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Interpolation of function value
Definition of interpolation in 1D

For a given set of (interpolation) the nodes xx and the values of unknown function y,=f(x)
{(3307 yO)a (3317 y1)7 SR (xru yn)}

we need to find such interpolation function F(x) which at each node has the same value as the unknown function F(x).
Moreover the difference between f(x) and F(x) (error) between neighbouring nodes shall be minimal.

This definition can be extended for more than one dimension but we limit our consideration to the basic 1D problems.

KRemarks: \

8 * interpolation is defined in an interval established by
the left and right outermost nodes
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Aims of interpolation
» for a given tabulated sparse data we need to estimate the intermediate values
* polynomial interpolation is directly exploited in numerical intergration
* to model the shape of functions in 1D or surfaces in 2D/3D

* replacing complicated mathematical expressions with more simple ones



Interpolation of function value
Polynomial Interpolation (Lagrange interpolation)

For any set of (n+1) interpolation data

{(Z'(),y()), (Ilayl)v SR (xnayn)}

we can determine only one unique polynomial of n-degree in interpolation region
2
W,(x) =ag+ a1z + asx” + ... + a,z"”

In order to convince ourselves it’s a truth let’s calculate value of polynomial at each node

2

ap + a1xo + azxy + -+ anTi = Yo
2

apg + ai1r1 + asx] + -+ axt = y1
2

ag + a1T, + asx, + -+ anx, = Yn

this operation provieds us with a square system of linear equations, it can be solved
provided that the determinat of the matrix of this SLE does not vanish (matrix is nonsingular).

Aa

y

Det(A) # 07



Interpolation of function value

Matrix of SLE has special form — it's Vandermode matrix

1 =z x3 =z - xf

1z 27 oz - al
A=

1z, 22 2 X,

Its determinant can be written with a concise formula

Det(A)=D= ][ (zi—m;)#0

0<j<i<n

and we may conclude — the SLE defined for polynomial interpolation has a solution and it is given as

n
a; — - E ijz'j D — minor obtained after removing i-th row
j=0 and j-th column form matrix A

This expression proves the unige polynomial exists, but we must find a simpler way to
determine the polynomial coeffiecients a..



Interpolation of function value

Let’s substitute sum of minors for coefficients a; in the polynomial

mn
1
@i =7 E y; D > W, () = ap + a1 + ax” + ... + a,x”
J=0
and sort terms with yi — notice here that every such terms contains contributions from all monomials

Wh(z) = yoPo(x) + y1P1(z) + - + ynPpn(2)

the functions ®«(x) are different polynomials of at most n-degree, because each one stands at different
yk value they are the nodal polynomials and need to be found.

To determine the form of nodal polynomial we again exploit the interpolation condition.
After substituting position of nodes for an argument of polynomial we get

Wh(zi) = yoPo(z:) + y1P1(wi) + ... + yi®i(wi) + ... + yuPu(zi) = i
and imediately deduce essential condition for the nodal polynomials

0 forj#i
1 forj=1

Dj(x;) = {



Interpolation of function value

In other words, we shall define such polynomial which has value 1 d (x) _ 0 forj#1
at the node it is ascribed to and vanishes at every other node. J At 1 for 71 =1

This is quite easy — just express polynomial in factor form
Qi(z) =Nz —zo)(z—21)...... (x —xj_1)(z=—17)(x —xjt1) ... (x — xp)
to find the normalization constant A use the interpolation condition
1= XMazj —wo)(z; —x1) - (25 —2j-1) (@5 — zj41) - (25 — 2n)

Finally, after dividing both expression we get the explicit form of nodal polynomial

(x—zo)(@ — 1) (x—zj) (@ —2551) - (& — @)

(xj —@o)(xj —x1) -+ (w5 —xj—1)(Tj — @) -+ (25 — @)

®;(r) =

Now, interpolation polynomial can be constructed, to make the final formula more compact
we use the full degree (n+1) factor polynomial containing all nodes as its roots

wn(2) = (r —x0)(x —21) -+ (T — )

wn, () 7/1(37])

_éyj¢j(x) —éyj (xxj)?n(ﬂf) } _Zyj (z — z;)w T

x:xj



Interpolation of function value

Lagrange interpolation formula | Wn(m> — Zyj wn(ilf)
=0 (z— xj>{_§g<§_> }
’ W=abs
- /

If one needs to calculate the value of Lagrange polynomial, there is no need to compute its coefficients explicilty

input: n, x, T=x0,%1,. -, Tnl, U= |Y0sY1s---sUn]
W «— 0
for j=0 to n by 1 do
for i=0 to n by 1 do
a— 1
01
if |i—j[>0 then
a— a-(x—x;)

134—'K3'(ﬂy —'$¢)
end if
end do
W «— W—i—yj%

end do



Interpolation of function value

Interpolation error

In polynomial interpolation, the interpolation function exactly reconstruct the values of unknown function
at nodes, however, no one should expect that finite degree polynomial would reconstruct all functions,
especially these which have infinite Taylor expansion.

To assess the difference between an exact value of function F(x) and the interpolation polynomial W(x)
we use the following interpolation error

IAGRI

CE] wn (), £ € [xo, Ty)

FOHD (1) — n+1 derivative of f

Remarks:
 for fixed outermost points of interpolation interval the supremum of (n+1) derivative of f is also fixed

* one may naively think that the factorial in denominator should dump the error
for increasing number on node, we will see it's not the truth due to Runge effect

* the only effective way to improve the Lagrange polynomial interplation is
to optimally select the positions of nodes - the optimal choice are the Chebyshev nodes



Interpolation of function value

Optimal selection of nodes in Lagrange interpolation

The optimal nodes are defined by the roots of Chebyshev polynomials

T, (z) = cos[n - arc cos(x)], r € [—1,1]

2 1
Ty, = COS Jzi—w,nw:QLZ“wn
2n 4+ 2

Chebyshev polynomial are defined for an interval [-1,1] if the roots/nodes are needed
for different interval e.g. [a,b] their position must be then rescaled

ce-1,1] — zelab = x:%[(b—a)z+(b+a)],xe[a,b]

Chebyshev nodes
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Interpolation of function value

Example: interpolation of Lorentzian function f( ) . 1
with equidistant and Chebyshev nodes L) = 14+ g2
equidistant nodes
6 nodes, f(x)=1/(1+x?) 11 nodes, f(x)=1/(1+x?) 16 nodes, f(x)=1/(1+x?) 21 nodes, f(x)=1/(1+x?)
T T T T 2.5 T T T T 2.5 T T T T 1 T T T T T
1F f(x) . f(x) f(x) f(x)
AN
Wn(x) al Wni(x) i 5 Wn(x) 0
0.8 f 1 1L
06 L i 15 - 1.5 F 1 ol
0.4t - i I r 1 37
02+ . 05 - 05 * 4r
_5 -
0 L - 0 oL - 0 - N _6 -
0.2 ' ‘ ' ‘ ' -0.5 ‘ ' - ' ' 0.5 : ' : ' : -7 : : : : :
6 4 -2 0 2 4 6 6 -4 2 0 2 4 6 6 -4 2 0 2 4 6 -6 4 2 0 2 4
Chebyshev nodes
6 nodes, f(x)=1/(1+x?) 11 nodes, f(x)=1/(1+x?) 16 nodes, f(x)=1/(1+x3) 21 nodes, f(x)=1/(1+x3)
[ T T f‘(x) T | T T f| y T T T ka) T ] T T f\(x) T
L Wn(x) Tr anx; ] 1r Wn(x) Tr Wn(x)
0.8 l 0.8 | . 0.8 | 1 0.8
0.6 l 0.6 | . 0.6 [ 1 0.6
0.4 | . 04 | - 04 | . 0.4
0.2 - ] 0.2 . 0.2 | 1 0.2
0 1 L L - - 0 ] I ] 0 ] I I 1 1 0 | I I 1 1




Remarks:

Interpolation of function value

high degree Lagrange interpolation is rarely used in practise due to Runge effect,
it interpolates well the middle part of interpolation interval but strongly oscillates
at its ends

even shifting more nodes close to the ends largely dumps the oscilations, these
are still significant making the data not reliable

Lagrange interpolation formula is still used but for small number of nodes
in numerical integration formulae (Newton-Cotes, Gauss quadrature)

we need much better interpolation method like cubic spline

11



Cubic spline interpolation

Interpolation of function value

Lagrange polynomial interpolation suffers from enormously enlarged errors for increasing number of nodes,
hence we have to go in the opposite direction.

let’s try to interpolate function with low m-degree polynomial, because it works for small number of nodes

interpolation interval nodes shall be divided into small packets of nodes, interpolation is made for
each segment with different polynomial, e.g. in i-th segment

~1
si(z) = cimx™ + Cim—12™ " + -+ ci1T + o,

T & (5137;; ZIJ‘7;_|_1)

at the border between two segments two polynomials must have the same: values of function and set of derivatives

\\

reject
interpolation function is not
continuous, breaks interpolation |
condition

reject
interpolation is continuous
but the 1-st order derivative is not

/

accept
cubic polynomial guarantees
continuity up to 2-nd order
derivative

12



Interpolation of function value

From simple analysis of some possible choices of polynomial degree we deduce the minimal degree is m=3,
it ensures continuity not only 1-st derivative (smoothness) but also 2-nd order one allowing for larger bending
of polynomial within single segment. Now we may define the basics of cubic spline interpolation.
For given set of interpolation nodes (xx) and function values (yx)

{(x()a yO)a (xla yl)? sy (xna yn)}

we introduce set of elements with ends defined by a pair of consequtive nodes

[x()a 513'1], [3317 332]7 s [:Un—la xn]

and within each element we use polynomial of m=3 degree (cubic splines) to interpolate the tabulated function

m m—1 .
$i(2) = Cim®™ + Cim—12™T 4+ -+ enx + o, T € (Ti;Tig1)

The total interpolation function is linear combination of cubic splines

n—1

s(x) = Z cisi(x), x € |a, b]

1=0
Expressions for cubic splines can be determined in two ways

* we set ¢=1 and calculate the coefficients cin of all cubic splines

* we chose cin (cubic splines are predefined) and calulate c;

Although, both method will give similar results we consider the former as it is more flexible.

13



Interpolation of function value

Cubic splines defined by 2-nd order derivatives

For n cubic splines we need to determine
N =n(m+1)
coefficients cim, by fitting O-th, 1-st and 2-nd derivaties at inner nodes we get

K=n-1)-m

conditions, and by utilizing the basic interpolation condition (values at nodes) we have
additional conditions

L=n+1
N—(K+L)=m—1=2

We lack two conditions which are the free parameters of the method, these can be linked with function
behaviour at two ends of interpolation interval

extra

: condition
(n-1) inner nodes

condition § S

?

14



Interpolation of function value

Boundary conditions in cubic spline interpolation

) _ @s(@) |
dx’

e 1-st derivative

s (20) = ay

a, B €R

3(1) (xn) — 51

e 2-nd derivative
s (z0) = ay

ag, B2 € R

5(2) ($n> = B2

e periodic boundary condition

s (x0) = sV (z,) = as,

i=1,2,

acR

15



Interpolation of function value

In the following derivation we will use abbreviation for second order derivative

Mj:S(2)(CIS'j), j:O,l,...,n

We have previously assumed continuity of second order derivative at the joint of two elements.

This condition can be written as follows

M; 4 M,
T; — T T — T;_ : :
s(2) = Moy =+ M=
r € [Tio1,74]
hi = X; —Ti—1 Li—1 €I,

After integrating this expression over x we get

2 2
(1) (; — ) (z —2i1)
s, () =—M;— + M; + A,
1 1( ) 1 2h7, 3 hz 1
and integrate again to get general formula describing the spline employing M;
3 3
(% — ) ( — 1)
Si_l(.ilf) = M;_4 + M;

+ Az —xi1) + B;

6h; 6h; —

AL B, Mig, M

here we lack of:

16



Interpolation of function value

* constants A; and B; we determine utilizing fundamental interpolation condition at both ends of element

- 2 N O % B

87;—1(3%'—1) — Mi—1€7’ + Bi = yi—1 B,=vy,_1— Mi—l?
h; i —Yi-1 i
si—1(xi) = Mi—- + Aih; + B; = y; Ap=" hy - — E(Mz' — M; 1)

\_ 0 J U Y,

Constants depend on second derivatives.

e at any node x; the 1-st derivate is continuous

4 h; h; — )
(1) _ Mg o Mg YT i
(1) (1) ) sima(70 = 0) = g Mimy e M hi
1 1
$; 1 (xy) =8, () o
7 1( ) ( ) (1) hi—i—l hi—l—l Yi+1 — Yi
3 § Pit1

- /

by equaling both expression we get the linear equation, connecting three unknown 2-nd derivatives,
valid for the inner nodes

piM;—1 4+ 2M; + i M1 = d;, 1=1,2,...,n—1

\_ ] /,‘

Piy1

>\i — ’
h; + hi_|_1

i =1 —A\;



Interpolation of function value

We get the linear equation with unknown second derivatives

hi—l—l
Ai = i =1—X\
(2 h,L _|_ hz_|_1 9 7 (2
piM; 1+ 2M; + A\i M = d;
g0 (yi—H —Yi Y- y7;1>
P =
hi + hita hit1 hi
In order to form complete system of linear equations which has unique
solution we must adjoint the boundary conditions
* conditions for 1-st order derivatives
g 6 (y1—yo
[ here we modify only rhs]:> 1 1
Mn—l + ZMn = dn d — § Yn — Yn—1
n — 7 61 -
h1 Ry,

condition for 2-nd order derivatives

|

N
here we must modify both,

the lhs and the rhs :

18



Interpolation of function value

Writing linear equation for all nodes + accounting for boundary condition we get SLE in matrix form which must be solved

"2 1 0 o 1| Mo do
|95} 2 )\1 0 Ml dl
0 g 2 0 ;
» 1-st order derivative . . —
0 2 At || w o
0 1 2 ] M, d
10 0 o 11 %0 ] o ]
e 2-nd order derivative H1 2 A1 0 ! !
0 g 2 0 ;
0 20 A1 1 M, dp—1
|0 0 I M, By
The solution vector provides the values of M; which allows to determine all splines
r, — I 2 r — T;— 2 .
Sz_l(CC)—Mz_l( - ) —I—Mz( - 1) —|—A7;(ZB—.CU7;_1>—|—Bi, 1=1,2,...,n

6h;

19



Remarks:

Interpolation of function value

cubic spline interpolation is very effective, SLE is solved with
LU designed for tridiagonal matrices, it is fast and stable

the number of interpolation nodes is not limited, could be hundreds or more
Runge effect do not occur due to low degree splines,
an interpolation error could be made as small as needed

but obviously this requires more and more nodes

a small drawback is that we interpolate the function piecewise
and we don’t have a concise expression for the unknown function f(x)

20



Interpolation of function value

Example: interpolation of Lorentzian function with cubic splines
* number of nodes (n+1)
* boundary conditions: vanishing 2-nd derivative at both ends

n=10 n=>50
0015 T T T T T T T 000012 T T T T f T T T T T
0.01 0.0001 |- )-st) .
0.005 8x10° 1
-5 _
0 6x10
4x10° 1
-0.005
2x10° 1
-0.01 .
-0.015 %105 !
-0.02 -4x10'5 - _
-6x103 '

-0.025




