BULLETIN OF THE POLISH
ACADEMY OF SCIENCES
Mathematics
Vol. 31, No. 5-8, 1983

GENERAL TOPOLOG

Some Fixed Point Theorems for Multi-Valued Mappings
by
Lech PASICKI

Presented by C. BESSAGA on April 6, 1981

Surmary. The present paper contains further generalizations of the well-known theorems
for the locally convex spaces. We operate here on the type I and type 0 spaces (see [5]).
Some results are connected with the theory of S. Hahn {2].

We refer to Definitions 1, 2, 3 from [5] and repeat some notions
from [4].

For a space X let 2X, C(X), T (X) denote respectively the family of
all nonempty, nonempty and closed, nonempty, closed and S-convex subsets
of X.

Suppose X, Y, Z are nonempty and G: A — 2¥ is a multi-valued mapping.
Then for D ¥ A c X, G(4): = x'QA G(x) and G@®) =90 (1] p. 22). If G,:

Y- 22,(G,06G) (x): = Gy (G (x)) ([1] p. 24). If H:2" — 27 is set-to-set function,
(HoG) (x)=H (G (x)) (G (x)€2"). Let it be in addition (ANG) (x): =An
NG (x) for AcY.

DerintrionN 1 (cf. [1] pp. 114, 116). Let X, Y be spaces. A multi-valued
mapping G:X — 2' is upper semi-continuous if for each neighborhood V
of any G (x) there exists a neighborhood U of x, for which G (U)cV;
G is compact if it is upper semi-continuous and G (X) is compact.

In the sequel the multi-valued mappings will be called mappings.

Let us define for an S-contractible space X a special set-to-set function
as follows: ' :
(1) F(4)= () coSU, where %, for Ae2¥ are such families of neigh-

Uew,
borhoods as satisfy,

(2) if Ve ,, there exists V,e#, such that for any 0 # C CV, there
exists Vye %, V, C V.

It can be seen that in particular %, can be the family of all neigh-
borhoods of A. Besides, from (2) follows
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(3) 0#Cc A impliess F(C)cF (A).

For an S-contractible subspace D = D of X F [0 will denote the function
obtained from F by taking U D in place of Uell, for Ae2P

DEFINITION 2 (cf. [4] Def. 2.8). A space if of type 0 if it is S-contractible
for S satisfying G

(4) for any A = X and any neighborhood V of c0S A there exists a neigh-
borhood U of A for which coS U c V.

DEFINITION 3. A space X is of compact type I (type 0) if X is of type I
(type 0) and for any compact 4 = X, TS 4 is compact. ‘ ‘

THEOREM 1 (cf. [4] Theorem 1.4). Let X be a space of compact type I
Jor which. G:X — 2% is compact. Then F oG has a fixed point.

Proof. Suppose xe(FoG)(x) for xecoS ¢oS G(X)=:C. Thus a neigh-
borhood Ve %, and such a neighborhood U = C of x can be found for
which Un¢oS V=0 (C is compact). It follows that there exists a neigh-
borhood P < C of x with G(P)c V, = V (for A= G (x) Vi, V satisfy (2)).
In view of (3) we have for W:=U P Wn(FoG) (W)c U nF (G (P)).
We obtain from (2) UnF (G(P) c UNF (V;) = UcoS V= 0. Now we see
that there exists an open cover % = {W.}iems (o) of the set T6S G (C)

) W.AF(G(W)=0 for xetoSG(C)

It follows ([3] 5.1.12 p. 377, 5.1.9 p. 375) that there exists a star finite
partition of unity % subordinated to % . Let us choose from % a cover
7 ={fi 10, 1)}i=y, ..., 0f TGS G (C). Assume x;eVie 77, St (V, 1) Wew
for i=1,.,n. In view of Tietze’s theorem we may think f; map C into I
(obviously oS G (C) = oS G (X) < C).

Let us write p;(x)=min {L,[1-Y £}, 40 = (f () +p; ()/
i=1
/max {f; (x)+p;(x):i=1,..,n}. It can be seen that pi:C—1I are maps,
pi(x) #0 for Y f,(x)=0 and p,(x)=0 for xecoS G (C). Besides for any
i=1

xeC there exists an index i for which ¢, (x)=1. Now let for xeC and
Yi€G (x;)

(6) h(x) =S, (t; %), S,, (t2 (%), ), Sy (tam1 (), ) ).

Function H:C - C is continuous (cf. [4], [3] 3.4.8 p. 210).

~ We see that h (C) = ¢0S G (C) = ©0S G (X) and thus oS h (C) = C. There-
fore h has a fixed point (in the proof of Theorem 1 [6], X can be replaced
by any set C #0 with coS f(C) = C). Suppose xo = h(x,). There exists
a.neighborhood W, containing D: = c0S G (C) N Um0, 1): £ (xo) # 0} (xo€
€D). On the other hand x,eh (D) = c6S G (W) = (F o G) (W) which contra-
dicts (5).
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Tueorem 2 (cf. [4] Theorem 1.5). Let coSoG:X - C(X) be a compact
mapping for a space X of compact type I. Then C0SoG has a fixed point.

Proof It is enough to compare the proof of Theorem 1 and the proof
of Theorem 1.5 [4] (X to be replaced by coS coS G (X))

TueoreM 3 (cf. [4] Theorem 2.5). Let X =X <Y be a subspace of
compact type I for S, while Y is S-contractible. Suppose G:X — 2" is such
a mapping that X ~ G is compact. Then FoG has a fixed point.

Proof See Theorem 1 and the proof of [4] Theorem 2.5.

Tueorem 4 (cf. [4] Theorem 2.7). Let X be a space of compact type I
and let G:X — T (X) be a compact mapping. Then G has a fixed point.
Proof It follows from Theorem 2 as coS G (x) = G (x).

TueoreM 5 (cf. [4] Theorem 2.12). Let G:X — 2% be a compact mapping
for a space X of compact type 0. Then €0S oG has a fixed point.

Proof If G:X — 2 is upper semi-continuous coS oG: oS ¢0S G (X) -
— C(X) is upper semi-continuous for a space X of a compact type 0
(see [4] Lemma 2.10). The proof is finished by applying Theorem 2.

DeriniTioN 4 ([4] Def. 3.1, cf. [2] pp. 12, 13). Let X be a space and
for 0 #Z < X let G:Z—2* be a mapping. Then S-contractible set D =
= D < X is characteristic of Gif ZnD #9, G(Z~ D)< D and coS G(Z D)
is compact (in the case G =coSoH we assume only the compactness of
G(ZnD)). Let X be an S-contractible space and W=coS Wc X, K=
= ¢coS K — X ; a mapping G: Wn K — 2K is quasicompact if it has a characte-
ristic set on which G is upper semi-continuous.

TueoreM 6 (cf [4] Theorem 3.2). Let X be a space of compact type I
for which €6S0G:X — C(X) is quasicompact. Then €0SoG has a fixed point.

Tueorem 7 (cf. [4] Theorem 3.3). Let X be a space of compact type I
for which G:X — 2% is quasicompact. Then FoG has a fixed point.

The above Theorems follow from Theorems 1, 2 respectively.

DEFINITION 5. Let X be a space and for 0 # Z < X let G:Z —2¥ be
a mapping. Then a set D= X is a weakly characteristic set of G if
ZAD#0, G(Z~D)c D and there exists S for which c0S G(Z D) is
compact, c0Sc0S G(ZnD)=D and S is of type I for the points of
@SG(ZAD). If X is a space Wc X, K< X G:WnK—2f(c0S0G) is
weakly quasicompact if G has a weak characteristic set on which G (oS oG)
is upper semi-continuous.

Tueorem 8. Let X be a normal type I space for which G: X—+2" is
quasicompact. Then F oG has a fixed point..
Proof See the proofs of [4] Theorem 1.4 and Theorem 1.

TueoreM 9. Let X be a normal type I space for which coS G:X — 2%
is weakly quasicompact. Then c0S oG has a fixed point.
Proof See the proofs of [4] Theorem 1.5 and Theorem 2.



204 _ L. Pasicki

We can easily give versions of Theorems 1-5 for the weakly quasi-
compact mappings.
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