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Solving nonlinear equations
Roots/zeros of nonlinear equation

Let the function f(x) be nonlinear i.e. its Taylor expansion, fininte or not, contains higher terms than linear

f:R—R
f(x) =ag + a1 + asx® + aza® + . ..
TLO'I’L;L;’LBG,'I"

and we seek the solution of nonlinear equation such that the set of discrete points (roots, zeros) fullfill

flr)=0 <= ze{zW,z® .. 2W} zeR

« generally, there are no analytic methods allowing to solve such
401 problems exactly (besides low degree polynomials),

« solutions are found iteratively, we guess the first approximation
and then update it in hope we get closer to given root

o — X1 —7> X2 —7 ... =7 Ip

* the stopping criterion is as usual, iteration is interupted
when two subsequent approximations are closer to each other
than given threshold ¢

|Tp1 — k| <€



Solving nonlinear equations

Bissection method (two -point method
( P ) Cso be found unable to find )
Algorithm is very intuitive
* define the region of expected localization of single root (of odd order) N /(
T € [re, 1] = [f(za)- flzp) <O b b
e _ _ N f(b) >0 f(b*) > 0
* half the segment O-th iteration f(a) <0
Tq — gjao \ j
Ty — Tq
Le = 9 Lp = Tp,
N J/
* choose segment at which ends function value has opposite signs
e \
f(il?a,) . f(«’L‘c) <0 ; replace: Tp < T new narrowed segment

f(xe) - f(xpy) <0 = replace: x, < x.

T € [Tq,,Tp,]

repeat procedure of segment halving k-times until convergence condition is met

— x, 1
‘xbk_xak‘<5 — $:xbk2xk—|—0(§Ak)

* the pace of convergence is defined by width of narrowing segment which isolates the root

xbo - xa

. 0
Ay = o



Solving nonlinear equations

BISSECTION METHOD

input: x,, xp, ltmax, €

do
k—k+1

1.« TatTy
(&

if f(x,)- f(ze) <0 then
Ly < Te

else
Ty — T

end if

lsave approximated solution

T — X,
A — |zg — a3

while k <itmax & A > ¢



Solving nonlinear equations

Convergence of iterative methods

Set of subsequent approximations converges to the solution if

lim zp =a, f(a)=0
k— oo

with the error of approximation in k-th iteration

Er = a4 — Tk

The method is p-order at point x=a, if it converges to exact solution and following conditions are fullfilled

p>1

lim [Tg41 — a _ Ek+1] —C#£0
k— o0 \xk—a\P k— o0 ‘6]{;‘]0

factor C is asymptotic error constant

k1| = Clex/|”

example
in other words, the larger is value of C, er = 0.01
the faster decreases the error in next iterations — D= — gy =0.01
D= —>  gx4+1 = 0.0001




Solving nonlinear equations

Regula Falsi or False position method (two-point method)

In this method we linearize the function over the region of isolation of root
(it is false assumption which gives the Latin name to the method)

stationary point

Algorithm

« draw stright line between the end points of isolation segment

y(r) =ar+b
yta) = =IO () 4 ) :

 find intersection of stright line with y=0,
it is approximate solution in present iteration (k+1)-th

Lp — Lq

oo = I ) )

replace one of the segment ends by new approximation and repeat procedure iteratively

e N e
| for convex function x, is stationary | | for concave function X, is stationary
d?f d?
—= >0 |Ta, Ty = Ta ¢ T4 LA [Tas Tb] = Tp < Tht1
dx o dx?
J \ %

Remark: Regula Falsi is 1-order method (slow convergence)




Solving nonlinear equations

Regula Falsi

input: z,, x,, 1itmax, €, =z,

do
k— k+1
e = b = J(26) 3, 5= 1)
~
one of end point is stationary : :
but we needn’t to know if f(za)- f(zc) <O then
which one, it is chosen Ty < Te
automatically ) else
/ Ty — T
end if

lsave approximated solution
T — T,

A — |z — x|

while k <itmax & A > ¢



Solving nonlinear equations

Secant method (two-point method)

It is derived from Regula Falsi scheme, both points x. and x, are replaced by the last two approximations

Ly — Lq

flaw) = f(xa)

Regula Falsi: Tpi1 = xp — f(ap)

Ly = Tk
replacement: .
Lg — Tk—1
L — Tk—-1
Secant method: Tht1 = Tg — f(l‘k)
flzr) — fzr-1)
Remarks:
« order of Regula Falsi p=1
1+ 5
 order of Secant method P = T 9 ~ 1.618

* during the course of iterative process we must monitor if the set of |f(xy)|
is decreasing, otherwise calculations should be restarted with different two initial points



Solving nonlinear equations

Secant Method

input: xzgp, x1, 1tmax, ¢

do
k— k+1

L1 —X0

To < T1 — f(xl)f(ml)—f(ﬁﬂ())

l'save data for next iteration
£E0<—ZE1
Il < T2

A — |..’131 —.’L‘()|

'save approximated solution
r <— I

while k <itmax & A > ¢



Solving nonlinear equations

Example: finding positive value root of nonlinear equation with Regula Falsi and Secant methods

f(x) =sin(zx) — %az

starting points are the same in both methods:
Ir1 = 7T/2

o = T

Regula Falsi

Secant method

X, 1.75960 1.75960
X, 1.84420 1.93200
X, 1.87701 1.89242
X, 1.88895 1.89543
X, 1.89320 1.89549
X, 1.89469

X, 1.89521

X, 1.89540

X, 1.89546

X, 1.89548

X 1.89549
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Solving nonlinear equations

Newton-Raphson method (one-point metod)

Algorithm

* choose a point Xo, at this point calculate the tangent
of nonlinear function f(x)

y(xr) =ar+b

y %

y(x) = f(xo) + (x — x0) f'(20), f(xo) = =3

* find the point x at which tangent value is 0

f(zo)
f' (o)

* choose x: as a new approximated solution and repeat procedure with iterative equation

y(x):O = T1 =29 —

f (k)

TR TR f(xk)
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Remarks:

Solving nonlinear equations

Newton-Raphson method is 2 order (the fastest method)

it requires the knowledge of the first derivative, this could be calulated analytically
(best option) or approximated with other methods (finite difference, dual numbers etc)

it can find both, even and odd, parity roots

Newton-Raphson Method

input: z, itmax, €

do
k—k-+1

L1 & & — f'(x)

A — |J}—LL’1‘

lsave approximate solution
r <— I

while k < itmax & A > ¢
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Solving nonlinear equations

Example: find root of nonlinear function with Regula Falsi, Secant and Newton-Raphson methods
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Solving nonlinear equations

Systems of nonlinear equations and multidimensional Newton-Raphson method

Let’s consider system of n nonlinear equations depending on n variables

( £ (331 o 33n) — 0 vector notation we assume inverse function exists
s Ly e v u
fg((b‘l Loy ... ai‘n) p— 0 5 . . - 1 U
< T m—p f(@) =0 e T=[(D)=g())
| fr(zr,20,...,2,) =0

We may find Taylor expansion of inverse function around some point
(e.g. given in k-th iteration ) near the exact solution

T = [ajgk),afgk), .. .,a:g“)] = Y = [zﬁk),yék) (k)]

sy Yn

from Taylor series we retain only terms up to first order

I — 0g(y
Frgie) + ) 95)

k
(yj - y; )>
(k)
Yi=Y;

now we assume the point at which we approximate the function would be an exact solution
(actually it is not the truth)

n a —
F=0 = iag oY W) ®
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Solving nonlinear equations

The last equation would be interpreted as an iterative matrix equation, it is a multidimensional

counterpart of Newton-Raphson method

fk+1 ~ fk — Dygk

The last problem we must solve before we could use this iterative formula is to find

the derivatives of unknown inverse function.

In order to derive matrix D we consider differential of vector function f and its inverse g

differential of f differential of g
di = (Vyg) dy
di = D,dy

0y y;=y "

we know how to
calculate these

derivatives
Ofr  9f1 0f1
ox1 Oxo Oxp,
9fs  Of2 O fo
8:131 8332 amn
Ofn Ofn Ofn
81131 8%2 axn
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Solving nonlinear equations

Finaly we get the multidimensional version of iterative Newton-Raphson method

Remarks:

— — _1 - —
ofr Of of — \
(| o o0 . oo f1(#)
Of2 9f2  Of fa ()
fk+1 _ fk . ox1 0o ox,
Ofn  Ofn Ofn o
K_ g g o || @) | i

method works effectively only if the starting point is chosen near exact solution,
finding the solution is not guaranteed

stopping criterion must be fullfilled by every element of solution vector x

* if solution can’t be find during the iterative process,

it must be restarted with different starting vector x

* matrix of derivatives must be recalculated in every iteration

* insted of comupting the inverse matrix, system of linear equation should be solved

for example using LU decoposition (matrix is not symmetric)

—

D_lf:&x — Dxﬁx :f

x
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