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e Trapezoidal rule

o Multi-segment trapezoidal rule
e Richardson extrapolation

e Romberg's method

e Simpson's rule

e Gaussian method



“]JJ Numerical integration - idea

b

. A
I=[f(x)dx ¥ "
The integral can
be approximated
by the sum of _lif(x)dx
the “

S = gif(ci)Axi a b "%

X, SC <X

Numerical Methods lecture 5 C
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Newton — Cotes integration belongs to a class of
methods with fixed nodes: function f(x) is interpolated
by a polynomial (e.g. Lagrange polynomial)
f(x)=f,(x)
where: 1—1 7
f(x)=a,+ax+..+a,,x +ax

Then, the integral of f(x) can be approximated as an
integral of the interpolated function f,(x)

I= [ f(@)dx =] f,(x)d
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The trap.e20|_da| rule | fl(x) =a,+a;x
assumes: n = 1, thus:

I = if(x)dx ~ ifl (x)dx = j‘(aO +a,x)dx

2 2
b —a

2

=a,(b—a)+aq,
We are looking for a; and a; ?

Now if one chooses, (a,f(a)) i (b,f(b)) as the two points to
approximate f(x) by a straight line from a to b, then:

f(a)b—f(b)a

- f@=f@=ataa =>  a=""—
f)=fi(by=a,+ab = IVACRFAC)
\ b—a



“]JJ Trapezoidal rule

f(a)+ f(b)

b b
ff (x)dx = (b— d)[ } J f(x)dx = area of trapezoid

2
y 4
f(x) /.-
) N R —— ;:::(:g)/ fi(x)
f(a) |- o
>
a - .

Numerical Methods leture 5 6
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Example 1:

The vertical distance covered by a rocket from t;=8 sto t,=30 s is
given by:

v(t)=20001n[ 140009 }—9.&

140000 —-2100¢

a) Use the single segment trapezoidal rule to find the distance
covered from t;=8 sto t,=30 s

b) Find the true relative error.
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a) Iz(b—a)[f(a);f(b)} a=8s b=30s

140000 }_ 0 g/

140000 —2100¢

140000
140000 —2100(8)

140000
140000 — 2100(30)

£(£) = 2000 h{

£(8) = 200011{ }—9.8(8) =177.27 m/s

£(30) :200011{ }9.8(30) =901.67 m/s

177.27+901.67
2

1:(30-8)[ } =11868 m



b) The true value

140000

30
Ax = || 20001n
: 140000 — 2100

“]JJ Trapezoidal rule

}—9.8tjdt=11061m

The relative error:

11061 — 11868
‘Ef‘:‘ 11061

x 100 = 7.2959 %



@!JJ Multi-segment trapezoidal rule

The true error using a v 4
single segment trapezoidal f(x)

rule was large. We can
divide the interval into n /
subsections (of equal

length - h) and apply the
trapezoidal rule over each

segment:
h:b—a
n

>

a b-a _ ,b-a  b-a b X
for n=4 e
a+h a+2h a+3h a+4h
I= If(x)dx— [f@dct | fdes | fdst [ f(xdx

a+h a+2h a+3h
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j f(x)dx = mfhf(x )dx + aT;f(x )dx + ...+ (j})?x )dx + T £(x )dx
a+h a+(n-2)h a+(n-1)h

:h{f(a)+§(a+h)}+h{f(a+h)+2f(a+2h)}+m

.+[b—(a+(n—1)h][f(“+(”‘1)h)+f(b)}

2

[f(x)dx=" 2‘n" [f(a) ¥ 2{'§§f(a ¥ ih)} ¥ f(b)}



@!JJ Multi-segment trapezoidal rule

Example 2:

The vertical distance covered by a rocket from t;=8 s to t,=30 s
seconds is given by:

v(t)=20001n[ 140009 }—9.&

140000 —-2100¢

a) Use the complex segment trapezoidal rule to find the distance
covered from t;=8 sto t,=30 sforn = 2

b) Find the true relative error.
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b—a n-l ,
a) == {f(a)u{z f(a+zh)}+ f(b)}
n i=1
n=2 a=8s b=30s h=b_a=30_8=115
n 2

308

202) {f(S) + 2{ > fla+ zh)} + f(30)}

= 2742[ F@®)+2(19)+ £(30)] = 242 [177.27 + 2(484.75) + 901.67 |

=11266 m



Multi-segment trapezoidal rule

b)the true value:

X =

‘Et‘

30

J

8

20001}1{ 140000 } —9.8t |dt =11061m
140000—-2100¢

The relative error.

‘“061‘“266 <100 =1.8534%

11061




“]JJ Multi-segment trapezoidal rule

n Ax E, €.[% €, %

1 11868 -807 7.296 ---

2 11266 -205 1.853 5.343

3 11153 -91.4 0.8265 1.019

4 11113 -51.5 0.4655 0.3594
5 11094 -33.0 0.2981 0.1669
6 11084 -22.9 0.2070 | 0.09082
7/ 11078 -16.8 0.1521 | 0.05482
8 11074 -12.9 0.1165 | 0.03560




“]JJ Trapezoidal rule errors

The relative error for a simple trapezoidal rule

g (b a)

J7(G) a<C<bh

where G is a point in: la,b]

The relative error in the complex trapezoidal rule is a sum of errors for
each segment. The realative error of one segment is given by:

[(a+h)—a]
12

Ey = f7(G1), a<Gi<a+h

B,
=" (G
16 |



M
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By analogy:
. . 3
E = [(““h)_(la;(l_l)h)] '€, a+(i-Dh<C, <a+ih
W,
_Ef (Ci)
for n: . . 3
£, = {“g’ DY foe ), asin-vh<c, <b
P,
_Ef (Cn)



@JJ Trapezoidal rule errors

The total error in the complex trapezoidal rule is a sum of the errors of single
segments:

n

S G )
; 3.
E =S E "% pre ) =(-9)ia

i=1 1235 12n* n

S )
=1

n

Formula:

is an approximate average value of the second derivative in the range of d < X < b

1

EtOCCZ—z
n



Trapezoidal rule errors

Table of results for integral 3}0 2000 1,,{ 140000 }—9.8t dt
140000 — 2100¢

8

as a function of the number of segments — n. When n increases twice the
error decreases four times!

n Value E, ‘Et‘% ‘Ea‘%
2 11266 -205 1.854 5.343
4 11113 -51.5 0.4655 0.3594
8 11074 -12.9 0.1165 0.03560
16 11065 -3.22 0.02913 0.00401




AGH Romberg integration method

Romberg method is an extension of the trapezoidal
method and gives a better approximation of the
integral by reducing the error (true error)
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AGH Richardson extrapolation

The true error obtained when using the multiple segment
trapezoidal rule (complex) with n segments to approximate an
integral is given by: C

E

"~y

t = 2
n
where: C is an approximate constant of proportionality

Since:

E =TV-1I,

AN

approximate value using
n-segments

True value



1l

AGH Richardson extrapolation
It can be shown, that: C
;= v -1,
(2n)

If the number of segments is doubled from n to 2n in the
trapezoidal rule:

We get: vV =1, + "



1l

AGH Richardson extrapolation

Example 3:

The vertical distance covered by a rocket from t;=8 s to t,=30 s
seconds is given by:

v(t)=20001n[ 140009 }—9.&

140000 —-2100¢

a) Use Richardson extrapolation rule to find the distance covered
forn =2

b) Find the absolute relative true error
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for n = 8 segments

“]JJ Table of results from a complex trapezoid rules

n AXx E, €,|% €%
1 11868 -807 7.296
( 11266 -205 1.853 | 5.343
3 11153 | -91.4 | 0.8265 | 1.019
( 1@ -51.5 | 0.4655 | 0.3594
5 11094 | -33.0 | 0.2981 | 0.1669
6 11084 | -22.9 | 0.2070 | 0.09082
7 11078 | -16.8 | 0.1521 | 0.05482
8 11074 | -12.9 | 0.1165 | 0.03560




Il
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a)
I, =11266m I, =11113m

Loy =1, for n=2

3

1, -1, :11113+11113—11266

v =1, +

TV =1, +

=11062m



30

v=]

8

The error:

Richardson extrapolation

The true value:

200()]”[ 140000
140000 — 2100z

E =11061-11062

}—9.8tjdt =11061 m

=—1m



“]JJ Richardson extrapolation

c) The relative error:
11061-11062
11061

x100 =0.00904%

‘et‘ =

Comparison of the results with the trapezoidal rule

n AX (m) €,|% AX (m) ,|%
Trapezoidal Richardson

rule Trapezoidal rule extrapolation Richardson

extrapolation

1 11868 7.296 -- --

2 11266 1.854 11065 0.03616
4 11113 0.4655 11062 0.009041
8 11074 0.1165 11061 0.0000




“]JJ Romberg's method

Romberg’s method uses the same pattern as Richardson
extrapolation. However, Romberg used a recursive algorithm for
the extrapolation as follows:
I, —1
TV =1, +-*" ; L

which can be expressed as:

(]2n)R =1, +* 3 =1y, + 422—1_1

The true value TV is replaced by result of Richardson extrapolation

(o )

Note also that the sign = is replaced by the sign =




M]JJ Romberg's method
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Estimated true value is given by: TV =(1,,), + Ch*

where: Ch#is the value of the approximation error

Determine another integral value with further halving the step
size (doubling the number of segments):

([4n)R :[4;1 +I4n ;]2’1

Estimated true value is given by:
(]411 )R _([211 )R

TV =(1,,), +

15
1 —\/
=4, + ( 4}14)51 Elzn)R



A general expression for Romberg integration can be written as:

—1,j+1

_Ik—l,j
oy k22

The index k represents the order of extrapolation

k=1 represents the values obtained from the regular trapezoidal rule

k=2 represents the values obtained using the true error estimate as O(h?2)

The value of an integral with a j+1 index is more accurate than
the value of the integral with a j index
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Example 4:

The vertical distance covered by a rocket from t;=8 s to t,=30 s
seconds is given by:

v(t)=20001n[ 140009 }—9.&

140000 —-2100¢

a) Use Romberg’s method to find the distance covered. Use the
n=1, 2, 4, and 8-segment

b) Find the absolute and relative true error



MMJJ Table of results from a complex trapezoid rules
AGH for n = 8 segments

S

AXx E, €,|% %

1186 -807 7.296 ---
1126 -205 1.853 5.343

T

11153 | -91.4 | 0.8265 | 1.019
11113, | -51.5 | 0.4655 | 0.3594

5 11094 | -33.0 | 0.2981 | 0.1669

6 11084 | -22.9 | 0.2070 | 0.09082

7 11078 | -16.8 | 0.1521 | 0.05482
8 11074 | -12.9 | 0.1165 | 0.03560




M
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From the table, the needed values from the original the trapezoidal
rule are:
I, =11868 I,, =11266
I,,=11113 1, =11074
To get the k=2 order extrapolation values:
]k—l,j+1 _Ik—l,j
[k,j:[k—l,j+1 211 k=2
I, -1
Ly =1, + R
’ ’ 3
:11266+11266;11868



“]JJ Romberg's method

Then
l,—-1 ]1,4_]1,3
[y, =15+ 1’33 = Iy =1, + 3
:11113+”“3;”266 11074 1107411113
=11062 =11061
Ly — 1y ]
L =1yt éik_l > k=2
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For the k=3 extrapolation values,

I,,-1
I..—] I = 423 2,2
Ly, =1,, + 2’215 = 2o 15
11061 -11062
_ = 11061+
11067 4 1106211065 >
15
=11062 =11061
For k-=4
I,,—1 _
I, =1+ 2 11061+ 11001211062 41461,

63 63
35



“]JJ Romberg's method

K=2 K=3 K=4

1-segment 11868

11065
2-segment 11262 11062

11062 > 11061
4-segment 11113 11061

11061
8-segment 11074

Improved estimates of the value of an integral using Romberg
integration




I aoecnill

The trapezoidal rule was based on approximating the integrand
by a first order polynomial, and then integrating the polynomial
over interval of integration. Simpson’s rule is an extension of
trapezoidal rule where the integrand is approximated by a
second order polynomial.

[=]f(x)dx=]f,(x)dx
where:

f,(x)=a, +a1x+a2x2



I aoecnill

AGH
A
(a,f(a)) v f(x)
35150)
(b, f(b)) e .
" f(a)=fo(a)=a, +aa+a,a’ - g

VA (el

f(b)=fy(b)=a,+ab+a,b’
N




I aoecnill

a’f(b)+abf(b)- 4abf(a ; b ) vabf(a)+b*f(a)
o~ 4> —2ab+ b
af(a)—4af(aerbj+3af(b)+3bf(a)—4bf(a;bj+bf(b)
T 4> —2ab+ b
2(f(a)—2f(“;b j+f(b)j
= 4’ —2ab+ b’
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Since:

1

U

e TR =

S x)dx

(ao +a,x+a,x’ )a’x
b

N X2 N X3
2 73

2 2 33
=a0(b—a)+a1b 2a +a2b 3a




I aoecnill

b — a+b

J fo(x )dx = [f(a)+4f( j+f(b)}

b—a
2

h =

It follows that:

j f(x)dx = {f(a) . 4f(“ i j . f(b)}

it is called Simpson’s 1/3 rule



M

“]JJ Complex Simpson's rule
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[F(x)dx= | fx)de+ | f(x)dct... & )
a X0 X9 \—//
ot T f(x)dx+ [ f(x)dx Ve
Zj?f(x)dxz(xz—xo){f(x0)+4f(x1)+f(xz)}+m o % e om
a ° X; =X, =2h
+(x, —Xz)[f(x2)+4f2x3)+f(x4)}-I-... i=2,4,..,n
et (X, =%, ) f(xn4)+4f(xn3)+f(xn2)}+
n—2 n—4 6
+(x, —x )|:f('xn2)+4f(xnl)+f(xn):|
n n—2 6



I aoecnill

lff(x)dx=2h[f(x0)+4f2xl)+f(xz)}...

+2h_f(x2)+4f2x3)+f(’%)]l_m

+2h_f(xn—4)+4f(gn_3)+f(xn_z)}...

_I_2h|:f(xn2)+4f2xn1)+f(xn):|



I aoecnill

[ =AU 00 7+ AU 0+ F(v) ot S (5, )b+
A 2L () + () e (3,0 ()]

F(xy) +4 '§f<xi>+2 'f:zjf<xi>+f<xn>

i=odd i=even

F(xy) +4 'f’g‘llf(xi) 2 'lijﬂxl-) + f(x,)

i=odd i=even




Approximate values, for mentioned earlier example,

Simpson’'s rule errors

using Simpson's rule with multiple segments

n Approximate values E, |€; |

2 11065.72 4,38 0.0396%
4 11061.64 0.30 0.0027%
6 11061.40 0.06 0.0005%
8 11061.35 0.01 0.0001%
10 11061.34 0.00 0.0000%




AGH Simpson’'s rule errors

b—a)’
Error for one segment E, = —( )

4)
t segg (&) a<G<h

Error for the multi-segment

_ (=% ) =—§—Of(‘“(€1), Xo <&y <,

E =
2880
E :_(X4_XZ)5f(4)(CJ ) :_Ef(4)(€ )’ x2<§2<x4
’ 2880 2 90 2
5
Ei — _(xzi ;;Cg((;'—l)) f(4)(§ ) _ f(4)(c ) x2(i—1) < Ci < X,



AGH Simpson’'s rule errors
True error
Z h 2 ; (4) (b— )
E =NE =-— Zf (€,) =_2—¢ ()
t E l 901 1 90n Zf (C )

a2 270,

90n* n
o IARI( _ _(b-a) @
F=s B T T

& the average value of the derivative



“]JJ Gauss-Quadrature Method

Integral Gaussian method is given by:

[ = jf(x)dx o f(x)+ef(x,)

N/

constant coefficients

Points x; and x,, which define the value of the integrand are not fixed
(as before in the interval <a,b>), but there are a priori distributed
freely between <a,b>.




“]JJ Gauss-Quadrature Method

There are four unknowns x4, X,, C;, C, These are found by
assuming that the formula gives exact results for integrating a
general third order polynomial:

f(x)=a,+ax+ax" +a,x.

b

b
If(x)dx:.(a0+a1x+a2x2+a3x3)dx
a q- b
2 3 4
+a * +a a +a r
—|doX T Ty T dy
_ 2 3Ry




MJ Gauss-Quadrature Method ' //

: ff'f /

b i/
I[=[f(x)dx = f(x)+c,f(x,)

Hence:

b

2 3 2 3
jf(x)dx =, (ao +ax, +a,x,” +a,x )+ c, (ao +ax, +a,x,” +a;x, )
a

The formula would then give:

: ‘ 2 3
Jf(x)dX=I(aO +a, X+ a,x" +a,x )a’x




mmm Gauss-Quadrature Method {7/ £/
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2 2

b-—a=c +c, b” —a
2

b* —a*

3 4

= C X + Cr Xy

3 3
= C X + Cr Xy



@M Gauss-Quadrature Method

This gives us four equations as follows:
(

b—a=c +c,
2 2
b-—a
=X +CyX,
3 2 3
< b’ —a 2
=X, +C,X,
3
4 4
b" —a N
=C X C- X
1% 2%
\ 4

we can find that the above four simultaneous nonlinear equations
have only one acceptable solution

(b-a 1) b+a X :(b—a)(l)+b+a
S 7 _\@ M 7 2 2 J3 2
b—a _b-a
c, = 27,
2




@!JJ Gauss-Quadrature Method

Hence:

[ fdx = ¢ f(x)+e,f(x,)

:b;af[b;a(_%}rb;ajer;af[b;a(\/lngrb;a}

General n-point rules would approximate the integral:

jf(x)dxzclf(x1)+czf(x2)+ ....... +c,f(x,)



@JJ Gauss-Quadrature Method

The coefficients and arguments given for n-point Gauss
quadrature rule are given for integrals of the form in the <-1,1>

integral:
Jg(X)dx Zc g(x;)

n coefficients Function
arguments
2 c, = 1.000000000 = -0.577350269
c, = 1.000000000 x2 = 0.577350269
3 ¢, = 0.555555556 X, = -0.774596669
c, = 0.888888889 X, = 0.000000000
c; = 0.555555556 X3 = 0.774596669
4 c, = 0.347854845 X, = -0.861136312
c, = 0.652145155 X, = -0.339981044
c; = 0.652145155 X; = 0.339981044
= 0.347854845 = 0.861136312




Gauss-Quadrature Method

coefficients

Function arguments

= 0.236926885 | x, = -0.906179846

= 0.478628670 | x, = -0.538469310
c3 = 0.568888889 | x; = 0.000000000
c, = 0.478628670 | x, = 0.538469310
c. = 0.236926885 | x. = 0.906179846
c, = 0.171324492 | x, = -0.932469514
c, = 0.360761573 | x, = -0.661209386
c, = 0.467913935 | x, = -0.2386191860
c, = 0.467913935 | x, = 0.2386191860
c5 = 0.360761573 | X = 0.661209386

= 0.171324492 | x, = 0.932469514




@!JJ Gauss-Quadrature Method

I
So if the table is given for: [g(x)dx integrals, how does one solve
5

b
[ f(x)dx 72
The answer lies in that any integral with limits of [a, b]

can be converted into an integral with limits: [— 1, 1]

Let, X=mt+c
It follows that:
if X =a, f=-—1
b—a
m:
ir x:b, = 1 2
| b+a
C:
2




“]JJ Gauss-Quadrature Method

b—a b+a
[+
2 2

Hence: X =

b—a
2

dx = dt

Substituting our values of x and dx into the integral gives us:

jaf(x)dx:jf(b_a b+ajb—a

[+
2 2 2

dt



@JJ Gauss-Quadrature Method

Example 5:

Use two-point Gauss quadrature rule to approximate the distance
covered by a rocket fromt=8s tot = 30 s as given by:

v(t)=20001n[ 140009 }—9.&

140000 —-2100¢

a) Use the Gauss-Quadrature Method to find the distance covered
from t;=8 sto t,=30 s

b) Find the true error.



Gauss-Quadrature Method
AGH

First, change the limits of integration from from [8,30] to [-1,1]

30 _Q1 _
jf(t)dt:302 8If(30 8x+302+8)dx
8 -1

2
1
=11] f(11x+19)dx
-1
The weighting factors and function c. = 1.000000000
argument values are (n=2): :

x, = —0.577350269
¢, = 1.000000000

x, = 0.577350269



“]JJ Gauss-Quadrature Method

The formula is:

11}f(1 1x+19)dx = 11c, f(11x, +19)+11c, f(11x, +19)
) =11/(11(-0.5773503)+19)+11£(11(0.5773503 ) +19)
=11£(12.64915)+11£(25.35085)
=11(296.8317 ) +11(708.4811)

=11058.44 m



“]JJ Gauss-Quadrature Method

Since:

140000
140000 —2100(12.64915)

£(12.64915 ) = 20001;{ }—9.8(12.64915 )

=296.8317

140000
140000 — 2100(25.35085 )

f(25.35085) = 2000[1/{ }—9.8(25.35085)

=708.4811



“]JJ Gauss-Quadrature Method

D)  The absolute relative true error:E,

E, =11061.34-11058.44
=2.9000 m

C) The relative error: ‘Et‘

e, = 11061.34 -11058.44 < 100%
11061.34

=0.0262%




