My theorems *

Lech Pasicki
July 10, 2025

Abstract

Publishing without (numerous) joint authors has numerous disad-
vantages, while the virtue of such behaviour (maybe the only one)
is presented in the title. During my mathematical activity I have
been interested mainly in the fixed point theory, and some details are
contained in the second section. The first section consists of miscella-
neous results. I apologize for not giving the citation data concerning
the publications of other mathematicians, they can be found in the
respective papers of mine.

Dear Reader, let me know if any of the results presented here have
been obtained earlier by someone else. In such a case I will cry, but I
will offer a rectification.

1 Miscellaneous results

A version of the Stokes Theorem (weak assumptions on continuity, and no
problem of orientability).

Theorem 1.1 ([28, Theorem 1]) Let A C R*, (k > 1) be a reqular set
[28, Definition 3] consisting of normal sets Ay, ..., A, and let &: A —
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R"™ be a one to one mapping of class C*. Assume that fo'= > br Adyr is
a continuous form on S = ®(A), and of class C* on J{@(Int A;): j =

1,...,m}. Then the integrals in the following formula are convergent

k—1 k—1
/d WZ/ W,
S oS

and the equality holds on condition that the orientations of 0S = ®(Fr Int A)
and of S coincide.

As regards the compactness in function spaces, it seems more natural to
consider mappings continuous on compacta instead of continuous mappings.
Let us adopt the following notations: Y% is the family of all mappings on X
to Y; Cx C Y is the family of all mappings continuous on compacta; V|K is
the uniformity of uniform convergence on compacta: 7y is the compact open
topology on YX.

Theorem 1.2 ([23, Theorem 8]) Let X be a topological space, and (Y, V)
a uniform space. A family (closed in Cx family) F C Cx is precompact
(compact) in (YX,VIK) iff

(i) F is equicontinuous on compacta

(i1) F(z) is precompact (compact), x € X.

Theorem 1.3 ([23, Theorem 16]) Let X, (Y,7) be topological spaces,
and Y regular. A family F C Cx closed in Cx is compact in (Y™, Tx) iff

(i) F is evenly continuous on compacta

(ii) F(x) is compact, z € X.

More “theoretical” versions of the above theorems are [23, Theorem 4,
Theorem 13]. Some results concerning quasi-uniform spaces can be found in
the second part of [15]; the first part of that paper is more advanced, and it
is devoted to the mappings acting on the spaces of mappings.

The subsequent two results extend the celebrated theorems of Michael on
continuous selections.

Theorem 1.4 ([20, Theorem 7]) Let X be a paracompact space, and Y
a pseudo-metrizable topological subspace of a locally convex space. Assume
F: X — 2Y is an Isc mapping with closed, complete and convex values.
Then F admits a continuous multivalues selection (with closed, complete and
convex values).



Theorem 1.5 ([20, Theorem 8]) Let X be a normal space, and let Y be
a pseudo-metrizable topological subspace of a locally convex space. Assume
F: X — 2Y is an lsc mapping with closed, complete and convex values, and
F(X) is precompact (i.e. totally bounded). Then F admils a continuous
multivalues selection (with closed, complete and convex values).

In [20] theorems on retractions, and on continuous extensions are also
presented (generalizations of Michael’s, and Dugundji’s results), and an ex-
tension of the Bartle-Graves theorem is proved.

Maybe the following criterion for uniformly convex spaces can be useful:

Theorem 1.6 ([26, Theorem 13]) A normed space (X, ||||) is uniformly
convez iff for each B > 0 there exists a 6 > 0 such that for each u,x € X
any of the following conditions is satisfied:

(@) |z —ull, [|o+ul| <1+6, 2/l = 8 imply |ul| <1 -0,

(@) |z —ull, [l +ul| <1+0, 2|z} = § imply [[u] <1,

(i) o —wll, |z +ull <1, 2] = G imply |lul] <1 -39,

() Null, |z]] <146, [|o —ul = 8 imply |[(x +u)/2| <1 =4,
() Nfull, 2]l <146, [l = ull = 6 imply [|(x +u)/2]| <1,
() lull, lell < 1,z —ull = 3 imply [[(z +u) /2] <1 0.

In [27] an “order” reasoning is applied to mappings satisfying the trian-
gle inequality. Consequently, extensions of the Ekeland, and the Brgndsted
variational principles, and of the Takahashi fixed point theorem are obtained.

Definition 1.7 ([27, Definition 1]) Let X be nonempty, and let p: X X
X — R be a mapping satisfying the triangle inequality. Then (X, p) is a
structure if o(-, o) has a finite lower bound for an xo € X.

It is worth noting that if (-, z¢) is bounded below for an zy € X, then
©(+, x) is bounded below for each = € X, as

90(" ZL‘()) < ‘:0('7$) + (p(:ﬁ,l’o).

Therefore, each local structure is a global structure, and it is sufficient to
consider the structures in [27]. The idea of completeness for structures was
presented in [27, Definition 3].

The results of [30] are not so much abstract as those of [27]. First, let
us present a somewhat more precise version of [30, Theorem 2] which is an
extension of the well-known Brézis-Browder theorem. The proof is trivial

(see [30]).



Theorem 1.8 Let (X, p) be a structure. Then for v = inf{p(z,z¢) : 2z €
X}, each sequence (¢(xy,xo))nen such that lim, .op(zn, zo) = 7y, and each
x € X, we have 0 < p(z,x9) — v < liminf, . p(z,x,).

If for p: X x X — R the triangle inequality is satisfied, then relation <
is defined as follows:

y<swiff o(y,z) <0, zyeX (1)
In addition, for A # () (A C X) we adopt

v=inf{p(z,20) : 2 € A}, m(A,p)={z€ A:p(z,x0) =7}

Theorem 1.9 ([30, Theorem 9]) Assume (X, @) is a complete structure.
Then for < as in (1), and each mazimal chain A C X containing a predeces-
sor of xq, the set m(A, ) is nonempty, and for each x € m(A, ), y € A with
o(y,x) <0 (i.e. yxx) the following conditions hold: p(y,zo) = ¢(x,z) =7
(i.e. y € m(A,p)), and p(y,z) = 0.

The previous theorem, and the Altman one seem to be independent.
Definition 1.10 ([30, Definition 14]) Let q: X x X — [0,00) be a map-

ping. Then (x,)nen 18 a Cauchy sequence in (X, q) if for each € > 0 there
exists an ng € N such that each m,n € N, ng < m < n yield q(x,, ;) < €.

Now, let us present an extension of the notion of w-distance due to Kada-
Suzuki-Takahashi.

Definition 1.11 ([30, Definition 15]) Let (X,d) be a metric space. A
mapping q¢: X X X — [0,00) is a d-istance in X if q satisfies the triangle
inequality, and the following conditions hold:

q(+, x) is lower semicontinuous, x € X,

each Cauchy sequence in (X, q) is a Cauchy sequence in (X, d).

It is worth noting that the further results of [30] were extended in [44] to
the case of uniform spaces.

If a mapping ¢: X x X — R satisfies the triangle inequality, and ¢: X —
R is a mapping, then ¢: X x X — R defined by

oy, z) =vy) +qly,r) —Y(x), z,yeX
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also satisfies the triangle inequality, and (1) has the following form:

y< ift Y(y) +q(y, z) —v(z) <0, =z,y€ X. (2)

In [30, Lemma 18] conditions are presented under which (X, ¢) is a complete
structure.

The subsequent theorem is a far extension of a result of Kada-Suzuki-
Takahashi.

Theorem 1.12 ([30, Theorem 21)) Let (X,d) be a complete metric space,
q a d-istance in X, and y: X — R a lower semicontinuous mapping bounded
below. Let < be defined by (2), and assume that the following holds:

for each x € X \ B there exists a y € X \ {x} such that y<x.

Then for any xo € X \ B, each mazimal chain A C X containing xo has a
unique smallest element x, in addition satisfying:

(1) Y(z) =inf{Y(z): z € X} (i.e. x € B),
(i) ¥(x) +q(z,20) — (o) = Inf{e(2) + ¢(2,20) — P(20): 2 € A} <0,
(iid) 0 <(y) + Q(y, z) =), ye X\ {z}.

The subsequent theorem is another interesting result on variations.

Theorem 1.13 ([30, Theorem 22]) Let (X, d) be a complete metric space,
q a d-istance in X, and ¢y : X — R a lower semicontinuous mapping bounded
below. Let < be defined by (2), and assume that the following condition holds:

for each x € X there exists a y such that y<z.

Then for any o € X, each maximal chain A C X containing xo has a unique
smallest element x, in addition satisfying:

(1) ¥(x) =inf{i(z): z € A},
(it) ¥(z) +q(z,20) — ¥(x0) = Inf{e(2) + q(2,20) — Y(20): z € A} <0,
((mg o ¢)( y)+ ( z) —(x), yeX\{z},

Now, let us present an extension of the Ekeland variational principle.

Theorem 1.14 ([30, Theorem 25]) Let (X,d) be a complete metric space,
q a d-istance in X, and y: X — R a lower semicontinuous mapping bounded
below. Then the following are satisfied:
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(i) for each xy € X there exists an x € X such that (z) < (o), and
(@) — qly,x) < ¥(y), for each y € X\ {},

(ii) for any € > 0, and each o € X with q(zo,x0) = 0, and ¥(xy) <
e +inf{e(z): z € X} there exists an x € X such that ¥(z) < ¥(zy),
q(x,70) <1, and Y(x) — eq(y, x) <P(y), for each y € X \ {z}.

2 Fixed point theorems

The subsequent theorem extends the results of Caristi, and of Kada-Suzuki-
Takahashi.

Theorem 2.1 ([30, Theorem 24]) Let (X,d) be a complete metric space,
q a d-istance in X, and ¢ : X — R a lower semicontinuous mapping bounded
below. Let < be defined by (2), and assume that X CY, and F: X — 2 is
a mapping satisfying:

for each x € X there exists a y € F(x) such that y<z.

Then for any xo € X, each maximal chain A C X containing xo has a unique
smallest element x, in addition satisfying conditions (i),...,(iwv) of Theorem
1.13, and such that x € F(x).

Another consequence of [30, Theorem 22] is the following one:

Theorem 2.2 ([30, Theorem 23]) Let (X,d) be a complete metric space,
q a d-istance in X, and : X — R a lower semicontinuous mapping bounded
below. Assume X CY, and F: X — 2Y is a mapping satisfying:

for each v € X \ F(z) there exists a y # «
such that ¥(y) + q(y, z) —(x) < 0.

Then F' has a fized point.

Further generalizations of the above two results are [44, Theorems 8, 9.

The subsequent theorem is an extension of the Nadler theorem (see also
[45, Lemma 1.3]).



Theorem 2.3 ([45, Theorem 1.4]) Let (X, d) be a complete metric space
and F: X — 2% a closed-valued mapping satisfying:

for each (x,)nen in X that converges, say to an x € X,

if imy, . ood(F(2,,), ;) = 0, then d(F(x),z) =0

(e.g. if the graph of F is closed or d(F(-),-) is lower semicontinuous). If, in
addition,

for each x € X there exists a y € F(x) such
that d(F(y),y) < ad(y,z) < (a + )d(F(z),z)

holds for some o+ € < 1, then F' has a fized point.
For the “compact” case we have the following (inward) result:

Theorem 2.4 Let X be a compact set in a metric space (Y,d), and let
F: X —2Y be a mapping satisfying:

for each x € X \ F(x) there ezists ay € X
such that d(y, F(y)) < d(z, F(z)),
and such that d(F(-),-) is lower semicontinuous. Then F has a fixed point.
Now, let us present some results for nonexpansive mappings.

Definition 2.5 ([24, Definition 6]) A metric space (X, d) is a bead space
if the following is satisfied:

for every r > 0,3 > 0 there exists a § > 0 such that
for each x,y € X with d(x,y) > [ there exists a z € X
such that B(x,r + )N B(y,r +0) C B(z,r —9).

The above idea extends the notion of uniformly convex space as follows
from the next theorem.

Theorem 2.6 (cp. [26, Theorem 14]) For any normed space (X, || - )
the following conditions are equivalent:

(i) X is a bead space,
(ii) X is a uniformly convex space.



If (X,d) is a complete bead space, then each nonempty and bounded
subset A of X has a unique central point ([24, Lemma 10]). The centre ¢(F)
of a mapping is presented in [24, Definition 3]. We have the following result:

Theorem 2.7 ([24, Theorem 15]) Let (X, d) be a complete bead space,
and let f: X — X be a mapping such that for a bounded nonempty setY C X
we have f(Y) CY. Then there exists a unique point x € c(fiy); if condition

d(f(z), f(y)) < d(z,y), yeY
is satisfied then x is a fized point for f.
In particular, Theorem 2.7 yields the following one:

Theorem 2.8 ([24, Theorem 17]) Let (X, d) be a complete bead space,
and let f: X — X be a nonexpansive mapping. Assume that' Y C X is
a bounded nonempty set such that f(Y) C Y. Then c(fiy) is a singleton
consisting of a fized point for f.

In view of Theorem 2.6, the above two theorems (with short proofs) are
extensions of the well known Browder-Gohde-Kirk theorem for uniformly
convex spaces. More advanced results are presented in [25].

Let us present a modification of an idea of Lasry and Robert.

Definition 2.9 ([18, Definition 2|) Let Y be a topological space, and M
a linear topological space. We say that a mapping F:' Y — 2M is uhc (i.e.
upper hemicontinuous) if for each continuous linear functional x on M (i.e.
x € M*), mapping suprx o F: Y — R is upper semicontinuous, where 1 is
the real part of x.

If M is a linear topological space, then any F': Y — 2M which is usc is
also uhc.

Theorem 2.10 ([18, Theorem 2]|) LetY be a convex set in a locally con-
vex space M, and F:Y — 2M a uhc mapping with closed convex values.
Assume that Y N F(Y") is relatively compact in Y, and Y NF(y) £ 0, y €Y.
Then F has a fixed point.

An almost immediate consequence of Theorem 2.10 is the following one:



Theorem 2.11 ([18, Theorem 4]) LetY be a convex set in a locally con-
vex space M, and F:Y — 2M a4 uhc mapping with closed compact convex
values and such that Y N F(Y) is relatively compact in' Y. If the following
condition 1s satisfied:

infre(Y) <suprm(F(y)), ze€ M yeY,
then F' has a fixed point.

Forat e Nlet usadopt t++ =1, and 1+ + =4+ 1, i < t. These
notations make the next theorem shorter.

Theorem 2.12 ([18, Theorem 3]) Assume the following conditions for
alli=1,...,t:Y; is a convex set in a locally convex space M;, F;: Y; — 2Mi++
is a uhc mapping with closed convex values, and such that Yy, N Fi(Y;) is
realtively compact, Vi N Fi(y;) # 0, y; € Y;. Then F,0---0 F| has a fived
point.

A consequence of the above theorem is the subsequent one.

Theorem 2.13 ([17, Theorem 3.1.8, p. 42]) Assume the following con-
ditions for all 1 = 1,...,t: X; is a convex set in a locally convexr space,
and F;: X; — 2%++ 4s a compact mapping with closed convex values. Then
Fyo---0F| has a fized point.

Now, let us present an extension of a metric.

Definition 2.14 ([47, Definition 1]) A mapping p: X x X — [0,00) is
a felt metric for X if the following system of conditions is satisfied:

p(z,y) =0 yields z =y, x,y€ X, (3a)
p(z,y) =ply,x), w,yeX, (3b)
for each € > 0 there exists a 6 > 0 such that (30)
p(z,y) < 0 yields |p(z,x) — p(y,x)| <€, 9,2 € X.

A felt metric space (X,p) is 0-complete, if for each sequence (Ty)nen in
X, such that limy, n—oop(Tp, ) = 0, there exists an x € X for which
lim, . op(Zn, ) = 0; a selfmapping f on X is 0-continuous at an xz € X, if
lim,, . oop(xy, ) = 0 yields lim, _oop(fx,, fz) =0, for each sequence (x,)nen
i X, f is 0-continuous if it is 0-continuous at each v € X.
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The subsequent corollary is a criterion for Cauchy sequences (in particular
in metric spaces).

Corollary 2.15 ([40, Corollary 6.9]) Assume that p is a felt metric for
X, and (xn)nen is a sequence of points of X. Then limy, n—oop(Zpn, ) = 0
iff imy,—oop(Tni1, Tn) = 0, and the following condition holds:

for each a > 0 there exist € > 0, and ng € N such that for all

m,n > ng, @ —€ < p(Ty, Tn) < @+ € implies p(Tpi1, Tme1) < Q.

(4)

The above corollary yields a fairy general fixed point theorem.

Theorem 2.16 ([40, Theorem 6.4]) Assume that p is a felt metric for
X, f is a selfmapping on X, and x,, = f"xo, n € N. If lim,, oop(Tpi1, Tp) =
0, (4) is satisfied, and (X, p) is 0-complete, then lim,,_.p(z,, x) = p(x,z) =
0 for some x € X; if im,_oop(fz,, fx) =0, then fz = x.

In particular, from Theorem 2.16 we get the following extension of the
Banach fixed point theorem (a simplified version of [46, Theorem 2]):

Theorem 2.17 ([47, Theorem 2|) Assume that p is a felt metric for X,
f is a selfmapping on X, x, = f"xo, n € N, lim,,_p(zp11,2,) =0, and let

for each o > 0 there exists an € > 0 such that
a <p(y,z) <a+eyieldsp(fy, fr)<a, zyeX

()

be satisfied. If (X,p) is O-complete, then there exists an x € X such that
lim,, op(Tn, ) = p(z,2) =0 and fo = x.

Definition 2.18 ([48, Definition 2.1]) A mapping o: X x X — [0, 00) is
a db-metric (dislocated b-metric) for X if the following conditions are satisfied

o(x,y) =0 yields x =y, x,y€ X, (6a)

o(x,y) = oly,x), =yeX, (6b)

o(x,z) < slo(x,y) + oy, 2)], =z,y,z€X, forans>1. (6¢)
Then (X, 0) is a db-metric space (dislocated b-metric space).

The next lemma is a criterion for Cauchy sequences in db-metric spaces.
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Lemma 2.19 ([48, Lemma 2.3]) For X = {z,: n € N} and o: XxX —
[0,00) let (6b), (6¢) be satisfied. Then (x,)nen s a Cauchy sequence in (X, o)
if and only if the following conditions hold

hmnﬂoog<xn+17 xn) =0, (7&)
for each 6 > 0 there exist ng,p € N such that

b
0 < o(xn, xm) < 6 yields 0(Tpnip, Tmip) < 6/2s, m,n > ng. (7b)

The two (equivalent) theorems below extend the well known results of
Czerwik for b-metric spaces, and of Matkowski for metric spaces.

Theorem 2.20 ([48, Theorem 2.5]) Assume that (X, 0) is a 0-complete
db-metric space, and f is a selfmapping on X. If the following conditions
are satisfied

sup{o(fy, fx): 0 < o(y,2) <a} <a, a>0, (8a)
for each o > 0 there exists an € > 0 such that

8b
a < o(y,x) < a+ e yields o( fy, fr) <o, x,y€ X, (8b)

then f has a unique fized point x, and lim, _.o(f"xo,z) = o(fzr,z) = 0,
Xo € X.

Theorem 2.21 ([48, Theorem 2.7]) Assume that (X, o) is a 0-complete
db-metric space, and f is a selfmapping on X. If for a function ¢: (0,00) —
[0,00) the following conditions are satisfied

o(y,x) > 0 yields o(fy, fr) < p(o(y, x)), =z,y€X, (9a)
sup{p(t): 0<t<a}<a, a>0, (9b)
for each o > 0 there exists an € > 0 such that

a<t<a+e yields p(t) < a,

then f has a unique fized point x, and lim, _...o(f"xo,z) = o(fzx,z) = 0,
Ty € X.
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