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Lecturer information and contact details

Lecturer
Hamzeh Khanpour
High Energy Particle Physicist, AGH University of Krakow || CERN-TH

How to contact me
E-mail: hamzeh.khanpour@fis.agh.edu.pl; hamzeh.khanpour@agh.edu.pl
CERN e-mail: hamzeh.khanpour@cern.ch

Where to find me
Office & Room: D10 & 218
You are welcome to contact me or stop by for discussion at any time.

Website and course materials
https://view.fis.agh.edu.pl/staff/hamzeh.khanpour/
https://home.agh.edu.pl/~hamzeh.khanpour/
https://hamzeh-khanpour.web.cern.ch/
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Learning goals

Chapter question
How do we turn a physical ques-
tion into a numerical result that
can actually be tested?

By the end of the lecture, you should be able to:
define a measurand and state the system/model
boundary;
convert compound units correctly, including powers;
use dimensional homogeneity as a necessary-not
sufficient-check;
make defensible estimates and physically admissible
bounds;
distinguish resolution, repeatability, calibration, accu-
racy and uncertainty;
use graphs, residuals and held-out comparisons to test
a model;
state what an observation does and does not estab-
lish.
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SI quantities, units, and standards

For a chosen unit u, write
q = {q}u u.

Changing the unit changes the numerical value, not the physical quantity.

Exact definitions and relations
1 mm = 10−3 m is an exact unit re-
lation.
c = 299 792 458 m s−1 is an exact SI
defining value.
Exactness of the definition does not
make a ruler reading exact.

Measured or stipulated
G = 6.674 30(15) ×
10−11 m3 kg−1 s−2 is mea-
sured.

ρ = 7.80 g cm−3 in the spacer ex-
amples is a stipulated teaching in-
put.

A laboratory realisation can im-
prove without changing the SI
definition.

Chapter support: Chapter 1 §1.2, Table 1.2.
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Prefixes under powers and unit conversion

L = 30.0 mm = 0.0300 m
same quantity; a different numerical value and unit

R2
o − R2

i = 80.0 mm2

80.0
(

1
1000

)2
m2

L = 30.0 mm
30.0

(
1

1000

)
m

V = πL(R2
o − R2

i )
2400π mm3 = 2400π × 10−9 m3

kg m−3︸ ︷︷ ︸
density

m3︸︷︷︸
volume

= kg

the powers of the units cancel; the numerical factors remain

Power rule and density conversion
(mm)2 = (10−3m)2 = 10−6m2, 1 mm3 = 10−9 m3,

1 g cm−3 = 103 kg m−3.

The exponent acts on the whole prefixed unit; the physical quantity is unchanged
by the representation.

Chapter support: Chapter 1 §1.2.3; Figure F01-02.
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Dimensions, homogeneity, and scaling

Exponent ledger for CρAvq

target proposed
M 1 1
L 1 q − 1
T −2 −q

Both nontrivial rows require q = 2. ℓ 2ℓ

Corresponding face areas: 1 : 4
Similar three-dimensional bodies: V1 : V2 = 1 : 8

m1 : m2 = 1 : 8 only if
their densities are equal

Restricted dimensional model
For F = CρAvq with dimensionless C ,

[ρAvq] = M Lq−1 T−q,

so matching [F ] = M L T−2 requires
q = 2.

What dimensions do not prove
They do not determine C , prove the vari-
able list is complete, fix direction, or es-
tablish the physical regime. Geometric
similarity also requires all corresponding
lengths to scale together.

Chapter support: Chapter 1 §1.3; Figure F01-03.
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Estimation, admissible bounds, and sensitivity to inputs

outer boundary
11.9–12.1 mm

bore boundary
7.8–8.2 mm

Interval widths
exaggerated for clarity −4 −2 0 2 4

ρ

L

Ri

Ro

Change in mass / %

One input at a time

Estimate/admissibility. Match precision
to the information available; orders of mag-
nitude expose gross conversion failures. Re-
quire 0 ≤ Ri < Ro.

Sensitivity here. Increasing ρ, L, Ro raises
mass; increasing Ri lowers it. Segments are
exact one-input interval effects—not error
bars or variances to add.

Chapter support: Chapter 1 §1.4; Figure F01-04.
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From a physical question to a model

A physical model connects a requested measurand to available information. For a
uniform, concentric through-bored spacer,

A = π(R2
o − R2

i ), V = πL(R2
o − R2

i ), m = ρV .

L

Ri
Ro

material

through-bore

Longitudinal cut through the axis

Ro

Ri

End section

A = π(R2
o − R2

i )
shading marks material

Predict mass
from geometry

Independent
mass measurement

Compare and
test assumptions

revise geometry, material information or measurement model

Model test. A calculator evaluates the model; it cannot discover an omitted bore.
Test the prediction against independent evidence and revise assumptions when evi-
dence requires it.

Chapter support: Chapter 1 §1.1; Figure F01-01.
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Worked Example 1.1 - complete statement and representation

A machine spacer with an
unrecorded bore
An incomplete drawing is used to model
a spacer as solid. A subsequent inspec-
tion finds

Ri = 2Ro

3 .

Assume that the bore extends through
the full length and that the density is
uniform. What fraction of the solid-
model mass remains? What would
an independent weighing test?

Represent before calculating
The outer cylinder and removed cylin-
der have the same length and density,
so form the mass ratio before inserting
numerical dimensions:

mhollow

msolid
= ρπL(R2

o − R2
i )

ρπLR2
o

= 1 −
(

Ri

Ro

)2
.

What is being tested? A sepa-
rately calibrated weighing challenges the
geometry-plus-density prediction only
when it is independent of the model in-
puts.

Chapter support: Chapter 1 Example 1.1.
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Worked Example 1.1 - solution, checks, interpretation

mhollow

msolid
= 1 −

(
2
3

)2
= 5

9 ≈ 0.5556.

Three percentages, three
denominators
Retained: 5/9 = 55.6% of the solid-model
mass.
Removed: 4/9 = 44.4% of the solid-model
mass.
Solid prediction relative to hollow mass:

ms − mh

mh
= 4/9

5/9 = 0.80,

so it is 80% too large on that denominator.

Checks
0 < 5/9 < 1; as Ri → 0, the ratio tends
to 1; as Ri → R−

o , it tends to 0.

Interpretation
A disagreement with weighing does not
uniquely identify the bore. Incorrect
density, a blind bore, zero offset or at-
tached material could also matter. In-
spection plus weighing is more informa-
tive than either alone.

Chapter support: Chapter 1 Example 1.1.
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Measurement quality and reporting

Distinguish the ideas
Resolution: smallest
displayed/meaningful increment.

Repeatability/precision:
closeness of repeated indications
under stated conditions.

Accuracy: closeness to the
measurand’s true quantity value;
it is qualitative, not a number to
attach automatically.

Calibration: relation between
indications and reference values
under stated conditions.

A useful indication model
xj = x∗ + b + ϵj .

A common offset b shifts every indica-
tion but leaves pairwise differences and
sample spread unchanged.

Reporting discipline
Error is not the same as uncertainty. Sig-
nificant figures are a reporting conven-
tion, not a probability model. A Type
A/Type B classification describes how
uncertainty information is evaluated, not
whether it is “random” or “systematic”
by itself.

Chapter support: Chapter 1 §1.5.
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Worked Example 1.6 - complete statement

Two instruments measuring the same reference
A constructed reference has xref = 20.000 mm and standard uncertainty uref =
0.010 mm. Two synthetic instruments produce:

j 1 2 3 4 5 6
A/mm 20.18 20.20 20.19 20.21 20.20 20.19
B/mm 19.9 20.1 20.0 20.0 19.9 20.1

Instrument A has display increment 0.01 mm and was constructed with offset
+0.20 mm; its additional deviations are (−0.02, 0, −0.01, +0.01, 0, −0.01) mm. In-
strument B has increment 0.10 mm and zero stipulated offset, with the displayed
deviations about 20.0 mm. These are controlled teaching data, not random draws
or laboratory observations.

Tasks. Calculate means and sample spreads; compare resolution, clustering and
reference residuals; subtract the stipulated A offset and interpret what changes and
what does not.

Chapter support: Chapter 1 Example 1.6 (source label ch01:e05).
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Worked Example 1.6 - solution and aligned plots

19.9 20 20.1 20.2
1
2
3
4
5
6

xref ± uref

x/mm

Re
ad

in
g

j
A: fine display, common positive offset

19.9 20 20.1 20.2
1
2
3
4
5
6

xref ± uref

x/mm

Re
ad

in
g

j

B: coarser display, centred synthetic readings

x̄A = 20.195 mm, sA ≃ 0.01049 mm,

x̄B = 20.000 mm, sB ≃ 0.08944 mm.

After subtracting 0.20 mm from every A
reading,

x̄A,corr = 19.995 mm, sA,corr = sA.
Interpretation. A is more finely resolved and tightly clustered, yet its uncorrected indica-
tions lie farther from the reference. B’s coincident mean does not prove exactness. The
capped reference marker is a stated standard uncertainty, not a tolerance or guaranteed
coverage band.

Chapter support: Chapter 1 Example 1.6; Figure F01-05.
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Worked Example 1.8 - calibration over two ranges

Complete setup
An idealised displacement instrument has input x in millimetres and output y in
volts. Constructed data are generated from

yC = 0.10 V + (0.20 V mm−1)x + (0.020 V mm−2)x2.

Initially only the low-range pairs

(x/mm, y/V) = (0, 0.10), (1, 0.32), (2, 0.58)

are supplied for calibration. Test a linear endpoint calibration and a quadratic
description, then predict held-out outputs at x = 4 and 6 mm.

Endpoint line (defined explicitly; not least-squares).

aL = 0.58 − 0.10
2 − 0 = 0.24 V mm−1, bL = 0.10 V,

yL = 0.10 V + (0.24 V mm−1)x .
Chapter support: Chapter 1 Example 1.8.
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Worked Example 1.8 - solution and held-out prediction

For yC = b+ax+c2x2, the three training
points give

b = 0.10 V, a + c2 = 0.22,

2a + 4c2 = 0.48.

so
a = 0.20 V mm−1,

c2 = 0.020 V mm−2.

x/mm yL/V yC /V held-out y/V

4 1.06 1.22 1.22
6 1.54 2.02 2.02

0 2 4 60

0.5

1

1.5

2

x/mm

y/
V

Endpoint line L
Quadratic C

Calibration pairs
Held-out pairs

Do not reuse calibration as validation
Three parameters can reproduce three training points exactly; zero residuals there
describe interpolation, not independent predictive success.

Chapter support: Chapter 1 Example 1.8; Figure F01-06 upper model panel.
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Model testing with residuals

0 2 4 6
0

0.2

0.4

x/mm

r L
/V

Residuals to the endpoint line

0 2 4 6
0

0.2

0.4

x/mm

r C
/
V

Residuals to the quadratic

With r = ydata − ymodel, the endpoint-
line held-out residuals are

+0.16 V, +0.48 V.

The quadratic held-out residuals are
zero by construction of this teaching
dataset. One held-out agreement does
not prove a universal sensor law.

Unit invariance
Changing millimetres to metres changes numerical coefficients but must leave phys-
ical predictions unchanged.

Chapter support: Chapter 1 §1.6 and Example 1.8.
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A correction is not new data

1 2 3 4 5 6

0

0.1

0.2

−0.200 mm

Reading j

Re
fe

re
nc

e
re

sid
ua

l/
m

m
Raw Corrected Common correction

Subtracting the same 0.200 mm
from every A reading translates
all reference residuals by the same
amount. Their spread is un-
changed.

Preserve raw observations
A correction produces derived val-
ues; it does not create new mea-
surements. Keep raw readings and
acquisition order so a correction
can be revised later.

Core modelling checklist. Define measurand/system; state assumptions; carry units;
check dimensions, signs, limits and scale; distinguish direct, inferred and corrected values;
distinguish bounds from uncertainty; seek genuinely new evidence.

Chapter support: Chapter 1 §1.8–1.9; Figure F01-09.
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Problem Set 1 - Problem 5: find a cubic conversion error

Complete problem statement
A script obtains V = 1250 mm3 and converts it to 1.250 m3 by dividing by
1000. With ρ = 2.40 g cm−3, find the correct mass using two coherent unit
routes. By what factor is the script’s converted volume wrong? Connect the
diagnosis to Figure F01-02.

Before calculating
Choose one coherent unit route and carry the entire quantity, including the
cubic unit factor. Then repeat by a genuinely different unit route as an
independent check.

Chapter support: Chapter 1 Problem 5; Figure F01-02.
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Problem Set 1 - Problem 5 solution

Convert the complete volume

1250 mm3 = 1250(10−3 m)3 = 1.250 × 10−6 m3 = 1.250 cm3.

Route 1: g and cm3

m = (2.40)(1.250) g = 3.00 g.

Route 2: SI

ρ = 2400 kg m−3,

m = (2400)(1.250 × 10−6) kg
= 0.00300 kg.

Diagnosis
The script’s 1.250 m3 is 106 times too large. Dividing by only 103 applies the
length conversion once; a volume requires the cube. The two independent
routes agree on the same physical mass.

Chapter support: Chapter 1 Problem 5 and detailed solution.
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Problem Set 2 - Problem 22: do not reuse a test

Complete problem statement
A quadratic has been chosen to fit the three training points in Example 1.8 exactly.
A student calls those zero residuals “three independent validations”. Repair the
statement. Using the held-out point at 4 mm, compare the line and quadratic
predictions. Rewrite their coefficients for a length input in metres and verify the
same predictions.

Known models from Example 1.8

yL = 0.10 V + (0.24 V mm−1)x ,

yC = 0.10 V + (0.20 V mm−1)x + (0.020 V mm−2)x2.

The held-out constructed response at x = 4 mm is 1.22 V.

Chapter support: Chapter 1 Problem 22; Example 1.8.
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Problem Set 2 - Problem 22 solution

Predict before comparing
At x = 4 mm,

yL = 1.06 V, yC = 1.22 V.

With r = ydata − ymodel,

rL = +0.16 V, rC = 0.

The training-point zeros are interpola-
tion, not independent validation.

Rewrite for metre-valued input

yL = 0.10 V + (240 V m−1)x ,

yC = 0.10 V + (200 V m−1)x
+ (20000 V m−2)x2.

At x = 0.004 m these give the same
1.06 V and 1.22 V predictions.

Interpretation
One constructed held-out agreement supports the quadratic over the line at that
point; it does not prove the quadratic universally correct. Real calibration also
requires input/calibration uncertainties and further validation points.

Chapter support: Chapter 1 Problem 22 detailed solution.
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Advanced Topics for Technical and Engineering Students - sensitivity and
covariance

For a small change in y = f (x1, . . . , xn),

δy ≃
∑

i

ci δxi , ci = ∂f
∂xi

,

u2
y ≃

∑
ij

ci cj Cov(xi , xj).

For the spacer,

δm
m ≃ δρ

ρ
+ δL

L + 2RoδRo − 2RiδRi

R2
o − R2

i
.

−10 1
−1

0
1

U = δRo/uo

V
=

δR
i/

u i

roi = 0

−10 1
−1

0
1

U = δRo/uo

V
=

δR
i/

u i

roi = 0.8

Interpretation. For W = R2
o − R2

i the derivatives have opposite signs, so positive correla-
tion can reduce uW here. This is not universal; covariance contours are not automatically
confidence regions.Chapter support: Chapter 1 advanced section; Figure F01-07.
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Advanced Topics for Technical and Engineering Students — dimensionless
modelling

Define

Πm = m
ρR3

o
, λ = L

Ro
,

β = Ri

Ro
.

Uniform-cylinder geometry gives

Πm = πλ(1−β2), m
ρπLR2

o
= 1−β2.

Meaning. Nondimensionalisation sep-
arates overall size from shape. Geo-
metrically similar parts share β and λ;
at equal density their masses scale with
the cube of length.

0 0.2 0.4 0.6 0.8 10

0.5

1

1.5

2

nominal spacer

β = Ri/Ro

M
as

s
/

so
lid

-m
od

el
m

as
s Exact: 1 − β2

Thin-wall: 2(1 − β)

Chapter support: Chapter 1 advanced section; Figure F01-08.
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Advanced Topics for Technical and Engineering Students - when is a thin
wall thin enough?

Write t = Ro − Ri. The exact annular area
is

A = πt(2Ro − t).
Replacing the mean-radius factor by the
outer radius gives

Athin = 2πRot,

with relative overestimate

ϵthin = Athin − A
A = t

2Ro − t = 1 − β

1 + β
.

A quantitative 1% criterion

1 − β

1 + β
< 0.01 =⇒ β >

0.99
1.01 ≃ 0.980198,

so t/Ro < 1.98%.

Nominal spacer
For β = 2/3, t/Ro = 1/3 and

ϵthin = 0.20.

It is not thin-walled under the 1%
criterion.

Model-validity lesson. Approximation quality is controlled by a dimensionless shape pa-
rameter, not by millimetre size alone.

Chapter support: Chapter 1 advanced thin-wall section and Example 1.13.
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Chapter synthesis and bridge to Chapter 2

Seven questions to ask before trusting a number
1 What physical quantity/measurand is requested?
2 What system boundary and model connect it to the available information?
3 Are the units and dimensions consistent?
4 Does the result have the correct sign, scale and limiting behaviour?
5 What was directly measured, what was inferred, and what was stipulated?
6 What does the uncertainty or bound statement actually mean?
7 Did the comparison use independent information, or data already used to con-

struct the model?

Next: Chapter 2 - Motion Along a Straight Line
Position, displacement, velocity and acceleration require the same discipline in
coordinates, units, graphs, model assumptions and interpretation. Chapter 1
supplies the quantitative habits; Chapter 2 applies them to motion.
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