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Summary. The paper contains three fixed point theorems for type I spaces defined below. Theo-
rem 1 is a generalization of Tychonoff’s theorem and the proof of it can be treated as a short proof
of the Tychonoff theorem itself. The two other theorems are related to measures of noncompactness
(Theorem 2) and the notion of generalized condensing maps (Theorem 3).

DeriNITION 1 (cf. [2, 11]). A space Xis S contractible if for any x € X {S, (¢, * )}
is a homotopy joining the identity with a constant map ([1] p. 22). Then for any
P£AcX coSd=n{D<X: A<D and for any x€A S,(I,D)<D}. For A=0
let coS A=0.

DErFINITION 2 [11]. A space X is of type [ if there exists S such that X is S con-
tractible and

(1) for any neighborhood N of any xeX there exists a neighborhoodwff
such that coS U<N. -

TueoreM 1. Let X be a type I space. Let f: X->X be a map such that f(X) is
a compact set. Then f has a fixed point.

Proof. Let us assume f has no fixed point. Thus in view of (1) there exists a
family of open neighborhoods # ={W.}. .57 in f(X) such that
(2) for every xef(X) coS W,n f~1 (W,)=0.

Let {U,};_1, ...« be a finite cover consisting of the members of an open barycentric
refinement of % (cf. [3] 5.1.12 p. 377). Define the mapping g: I"->X as follows
(cf. [4,9):

g (Sl’ sevs S")=Sx‘ (tl’ Sxﬂ (tz, aeey an—-!. (t ~1s x,,) ...)),

where Y s,=1 x;€U, and #;=s;/max {s;: i=1, ..., n}. From [3] (3.4.8 p. 210, 3.1.10

i=%

p. 168, 2.3.6 p. 108) it follows by induction that g is a map.
Besides let us write (cf. [9]):
K{il, caeg ik}={g($'1, vossy S,): S{‘—"O for i?éij, jal, seey k}'.
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We see that U; Nn...n U, #9 implies coS (Ui, v..u U )<cos W;, and, on
the other hand, U,n.n Uik=¢ implies f-1 (U,-l) Nn.nf-t (U:,,)=¢- ‘Thus for
Xi=XN\f"' (U)=X, by (2) we always have X{i, ..., ik}CXilu...UX,.k which

implies () X;#0 as g~ (K {iy, ..., ;}) is closed and contains a simplex (cf. [4, 5]).
. i=1

Now it is seen that
XX\ Xi=U 1 (U)=X.
. i=1 i=1.

This contradiction proves that S has a fixed point.
Let now X be a space with a measure of noncompactness b: 2*-->R satisfying
the following conditions for every 4, B<X
(3 b(4)=0 iff 4 is compact.
(4) if A<B then b(4)<b(B).
(5) b(A)=b(A4U{x}) for every xe X.

Lemma 1 (cf. [6,10)). Let X be a topological space equipped with a measure
of noncompactness defined above and let {G:}ter be a family of closed sets such that
b(G)>0 forall te T, inf {b (G,): te T} =0 and besides b (G,)<b (G,) implies G, =G,
Jor every k,teT. Then (M) G,#9.

teT

Proof. Let (#,);.x be a sequence of indexes for which (b (G, ,))ie ~ 1s a decreasing
sequence convergent to zero. Let x, & G, for every ne N. Then we have

4 (O Xu)=b (G X)<b (GG,")=b (G,)—>0 as k-»>c0.

n=1 n=k n=k

Thus | J x, is compact and @#E= (") (| x,)< () Gi,- We have b () G;)=0
n=1 k=1 p=x k=1 k=1

and therefore E< (M) G,.

.teT

DEerFINITION 3. A space X is of type [if it is of type I for S satisfying
(6) for any ACX coS A4 1s S-convex.

THEOREM 2. Let f be a self-map for a type I space X equipped with a measure
of noncompactness b satisfying conditions (3), @, (5) such that b(X) <oco and for
any A<X such that f(A)<A and b(coS A)<b (oS f(A4)) implies oS f(A) is
compact. Then f has a fixed point (cf. [12]).

Proof. Let G;=X, G,=coS f(G,_,) for n>1. If for all # we have b (G)>0,
{Gi}icn satisfies the assumptions of Lemma 1 and therefore G:= (M) G:#9. Besides

i=1
G is of type I ([11] Prop. 1) and obviously /(G)<=G. Therefore JS has a fixed point.

LemMA 2 ([8] Lemma). Let X be a comvexly S-contractible space (i.e. (6) is
satisfied) and g: X-->2X a set-valued mapping. If there is a compact set D< f for which
g (D)<D), there exists a-set C=coS C -with coS g (O=C.
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THEOREM 3. Let X be a type I space and f: XX a map such that for any. C< X

for which f (C)<C, from the compactness of C\coS f (C) it follows that C is compact.
Then f has a fixed point (cf. [T]).

Proof (cf. [10]). In view of Lemma 2 it is enough to show that there exists a
compact set B< X such that £ (B)=B. Let B X be any minimal closed set containing

a compact set D and such that f(B)< B. We see that B\ﬂf) < D because (B\, f—(—E)-) N
N (X\ D) is relatively open in B and would be rejected when nonempty. Therefore
B must be compact.
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JI. TMacuoky, TpH TeopeMbl O HEMOABMKHOH TOUKE

Conepxanne., CTaThs CONEPKHT TPH TEOPEMEI O RENOABHKHON TOUKE OTOGPaXEHNH TaKk HA3biBae~
MBIX npocrpancTs THua 1. Teopema 1 sangerca 06o0merneM TeopeMbl THXOHORBA; €€ JOKa3aTENb~
CTBO npeacTapsger coboil KOPOTKOE JOKa3aTeNhbCeTBO TeopeMel TAXOHOB2. B IByx OpYIEX TeOpeMax
PacCMATPHBAIOTCA MepHl HekoMmaxTROCTE (Teopema 2) u 000GINEHHBIE HAKAWIWBAIOHOIHE OTO=
Gpaxenaa (Teopema 3).



