuristic solving methods:

• local and tabu search (Galinier & Hertz, 2006),
• genetic algorithms (Fleurent & Ferland, 1996),
• simulated annealing (Johnson et al., 1991),

+ one metaheuristics application - parallel genetic algorithm (Kokosiński et
al., 2005).
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Two main concepts (Lee & Lee, 1996):
a) parallel moves (trials) - single Markov chain is being evaluated by

multiple processing units calculating possible moves from one state to
another,

b) multiple Markov chains - uses multiple threads for computing
independent chains of solutions and exchanging the obtained results
on a regular basis (synchronous or asynchronous).

Recent years brought rapid development of this technique (both in theory
and practice). Some applications and improvements are:
• vehicle routing (Czech, 2001), flow shop (Wodecki & Bożejko, 2001),

global optimization (Onbaşoǧlu & Özdamar, 2005)
• multisteps, backtrack jumps (Bożejko & Wodecki, 2004), genetic

algorithm at higher level (Tomoyuki et al., 2000).
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i f proc=master
best_cost := i n f i n i t y ;

i f proc=s lave
/ / generate i n i t i a l s o l u t i o n randomly a t each s lave
s o l u t i o n [ proc ] : = G e n e r a t e _ I n i t i a l _ S o l u t i o n ( ) ;

for i t e r :=1 to i t e r _ n o do
i f proc=s lave

/ / each s lave generates a new s o l u t i o n
ne ighbor_so lu t i on [ proc ] : = Generate_Neighbor_Sol ( s o l u t i o n [ proc ] ) ;
/ / and accepts i t as a c u r r e n t one accord ing to SA methodology
s o l u t i o n [ proc ] : = Anneal ( ne ighbor_so lu t i on [ proc ] , s o l u t i o n [ proc ] , T ) ;

/ / a l l s o l u t i o n s are then gathered a t master
Gather_at_master ( s o l u t i o n [ proc ] ) ;
i f proc=master

cu r ren t_cos t := i n f i n i t y ;
/ / f i n d s o l u t i o n w i th minimum cost and set i t as a c u r r e n t one
for j :=1 to slaves_no do

i f Cost ( s o l u t i o n [ j ] ) < cu r ren t_cos t
c u r r e n t _ s o l u t i o n := s o l u t i o n [ j ] ;
cu r ren t_cos t := Cost ( s o l u t i o n [ j ] ) ;

/ / update best s o l u t i o n found ( i f a p p l i c a b l e )
i f cu r ren t_cos t <best_cost

b e s t _ s o l u t i on := c u r r e n t _ s o l u t i o n ;
best_cost := cu r ren t_cos t ;
/ / i f s top c o n d i t i o n f u l f i l l e d − end main loop
i f best_cost <= t a r g e t _ c o s t

break ;
/ / d i s t r i b u t e p e r i o d i c a l l y c u r r e n t s o l u t i o n among a l l s laves
i f i t e r mod e_i = 0

s o l u t i o n [ proc ] : = D i s t r i b u t e ( c u r r e n t _ s o l u t i o n ) ;
/ / update anneal ing temperature i f app rop r ia te
T:= Update_Temperature(T ) ;

i f proc=master
return b e s t _ s o l u t i o n ;
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• A graph coloring c is represented by a sequence of natural numbers
c =< c[1], . . . , c[n] >, c[i] ∈ {1, . . . , k}.

• Cost of solution is determined using following cost function (Kokosiński
et al., 2005):

f(c) =
∑

(u,v)∈E

q(u, v) + d+ k

where q – is a penalty function:

q(u, v) =

{

2 when c(u) = c(v)
0 otherwise

d – is a coefficient for solution with conflicts:

d =

{

1 when
∑

(u,v)∈E q(u, v) > 0

0 when
∑

(u,v)∈E q(u, v) = 0

and k – is the number of colors used.
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/ / check f o r v e r t i c e s w i th co l o r c o n f l i c t s
c o n f l i c t _ v e r t i c e s := F i nd_C on f l i c t i ng_V e r t i ces ( c ) ;

i f sizeof ( c o n f l i c t _ v e r t i c e s )>0 do
/ / c o n f l i c t s were found − choose random c o n f l i c t i n g ver tex
vertex_to_change := random ( c o n f l i c t _ v e r t i c e s ) ;
/ / and rep lace i t s co l o r randomly
/ / w i th one of the co lo rs {1 , . . . , k+1}
c [ vertex_to_change ] : = random ( k +1) ;

else
/ / i f no c o n f l i c t s are found choose random ver tex
vertex_to_change := random ( n ) ;
/ / and rep lace i t s co l o r randomly
/ / w i th one of the co lo rs {1 , . . . , k }
c [ vertex_to_change ] : = random ( k ) ;

return c ;
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• Algorithm was implemented using MPICH-2 library and tested on
LINUX-based system.

• All experiments were carried out on one Intel R© XeonTM machine using
simulated parallelism (number of iterations was inversely proportional to
the number of slaves).

• As test instances standard DIMACS graphs were used.

• Initial temperature was determined from a pilot run consisting of 1%
(relative to overall iteration number) positive transitions.

• For experiments following values of SA control parameters were
chosen: α = 0.95 and β = 1.05.

• The termination condition was either achieving the optimal solution or
the required number of iterations.
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Graph P (∆cost,0)
1 Tf

2 k0
3

G(V,E) Description Results BestP Results BestTf Results Bestk0

anna,χ(G) = 11 best f(c) 11.12 70% 11.00 0.04 · T0 11.12 χ(G)
|V | = 138 avg. f(c) 11.32 11.14 11.17
|E| = 493 σf(c) 0.29 0.21 0.05

queen8_8,χ(G) = 9 best f(c) 11.33 60% 10.60 0.06 · T0 11.33 χ(G)
|V | = 64 avg. f(c) 11.46 11.84 11.41
|E| = 728 σf(c) 0.10 1.26 0.05

mulsol.i.4,χ(G) = 31 best f(c) 38.23 80% 31.03 0.2 · T0 37.63 χ(G) − 5
|V | = 197 avg. f(c) 38.66 33.65 38.22
|E| = 3925 σf(c) 0.46 1.64 0.36

myciel7,χ(G) = 8 best f(c) 12.95 60% 8.00 0.2 · T0 11.38 χ(G) − 5
|V | = 191 avg. f(c) 13.22 9.47 12.93
|E| = 2360 σf(c) 0.34 1.60 0.96

1500 runs, iter_no = 10000, Tf = 0.1, k0 = χ(G)
2500 runs, iter_no = 10000, P (∆cost,0) = 70%, k0 = χ(G)
3500 runs, iter_no = 10000, P (∆cost,0) = 70%, Tf = 0.05 · T0,
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Graph SA PSA Results PSA Config.
G(V,E) Description Results Best Worst Average Best Worst

games120 avg. f(c) 9 9 9 9 7 slaves 18 slaves
χ(G) = 9 c.–f. c /opt. c 100/100 100/100 100/100 100/100 ei = 1 ei =∞
|V | = 120 avg. iter. /opt. c 477 78 258 176
|E| = 638 avg. t[s] /best c 0.72 0.05 0.40 0.14

anna avg. f(c) 11 11 11.32 11.02 4 slaves 18 slaves
χ(G) = 11 c.–f. c /opt. c 100/100 100/100 100/72 100/98 ei = 1 ei = 1
|V | = 138 avg. iter. /opt. c 5821 199 1177 462
|E| = 493 avg. t[s] /best c 1.31 0.08 1.73 0.31

myciel7 avg. f(c) 8 8 8.66 8.05 3 slaves 18 slaves
χ(G) = 8 c.–f. c /opt. c 100/100 100/100 100/43 100/95 ei = 1 ei = 1
|V | = 191 avg. iter. /opt. c 7376 797 1524 1539
|E| = 2360 avg. t[s] /best c 1.85 0.20 1.83 1.03

miles500 avg. f(c) 20 20 20.1 20.01 6 slaves 17 slaves
χ(G) = 20 c.–f. c /opt. c 100/100 100/100 100/90 100/98 ei = 1 e1 = 1
|V | = 128 avg. iter. /opt. c 38001 544 422 2842
|E| = 1170 avg. t[s] /best c 4.71 0.21 0.58 1.06

mulsol.i.4 avg. f(c) 31.04 31.19 38.24 34.74 2 slaves 17 slaves
χ(G) = 31 c.–f. c /opt. c 100/96 100/81 100/0 100/1 ei =∞ ei = 1
|V | = 197 avg. iter. /opt. c 19007 15908 - 13451
|E| = 3925 avg. t[s] /best c 4.30 1.83 2.64 2.08

queen8_8 avg. f(c) 9.97 9.81 10.05 9.97 5 slaves 16 slaves
χ(G) = 9 c.–f. c /opt. c 100/3 100/19 100/0 100/3 ei = 1 ei =∞
|V | = 64 avg. iter. /opt. c 66488 8831 - 8820
|E| = 728 avg. t[s] /best c 1.66 0.64 3.82 1.65

le450_15b avg. f(c) 18.58 17.39 21.79 18.71 9 slaves 18 slaves
χ(G) = 15 c.–f. c /opt. c 100/0 100/0 100/0 100/0 ei = 1 ei =∞
|V | = 450 avg. iter. /opt. c - - - -
|E| = 8169 avg. t[s] /best c 42.88 3.54 6.47 4.99

1P (∆cost,0) = 70% and Tf = 0.05 · T0 for both SA and PSA. SA tested with
iter_no = 100000. PSA executed for 2...18 slaves with ei = {1, 2, 4, 6, 8, 10,∞} and
iter_no/slaves_no iterations
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Graph t[s]
G(V,E) PSA1 PGA2

anna, χ(G) = 11 0.23 0.60
|V | = 138, |E| = 493

mulsol.i.4, χ(G) = 31 2.89 3.00
|V | = 185, |E| = 3946

myciel7, χ(G) = 8 0.34 1.40
|V | = 191, |E| = 2360

mulsol.i.1, χ(G) = 49 14.9 9.27
|V | = 197, |E| = 3925

miles500, χ(G) = 20 0.48 18.0
|V | = 128, |E| = 1170

queen8_8, χ(G) = 9 51.8 0.87
|V | = 64, |E| = 728

1PSA: 3 slaves,P (∆cost,0) = 70%,Tf = 0.05·T0, ei = 1 and ei =∞ formulsol.i
2PGA as in (Kokosiński et al., 2005): 3 islands, subpopulations - 60 individuals, migration

rate 5, best individuals migration size 5, k0 = 4 and operators: CEX crossover (with 0.6
probability), First–Fit mutation (with 0.1 probability)
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• Algorithm performance depends on chosen cooling schedule and
generated initial coloring. Further research could concern adaptive
cooling schedule and generating initial solution by means of an
approximate method.

• There exists optimal - relatively small number of slaves - for which
highest algorithm performance is observed. In most cases parallel
moves method outperform multiple Markov chains strategy.

• PSA algorithm was proved to be an effective tool for solving GCP - it
achieves a similar performance level as PGA. Interesting result might be
obtained with hybrid PSA-PGA algorithm.
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