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Whenever the total kinetic energy of an isolated collection of interacting bodies changes, the amount
of its changeas measured from different inertial frames has identical values. This remarkable
invariance implies two of the principal conservation laws of Newtonian as well as relativistic
mechanics. Moreover, together with the relevant rule of velocity addition, it evendeterminesthe
exact form of the kinetic energy as a scalar function of the speed of motion in either context.
© 2000 American Association of Physics Teachers.
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I. AN INTRODUCTORY EXAMPLE

It is a well-publicized fact that the chemical energy
propellants transforms into thekinetic energy of a rocket.
Imagine two inertial frames of referenceS andS8, the latter
coasting pastS with some large-enough velocity. Let
rocket R be fired from S in the direction in whichS8 is
moving. Observers inS now find R gaining speed all right,
but those inS8 do not. To the latterR is indeed aretro-
rocket. It keepslosing speed and losing kinetic energy in i
rearward motion relative toS8. Yet the residents ofS8 do
notice R’s propellants burning on with undiminished vigo
What can be happening in their reckoning, then, to the e
ergy shed by all that fiery stuff?

The upshot of these thoughts is that the changes occu
in the kinetic energy of asinglebody viewed in isolation are
not properly auditable. Suppose the burning propellants
lease a total amount of energyE. A considerable partH of E
goes to waste as unutilized heat. Even so, the rocket veh
alone cannot appropriate all the rest of the energyE–H.
Both the vehicle and the exhaust gases rushing out o
nozzles must share thisE–H as acquisitions of kinetic en
ergy. ~We understand acquisitions as signed magnitu
here—positive if gains and negative if losses.! Taken indi-
vidually, these acquisitions perforce depend on any part
lar frame of reference in which they are measured,
summed up together they do turn out to be invariant. Thu
the additional amounts of kinetic energy acquired by the
hicle and the gases have the valuesDKV and DKG in the
frame S, and the valuesDKV8 and DKG8 in S8, then indeed
DKVÞDKV8 and DKGÞDKG8 . Nevertheless, the algebra
sum of the twoD’s figuring in this context emerges as a tru
frame-independent quantity:

DKV1DKG5DKV81DKG8 5E2H. ~1!

Striking as this invariance is, few textbooks seem to ha
ever made any mention of it in the past.

II. THE PROOF: A PRE-RELATIVISTIC
PRESENTATION

In nonrelativistic classical mechanics, the kinetic energK
of a massM moving with a velocityV is given by the famil-
iar formula

2K5MV•V5MV2. ~2!

We now imagine that a number of ‘‘bodies’’ are interactin
with one another, and that an observerO at rest with respec
329 Am. J. Phys.68 ~4!, April 2000
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to some inertial frame of referenceS watches the process
This is a generalization of the example of the rocket
discussed in Sec. I. At some instant of time, the observeO
measures the masses and the velocities of all the bodies
N in number. Suppose~s!he finds these to beM r and Vr ,
respectively, for therth body (r51,2,...,N). As interactions
progress, some of the ‘‘bodies’’ may merge together, so
may break up, yet others could stay intact. It is thus poss
thatO finds fewer or more ‘‘bodies’’ at another time. Let th
mass and the velocity of therth body then bemr and vr ,
respectively (r51,2,...,n). It now follows that O has ob-
served an incrementSk2SK accruing to the total kinetic
energy of all the bodies, where

SK5
1

2 (
%51

N

M rVr
2, Sk5

1

2 (
%51

n

mrvr
2. ~3!

Suppose there is a second inertial observerO8 who con-
currently carries out the same measurements asO does. Let
the velocity of thefirst observerO relative toO8 be u. We
employprimedvariables to designate all ofO8 ’s other mea-
surements. It now looks proper to assume

M r85M r ~r51,2,...,N!, mr85mr ~r51,2,...,n!, ~4!

and

Vr85Vr1u ~r51,2,...,N!, vr85vr1u, ~r51,2,...,n!.
~5!

Equation ~4! says thatmassesare invariant—a hypothesi
which holds even in special relativity if~as is customary! we
understand the term to mean therest masses always. Equa
tion ~5! expresses just thevector law of the addition of ve-
locities. Its applicability is limited, of course, to prerelativis
tic mechanics only.

Obvious analogues of Eq.~3! define the primed total ki-
netic energiesSk8 and SK8 of the bodies observed. A
simple computation using Eqs.~4! and ~5! now unveils the
following crucial result:

~Sk82SK8!2~Sk2SK !

5
1

2
u2H (

%51

n

mr2 (
%51

N

M rJ
1u•H (

%51

n

mrvr2 (
%51

N

M rVrJ . ~6!

If the interacting bodies are free from outside influenc
classical mechanics tells us that these bodies must toge
329© 2000 American Association of Physics Teachers
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conserve their totalmass, as well as their totalmomentum.
Accordingly, the differences appearing within the two pa
of curly braces on the right-hand side of Eq.~6! vanish,
thereby giving

Sk82SK85Sk2SK. ~7!

Equation~7! is a generalized form of Eq.~1! cited earlier
in the context of the rocket and its exhaust gases. It affi
the remarkable invariance we alluded to at the outset: A
incrementaccruing to the total kinetic energy of an isolat
system of bodies has identical values under measurem
carried out from different inertial frames. Were it not for th
fortunate result, calculations of kinetic energy would ha
amounted to just fanciful numerology.

The vectoru of Eq. ~6! is arbitrary. This makes the step
used in our deduction of Eq.~7! fully reversible. Thus Eq.
~7! implies back to the laws of mass conservation and m
mentum conservation as forcefully as it is itself implied
them. Equation~7! should therefore serve as a legitima
point of departure for some further excursions into the fo
dations of mechanics. As we shall see, these investigat
do in fact open up a new gateway toward understanding
subtle dynamics of special relativity as well.

III. SOME HISTORICAL NOTES

The quantity 2K of Eq. ~2! originates from Gottfried Wil-
helm von Leibniz~1646–1716!, who gave it the namevis
viva1 way back in 1695. Decades before, Rene´ Descartes
~1596–1650! and his followers had been inclined toward t
seemingly more naturalK5MV as the correct representatio
of the ‘‘vis’’ of a massM moving with the speedV. Under-
standably, this idea of thevis ~or vitality! was steeped in
slippery metaphysics in those days~as it perhaps is even
today!. All the same, Leibniz could still come up2 with some
surprisingly ingenious and rational arguments in suppor
his vis viva. At bottom, his thinking was based on a clear
perceived notion of interconvertibility of the energies of fa
ing bodies, potential and kinetic.~These exact terms weren
in vogue in Leibniz’s time, though.! In view of its profound
historical significance, we give an outline of Leibniz’s actu
reasoning in the Appendix.

Another concept that seems to have evolved in time fr
Leibniz’s thoughts iswork. The termwork was introduced3

in its current technical sense only in 1826 by Jean Vic
Poncelot~1788–1867!, and it finds no place in the writing
of Isaac Newton~1642–1727!,4,5 or Leibniz himself. Yet to-
day this word is so firmly rooted in our technical vocabula
that we even have learned to think of the kinetic energyK
5 1

2MV2 as just the ‘‘work done in raising the speed of th
massM from zero toV. ’’ Historically, however, it is the
definition of work that has been fashioned from kinetic e
ergy’s already known form, rather than the other wa
around. In any case, the much flaunted equality ofK with the
work done onM by an obligingly effective Newtonian force
M dV/dt in a hypothetical process of imparting speed,

K5E dr•MdV/dt5E ~dr /dt!•M dV

5E V•MdV5
1

2
MV2

to wit, looks more tautological than telling.
330 Am. J. Phys., Vol. 68, No. 4, April 2000
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IV. THE UNIQUE CHARACTER OF KINETIC
ENERGY

None of the historical considerations just surveyed env
ages observing dynamical events from different frames
reference. For this reason, none of these can do justic
kinetic energy’s relevance to mechanics at its foundatio
level.

As might be expected, this profound relevance stems fr
just the invarianceSk82SK85Sk2SK which, as we saw,
regulates interactions within an isolated system of bod
and ensures compliance of two basic conservation laws. A
matter of fact, it turns out that there isessentially only one
way of defining kinetic energy so as to support this inva
ance. In classical mechanics, that unique way proves to
just what Leibniz formulates, namely his Eq.~2!. In contrast,
the Cartesian preferenceK5MV ~for example! doesnot up-
hold our grand invarianceSk82SK85Sk2SK. And fi-
nally, when we switch to special relatively, the invarian
approach once more homes in on just the correct expres
for kinetic energy in the new context as well.

We do need to make our premises more precise, of cou
before we can prove these claims. We assume that e
material ‘‘body’’ interacting with its neighbors has an invar
ant massM, and a frame-dependent velocityV. We look for
a well-behaved nonconstant scalar functionF(X) such that
the alternative expression

K5MF~V•V!5MF~V2!, ~8!

to be accepted as thenew kinetic energy ofM henceforth,
also upholds our basic invariance

Sk82SK85Sk2SK, ~7!

when masses likeM interact with one another. We assum
that F(X) possessescontinuousfirst and second derivative
in some interval 0,X,a. We also assume thatF(0) is
defined, but leave6 the behavior of the function atX50 un-
specified.

V. OBSERVING A FISSION EVENT FROM TWO
FRAMES

We are now ready for a proof of the assertions made
Sec. IV. It would be adequate for our limited purpose at
moment to base our arguments on a simple special case
Consider thefissionof a single isolated massM into just two
fragmentsm1 andm2 ~MÞ0, m1Þ0, m2Þ0!. To elaborate,
our first observerO finds that aninitially stationary massM
at rest in his/her frameS breaks up spontaneously, and th
its fragmentsmr fly away with some velocitiesvr (r51,2)
(vrÞ0 andv1Þv2!. And, as before, the second observerO8
finds that his/her companion’s frameS has itself been in
motion with a uniform velocityu all along.

The observerO8 measures the velocity of the origina
massM to beu, the same as the velocity of the frameS in
which it was at rest. LetO8 also measure the velocities of th
flying fragmentsmr , and find them to bevr8 ~r51,2!. With
the kinetic energy redefined asK5MF(V2) through Eq.~8!,
our crucial invarianceSk82SK85Sk2SK takes on the
simplified form
330S. R. Madhu Rao
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M @F~u2!2F~0!#5m1@F~n18
2!2F~n1

2!#

1m2@F~n28
2!2F~n2

2!#. ~9!

Rather than designating the derivatives ofF(X) with the
customary primes~which are currently reserved for signalin
O8’s measurementsinstead!, let us employ the notation
F (1)(X), F (2)(X), etc., for the derivatives in question. Sinc
F(X) is not a constant,F (1)(X)Þ0 except possibly for a se
of isolatedX’s. We now studysomearbitrary fission event
~only one!! in which the fragment velocities~each nonzero!
are unequal vectorially7 (v1Þv2), and in which F (1)(nr

2)
Þ0. In this circumstance, because ofF (1)’s continuity,
F (1)(X)Þ0 in a whole neighborhood ofX5nr

2. When the
velocity u of the observerO relative to O8 is small, the
fragment velocityvr8 measured byO8 stays close to the cor
responding velocity vr measured by O. Accordingly,
F (1)(nr8

2)Þ0 as long asu is sufficiently small.@The reader
can see from Eqs.~14! and ~14-R! appearing in the seque
~Secs. VI and VII! that once these statements hold forr51
or 2, they must automatically be true for the otherr as well.#

In what follows, it would certainly be possible to deal wi
both the relativistic and the pre-relativistic situations conc
rently, since the latter is, after all, a limiting special case
the first. Yet the size of relativistic expressions might at
start keep readers from seeing the forest for the trees.
would prefer, therefore, to discuss only the nonrelativis
theme to begin with.

VI. THE NONRELATIVISTIC CASE

In nonrelativistic mechanics, we have, for plugging in
our invariance relation~9!, the simple vectorial law

vr85u1vr ~r51,2!. ~10!

We note in this connection

nr8
25~ux1nrx!

21~uy1nry!21~uz1nrz!
2 ~r51,2!,

~11!u25ux
21uy

21uz
2,

where the subscriptsx, y, andz designate components wit
respect to an arbitrarily chosen rectangular Cartesian a
We may insert these values in Eq.~9!, differentiate the result
partially with respect toux , simplify and rearrange term
thus:

$MF ~1!~u2!2m1F ~1!~n18
2!2m2F ~1!~n28

2!%ux

5$m1F ~1!~n18
2!%n1x1$m2F ~1!~n28

2!%n2x . ~12!

Similar manipulations of Eq.~9! with ]/]uy and]/]uz give
two more analogous results which when adjoined to Eq.~12!
yield the vector relation

$MF ~1!~u2!2m1F ~1!~n18
2!2m2F ~1!~n28

2!%u

5m1F ~1!~n18
2!v11m2F ~1!~n28

2!v2 . ~13!

In other words, Eq.~13! is derived from Eq.~11! as just
the gradient with respectto u of our invariance relation~9!.
Now if the coefficient ofu in Eq. ~13! were nonzero,u
would become a linear combination ofv1 and v2 , and so
should lie in the plane/linej ~say! spanned by the latter. A
such,u’s coefficientmustbe zero whenu doesn’t lie inj,
331 Am. J. Phys., Vol. 68, No. 4, April 2000
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andbecause of its continuity, this coefficient must continue
be zero even whenu does lie in j. For all possibleu’s,
therefore, Eq.~13! reduces to

$m1F ~1!~n18
2!%v152$m2F ~1!~n28

2!%v2 . ~14!

According to the assumptions we made at the start, the
efficients of thevr’s here must be nonzero~for small enough
u’s!, and thesevr’s must consequentlylie in a single straight
line. In Eq. ~14!, thevr’s and themr’s do not depend onu.
Accordingly, the quotientF (1)(n18

2)/F (1)(n28
2) must also be

independent ofu, so the gradient of this quotient with respe
to u must vanish. Taking note of Eq.~11!, this consideration
results in a relationship of the formAu5Bv12Cv2 in which

A5F ~1!~n18
2!F ~2!~n28

2!2F ~1!~n28
2!F ~2!~n18

2!, ~15A!

B5F ~1!~n28
2!F ~2!~n18

2!, C5F ~1!~n18
2!F ~2!~n28

2!. ~15B!

On the other hand, as in the case of Eq.~13!, u’s coefficient
must identically vanish inAu5Bv12Cv2 , so from Eq.
~15A!

F ~1!~n18
2!F ~2!~n28

2!5F ~1!~n28
2!F ~2!~n18

2!. ~16!

Since nowBv12Cv250, relations~15B! and ~16! lead to

F ~1!~n28
2!F ~2!~n18

2!~v12v2!50, ~17!

implying thatF’s second derivativeF (2)(n18
2)50. ~Note that

by earlier assumptionsF (1)Þ0 andv1Þv2 .! Successive in-
tegrations now give

F~n18
2!5an18

21b ~a,b constants!, ~18!

which is essentially the function giving rise to Leibniz’svis
viva.

VII. THE RELATIVISTIC CASE

The foregoing proof for nonrelativistic mechanics has
fact been modeled in such a manner thatexactlyanalogous
steps will settle the relativistic case as well.

It proves convenient to setc, the speed of lightin vacuo,
equal to unity in special relativity. The relativistic analogu
of Eq. ~11! for compounding velocity magnitudes can the
be written as

nr8
2512wr

2~12nr
2!~12u2!, ~11-R!

where

wr51/~11vr•u!. ~11-r!

Here we have, of course,

u25ux
21uy

21uz
2, vr•u5nrxux1nryuy1nrzuz .

The gradient with respect tou of the invariance relation~9!
now turns out to be

$MF ~1!~u2!2m1~12n1
2!w1

2F ~1!~n18
2!

2m2~12n2
2!w2

2F ~1!~n28
2!%u

5~12u2!$m1~12n1
2!w1

3F ~1!~n18
2!v1

1m2~12n2
2!w2

3F ~1!~n28
2!v2%. ~13-R!

Again u’s coefficient is necessarily zero, thevr’s are neces-
sarily collinear from the dependence
331S. R. Madhu Rao
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m1~12n1
2!w1

3F ~1!~n18
2!v152m2~12n2

2!w2
3F ~1!~n28

2!v2 ,
~14-R!

the gradient of the quotientw1
3F (1)(n18

2)/w2
3F (1)(n28

2) with
respect tou necessarily vanishes, and this last conditi
leads to a relationship of the formAu5Bv12Cv2 . On per-
forming the necessary calculations,and looking back at the
crucial relation (11-R), one finds

A~12u2!52$~12n28
2!F ~1!~n18

2!F ~2!~n28
2!2~12n18

2!

3F ~1!~n28
2!F ~2!~n18

2!%

50 identically,

B5$2~12n18
2!F ~2!~n18

2!23F ~1!~n18
2!%F ~1!~n28

2!w1 ,

C5$2~12n28
2!F ~2!~n28

2!23F ~1!~n28
2!%F ~1!~n18

2!w2 .
~15-R!

The analogues of Eqs.~16! and ~17! now turn out to be

~12n28
2!F ~1!~n18

2!F ~2!~n28
2!

5~12n18
2!F ~1!~n28

2!F ~2!~n18
2! ~16-R!

and

$2~12n18
2!F ~2!~n18

2!23F ~1!~n18
2!%

3F ~1!~n28
2!~w1v12w2v2!50. ~17-R!

Since F (1)(n28
2)Þ0, and w1v1Þw2v2 ~it turns out8 that if

v1Þv2 then w1v1Þw2v2 as well!, Equation~17-R! reduces
to

F ~2!~X!

F ~1!~X!
5

3

2~12X!
~X5n18

2!. ~17-r!

Remembering thatF (r) is therth derivative ofF, this equa-
tion integrates into

F~X!5ag~X!2b ~a,b constants!, ~18-R!

where the functiong(X) is given by

g~X!5
1

A12X
. ~19-R!

Equation~18-R!’s F(X) is just the function used in the defi
nition of kinetic energy in special relativity, except that
appears here in a generalized form. A large number of ea
derivations of the result do exist,9 of course, but they all
assumeimprecisely formulated conservation lawsto begin
with. This makes the use of some fuzzy reasoning indispe
able in their overall approach.

VIII. SPECIAL RELATIVITY’S CONSERVATION
LAWS

We have not as yet established theexistenceof a well-
behaved functionF(X) which upholds the invariance state
in Eq. ~9!. What we have proved is thatif such a function
does exist, it must, in relativistic mechanics, be the one gi
by Eq. ~18-R!. Can Eq.~18-R!’s F(X) really ensure compli-
ance of the invariance without running into mathemati
inconsistencies?

It can and it does. Its strength in this connection ste
from the transformation property

g~n82!5g~u2!g~n2!~11u•v! ~20-R!
332 Am. J. Phys., Vol. 68, No. 4, April 2000
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of the functiong(X) defined in Eq.~19-R!. Herev andv8 are
a pair of corresponding velocities of a body as measured
the observersO andO8, respectively, andu as usual is the
velocity of O relative toO8. Equation~20-R! is no more than
a restatement of Eqs.~11-R/r! used earlier. Where, as in Se
II, a number of interacting bodies are involved,v andv8 can
range overVr and Vr8 (r51,2,...,N) on one occasion, and
over vr andvr8 (r51,2,...,n) on another. Recalling now the
kinetic energy expressionsk5mF(n2), k85mF(n82), etc.,
with F(X) given by Eq.~18-R!, our basic invarianceSk8
2SK85Sk2SK takes on the form

05~Sk82Sk!2~SK82SK !

5a@g~u2!21#S (
%51

n

mrg~nr
2!2 (

%51

N

M rg~Vr
2!D

1ag~u2!u•S (
%51

n

mrg~nr
2!vr2 (

%51

N

M rg~Vr
2!VrD ,

~21-R!

thanks to the property~20-R! of g(X). The factorsg(u2)
21 and g(u2)u appearing here are arbitrary. Equatio
~21-R! is a handsome analogue of Sec. II’s Eq.~6!. It con-
veniently reduces the invariance relationSk82SK85Sk
2SK involving aninfinity of different inertial frames to only
two conservation laws holding in anysingle frame of refer-
ence, namely:~i! the law of conservation of a scalar quanti
known as the ‘‘total relativistic energy’’

(
%51

n

mrg~nr
2!5 (

%51

N

M rg~Vr
2!, ~22-R!

and ~ii ! the law of conservation of a vector quantity calle
the ‘‘total relativistic momentum’’

(
%51

n

mrg~nr
2!vr5 (

%51

N

M rg~Vr
2!Vr . ~23-R!

Exactly as in the Newtonian case~Sec. II!, the invariance
implies the conservation laws while the latter in turn imp
the invariance back. Our fission event being a special c
with N51 andn52, the corresponding invariance relatio
~9! is guaranteed to holdin all inertial framesonce the two
relations~22-R! and ~23-R! are satisfied in only a single in
ertial frame. This ensures against mathematical inconsis
cies.

Before we close this discussion, we must note in pass
that the set of measurements (Vr ,Vr8) can never be simulta
neous in both the framesS and S8 (r51,2,...,N), nor can
(vr ,vr8) be either (r51,2,...,n). As is well known, simulta-
neity is not an invariant condition in the relativistic contex
On the other hand, no conservation law can be expecte
hold if the timings of the individual measurements are l
entirely unrestricted. A simple way to resolve this difficul
consists in replacing simultaneity with a softer but fully i
variant condition to which the namecontemporaneityseems
apt. A contemporaneous set of events is one in which e
event is separated from every other event by only a space
interval. Our observersO andO8 can in principle ensure tha
the set of measurements they both carry out on any sin
occasion are indeed contemporaneous, and we mayassume
332S. R. Madhu Rao
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that once they do so, they will find the invariance and
conservation laws unfailingly obeyed under all circum
stances.

IX. TOTAL ‘‘RELATIVISTIC’’ ENERGY AND
TOTAL KINETIC ENERGY

Turning back to Eqs.~18-R! and ~22-R!, we discover a
particularly simple expression for the change in the total
netic energy of an isolated system of bodies as measure
any inertial observer:

Sk2SK5bS (
%51

N

M r2 (
%51

n

mrD . ~24-R!

The expression within the parentheses is called themass de-
fect. The incremental kinetic energy is thus equal tob times
the mass defect always.

Quite frequently, we find physicists accustomed to sett
b50. The change in the kinetic energySk2SK is then
identically zero, and is thereforetrivially invariant. The ki-
netic energy determined in this way by settingb50 essen-
tially coincides with the ‘‘totalrelativistic energy’’ defined
in the context of the conservation law~22-R! of Sec. VIII.
But as something that never changes its value in spite o
the ongoing interactions, this quantity doesn’t quite confo
to what one normally understands by the termkineticenergy.
It does have other virtues, however—the most notable
being that it can serve as the time component of a dynam
system’s momentum–energy four vector with precisely
right transformation properties.

When we look for all the features that we intuitively a
sociate with kinetic energy~such as variability!, the only
way out is to chooseb.0 in Eq. ~18-R!. The actual value
chosen~together witha’s value! determines the size of th
unit of mass~or energy! adopted for measurements, and
therefore immaterial from a theoretical point of view. Equ
tion ~24-R! shows that any change occurring in the to
massof an isolated dynamical system always manifests its
as a proportional change in the totalkinetic energy of the
system. This delineates the true content of the most wid
quoted formula of early relativists,E5mc2.

Unlike total relativistic energy, the total kinetic energy
an isolated system of bodies~obtained by settingbÞ0!
doesn’t behave like a vector component. But as repeat
stressed, the total kinetic energy possesses the remar
property thatchangesoccurring in it areinvariant across all
inertial frames in which they are measured. And this sin
property serves to uniquely identify it as well.

X. CONCLUSION

As a concept, energy—or kinetic energy—can be taken
be primitive and irreducible. Trying to describe it as, sa
‘‘the capacity to do work by virtue of...’’ doesn’t really carr
us very far. The unsophisticated view that kinetic energy—
for that matter any energy, since the latter could be just h
den kinetic energy in a bound state—merely consists in h
vigorouslybodies are on the whole moving about in a d
namical system seems to work much better after all. Tho
the motions of the bodies taken individually are frame d
pendent and therefore seem to compromise this line of th
ing, we have demonstrated that the changes occurrin
them can be turned trulyinvariant by quantifying them with
a properly constructed unique kinetic energy functionF(X)
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and summing up over the whole system. Basically, the fu
tion F(X) is determined by the law of composition ofveloci-
tiesapplicable in any given context. The kinematical roots
dynamics are thus deep and strong, and can provide valu
insight into the mechanisms by which nature keeps bod
big and small incessantly moving around in the universe
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APPENDIX: LEIBNIZ’S DEFENSE OF HIS VIS VIVA
„CF. SEC. III …

Imagine a massm near the surface of the earth with
speedn vertically upwards. The investigations of Galileo G
lilei ~1564–1642! show that this mass ascends to a heig
h5n2/(2g) before losing all its speed. Let it then be co
nected to a second massM@m by a suitably designed lever
and allowed to fall withnegligible speedthrough a short
vertical distanced. As a result,M is raised through a heigh
D given byMD5md. Finally, put the lever away and allow
the massesm andM to drop freely under gravity. When the
return to their original locations,M will have fallen through
a height D gaining a speedA(2gD)5A(2gmd/M ) in the
process, andm through a height (h2d) gaining a corre-
sponding speedA$2g(h2d)%5A(n222gd). Leibniz now
demands

mF~n2!5mF~n222gd!1MF~2gmd/M !. ~25!

Equation ~25! is clearly satisfied ifF(X)5X. Leibniz ar-
gues, on the other hand, that ifF(X)5AX as imagined by
Descartes, the right-hand side of Eq.~25! would outweigh its
left-hand side. This would potentially turn the arrangeme
of the masses and the lever into aperpetuum mobile, an
impossibility.
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