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RETRACTS IN METRIC SPACES
LECH PASICKI'

ABSTRACT. In this paper we define S-contractibility and two classes of spaces
connected with this notion. A space X is said to be S-contractible provided that §
is a function §: X X <0, 1) X X D (x, a,y) > S,(a, ¥) € X that is continuous in
a and y, and for every x,y € X, S,(0,y) = y, S,(1,») = x. This notion is close to
equiconnectedness, which can be defined as follows. A space X is equiconnected if
there exists a map S such that X is S-contractible and S.(a, x) = x forall x € X
and a € 7 (cf. [4]). The results we obtain in the theory of retracts are close to those
that are known for equiconnected spaces. Also the thickness of the neighborhood
that can be retracted on a set in a metric space is estimated, which enables to prove
a theorem belonging to fixed point theory.

1. We repeat the notions related to equiconnectedness [2].

DEFINITIONS. A local equiconnecting function for a space X isamap A\: U X I —

X, where U is a neighborhood of the diagonal in X X X such that A(xq, x,, i) =
X, 1 =0, 1,and Mx, x, f) = x for every xp, x,, x € X, t € I.

The A-extension of a subset 4 C X is the smallest _nonempty subset 4 C X (if it
exists) such that 4 X 4 ¢ U and AMA x Ax1I ) C A. A is A-convex if A = A.

A local equiconnecting function A is stable if for every neighborhood N of any
point p € X there exists a neighborhood M such that M c N f31.

For AU an open cover of X and n > 1 let X"(U) = {(x,,...,x,) € X"
{x1,...,x,} C U € AU} with the relative topology. Let 7"~ ! denote the standard
(n — 1) simplex in Euclidean n-space: 7"~ ' = {(¢,,...,%,) € R": 1, > 0,3, =
1}.

A local convex structure for a space X consists of an open cover A and a
sequence of maps A": X"(U) X T"~ ' > X, n > 1, such that

DAy ey X by e e b)) = AT O e Xy s X3 Ey e e ey 1)
t, =0,

(ii) for every neighborhood N of any point p € X there exists a neighborhood M
such that A\"(M” X T"~") ¢ N for all n [5].

X is called stably LEC if it admits a local equiconnecting function, and X is LCS if
it admits a local convex structure.

If such a map A is defined on the whole X X X X I then X is stably EC or
CS respectively.
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2. DerINITION 1. Let a set and a function S be given that satisfy the following
conditions:

MS: X XIXXD(x t,y)>S(,y)EX,

2 S.0,y) =y, S,(1,y) = x for any x, y € X.
Then for any nonempty set 4 C X' let coS A = inf(D c X: A c D and for any
x€A,t€el,S(t,D)c D}). ForA=OletcoSA =.If coSA = A then 4 is
S-convex.

The above definition is correct (i.e. the infimum exists) because for any two sets
E, D such that, forany x € 4 and ¢t € I, S,(¢, D) ¢ D and S, (¢, E) C E we have
S.(t, D N E)C D and S,(t, D n E) C E which implies S,(+,D N E)C D N E.

ProrosiTiON 1. If {A},cr is a family of S-convex sets, then M ,crA, is
S-convex.

PrROOF. Suppose that N;cr4, . Forany x € N ,cr4,t E Iand s € T we
have that S (¢, N,cr4,) C A, and consequently S.(¢, N,crd,) C N ;er4,
which means that N ,c A4, is S-convex.

DEFINITION 2. A space is S-contractible if S satisfies the conditions (1), (2), and,
for any x € X, {S.(¢, -)} is a homotopy joining the identity with a constant map
(cf. [1, p. 22]).

DEFINITION 3. A space X is of C type I if C is a subset of X and there exists S
such that X is S-contractible and

(3) for any x € C and any neighborhood N of x there exists a neighborhood U
such that coS U C N.

If C = X then we say it is of type L.

Obviously any stably EC is of type L.

Let (M, d) be a metric space. For the nonempty sets A, D C M and r > 0 let us
write d(A, D) = inf{d(x,y): x €A,y € D}, B(4,r)={x € M: d(4,x) <r}
and dia A = sup{d(x,y): x,y € A}.

THEOREM 1. Let (M, d) be a metric space and let A = A be of 34 type 1 (94
denotes the boundary of A) such that, for any x & A, d(x, A) = d(x, 04). Then A is
retract of M.

PrOOF. Let { U, },c r be a locally finite open cover of M \ 4 with a well-ordered
family of indices T and, for {a,},o; C 34, let the following condition be satisfied:
if x € U, then d(x, a,) < 2d(x, A) fors € T ({1, p. 70}).

For x € M \ A letus consider T, := {s € T: x € U,} and let

¢,(x) = d(x, M\ U,)/sup{d(x, M\ U,): s € T, } 4
and let

x forx € A,
"0 ] s () S, (600 (S, (0 (0) - ))) forx € MAAL (5

where {s,, 55, - - ., 5,} = T, ands; <s, < - - - <s,andy € 4.
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It is easily seen that there always exists s € T, such that c(x) = 1; then
S, (¢(x), 2) = a, for z € A. It is trivial that r(x) € coS{B(x, 2d(x, A)) n A}. So
it follows from (3) that r is continuous on 94. Also r is continuous on M \ A4 as for
any x € M \ A there exists B(x,8(x)) which meets only finitely many U,. Then T,
is finite and fixed for z € B(x, 8(x)), and r is a finite superposition of the same
continuous maps in B(x, 6(x)).

PROPOSITION 2. Any metric space which is of type 1 is an AR(OU).
COROLLARY 1. Any metrizable space which is of type 1 is CS (cf. [S]).

DEFINITION {1, p. 219]. A compact space X that is metrizable in such a way that
for any x, y € X there exists exactly one z such that p(x, z) = p(», z) = p(x,y)/2
is called a strongly convex compactum.

COROLLARY 2. Any strongly convex compactum is AR (cf. [1, p. 219]).

DEFINITION 4. A space X is of C type II provided that C C X and there exists §
such that X is S-contractible and the following condition holds:

(6) for any neighborhood N of any x € C there exists a neighborhood U such
that for everyz € U N C and ¢ € I we have S,(¢, U) C N.

If C = X let us call it type II.

It is easily seen that every type I is type II.

If X is a locally compact space which is S-contractible and S is a map, and if
S (¢, x) = x for all x € X, then X is of type IL.

PROPOSITION 3. Let A = A be a dA type 11 subset of a metric space (M, d) such
that, for any x & A, d(x, A) = d(x, 04) and M \ A is finite dimensional. Then A is
retract of M.

PrOOF. Let dim M \ 4 < n. Then we may assume that every x € M \ A belongs
to at most n + 1 sets of {U,}, <, and we follow the proof of Theorem 1. Condition
(6) then ensures the continuity of » on 4.

THEOREM 2. Let A = A be a dA type 11 subset of a finite dimensional subspace of a
linear normed space (X, || ||). Then A is a retract of X.

PRrROOF. We construct a dense set E in 04 in a special way.

1°. Let E; c 34 N B(0, 1) be a minimal set with respect to the property that for
every x € 34 N B(0, 1), d(x, E;) < 1. We denote the elements of E; by the natural
numbers.

2°. We complete E, to E, C 34 N B(0, 2) a minimal set with respect to the
property that for any x € 34 N B(0, 2), d(x, E,) < 1/2 and sign “new” points by
the further numbers, etc.

n°. We complete E,_, to E, C 34 N B(0, n); for x € 34 N B(0, n), d(x, E,) <
1/n.

Nowlet E= U 2> E,and fora, € Elet

¢,(x) = max{0, min{1, 3 — d(x, a,)/d(x, A)} } (7)
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andforx € X,y € 4,
(%, ) = S, (ci(x),»),
p(x,y) = p,,_,(x, Sa"(c,,(x),y)) forn > 1. ®)

We define r; X — A as follows:

x forx € A,
r(x) = { Jim p(x,y) forx & A. ©)

The set A is contained in a finite dimensional subspace of X, which with the
linearity of norm yields that for x € B(0, r) each of the sets 4 N B(x, 2d(x, A))
and 4 N B(x, 3d(x, A)) \ B(x, 2d(x, A)) contains at least one and not more than k
elements of the sets E, ), where n(x) = max{[8/d(x, 4)], [(r + 1)/6]}. In view of
the construction of E we need not consider the superposition of more than k& maps
because there are at most m < k coefficients ¢,(x) € (0, 1) before the first one that
is equal to 1. Therefore r is continuous on X \ 4. The continuity on 34 follows
from (6).

DEFINITION 5. A space X is locally S-contractible if there exists S satisfying
(1), (2) and

(10) for any x € X there exists a neighborhood U such that, for any z €
U, {S,(¢, -)}|y is a homotopy joining the identity with a constant map.

DErFINITION 6. A space X is locally C type I (C type II) if it is locally
S-contractible and (3) ((6)) is satisfied.

It is obvious that every LEC space is locally S-contractible and every stably
LEC space is locally type 1.

THEOREM 3. Let A = A be locally A type 1 in a metric space (M, d) such that, for
every x & A, d(x, A) = d(x, 34). Then A is a retract of D, if D is as follows.

D = {x € M: there exists ¢ > 0 such that, for y, z
€coS{B(x,d(x,A) + e) N34} and z € 34, S, isamap}. (11)

PROOF. Let ¢(x) = sup{e: such that for y, z € coS{B(x, d(x, A) + ¢) N 34} and
z € 34, S, is a map} and let (x,),cn be any sequence convergent in D, say to x,.
We have m,,_me(x,,) < e(x,) because otherwise there would exist » € N and
8 > 0 such that B(xg, d(x A) + &(x) + 8) C B(x,, d(x,, A) + &(x,)). Similarly
e(xo) <lim,  _e(x,) because otherwise B(x,, d(x,, 4) + &(x,) + ) C
B(x,, d(xq, A) + €(xy)) would hold for a § > 0. Now let Dy = Int{x € D: &(x) >
8} and B = {B(x, A(x)) N Dy, x € D\ A} where

A(x) = min{d(x, A), e(x)/4}. (12)

If for x € D \ A there exists § > 0 such that, for each y € B(x, 8), A(y) » A(x)
then x € D,,, otherwise a y can be found such that A(y) < A(x) (implies x €
Dy, and x € B(y, A(y)). Hence % is an open cover of D \ 4 and we can find a



RETRACTS IN METRIC SPACES 599

locally finite open cover {U,}, ., which is a star refinement of B . If forse T, x,
€ U,, we choose z for which Sy(U, AU) c B(z, A(z)) N Dy, and g, €
B(x,, d(x,, A) + M2)) N 94, then for x € U, we have

d(x, a,) < d(x, x,) + d(x,, a)) < Nz) + d(x,, A) + A(z)
< 2M2) + d(x,, x) + d(x, A) < 3\(z) + d(x, A)
<d(x, A) + &(x).

Now it is easily seen that for these {U;}ser and {a,} ., formulas (4) and (5)
give the required retraction of D.

PROPOSITION 4. Any metric space which is locally type 1 is an ANR ().

PROOF. In the previous considerations we put everywhere “A4” in place of “34”.
We see that D' = | s>0Ds so obtained is open. If x € A4 then there is § > 0 for
which x € D’ and hence 4 C D",

COROLLARY. Any metrizable locally type 1 space is LCS (cf. [5]).

PROPOSITION 5. Let A = A be locally A type 1 in a metric space (M, d) such that,
Jor every x & A, 'd(x, A) = d(x,34) and inf{sup{r: S, is a map for z,y €
coS{B(x,r) N 34} and z €34}: x € 04} =a >0. Then A is a retract of
B(A, a/2).

ProoF. It is enough to show that B(4, a/2) C D, where D is defined by (11). Let
X € B(4, a/2). Then 8(x) == a/2 — d(x, A) > 0 and

dia{ B(x, d(x, A) + 8(x)/2) N A} < 2(d(x, A) + 8(x)/2)
=2(d(x,4) + a/4 — d(x, 4)/2) = d(x, A) + a/2 <a.

THEOREM 4. Let A = A be a compact type 1 subset of a metric space (M, d) and let
f: A > M be a map. For each x €E A and ¢ > 0 let A(f(x), &) =
&;S{B(f(x), d(f(x), A) + €) N A}. Then there is an x € A such that x &
U o504 (f(x), €) (this latter set will be denoted by Afey)-

PROOF. Suppose that there exists 8 > 0 such that, for all x € 4, x & A(f(x), 8).
Then we take & in place of ¢'(x) and repeat the construction of r from Proposition
4. The map rof: 4 A4 has a fixed point (L, p. 101] which is impossible as
(r = f)(x) € A(f(x), §). Hence there exists a sequence (x,),cy such that x, €
A(f(x,), 8,) with §, — 0; we may assume the sequence to converge, say to x. For
any 8 > 0 there exists 7, such that for every n > n,

B(f(x,), d(f(x,), 4) + 8,) € B(f(x), d(f(x), 4) + &),

Therefore x, € A(f(x), 8) for n > n, and x € A(f(x), 8). So it must be that
X € Ag,,.

Theorem 3 and Proposition 5 have locally type I analogs; the assumption that,
for x & A, d(x, A) = d(x, dA) can be omitted.
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