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Summary. Some results of Ky Fan [3] and Browder [1] are extended to a class of a nonlinear
spaces.

DeriNITION 1 [7]. A set X is called S-linear if the following conditions
are satisfied:

(1) S:XXIXXB(X,’[-’}!))—-)Sx([’y)F_:X’
(2) 5,0,y)=y, S, (1,y)=x for every x,yeX.

Then for any nonempty set . A< X let coS A= )(D < X:5,(I,D) < D}
ForA=0letcoS A=0.IfcoS A=A, Ais S-convex. If [S;:xe X} is a family
of homotopies, space X is S-contractible [5].

For a set X let 2¥ be the family of all nonempty subsets of X if X
is S-linear T (X) is the family of all nonempty, S-convex and closed
(X being a space) subsets of X.

THEOREM 1 (cf. {1, Theorem 1 p. 285]). Let X be a paracompact space
and Y an S-contractible space. Assume F:X — 2V has S-convex values and for
every ve Y F~ (y) = {xe X:yeF (x)} is.open. Then there exists a continuous
selection for F. :

Proof The family # = {F~ (y)},cy is an open cover of X. Let # =
= Wher= {9,710, 1)} Seer be a locally finite partition of unity being a bary-
centric refinement of .7 [2, 5.1.12 p. 377, 519 p. 375] for a well ordered
set T. For y, chosen in such a way that St(W,, # )< F™ (y) we wrlte
¢, (x) =g, (x)/sup g, (x):teT} and T, = {teTic,(x) #0} = ltl,... ta),
<t;<..<t, (n= n(v)) Then we define f:X —»Yby =

L =5y, (e, () Sy, (6, (0, Sy, (€ (01, 9)-),

f;where }FYIS arbltrary Functlon e [5] is contmuous (mductwn) [2, 236,’;:

p. 108,°3.1:10 p: 168, 348 p. 210]. If €:.(x) #£ 0, then Vi€ F () and hence" 5
f{x)eF (x), xeX, F(x) being S-convex.
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THEOREM 2 (cf. [1, Theorem 11, p. 295]). Ler K; be a compact space

>

of type I for §', i=1,..,n(:2) and let K = IT K;. Suppose P,cK,
. s .

i=1,..,n satisfy: .
(a) For each x;eK; the sets P;(x)) = {%;:%;€K;, [x;, %;}€P;} are open in
Kj,j=1,...,n. a TF ;
(b) For each %;eR;= [] K, P;(x)) = {x;:x;€K;, [x;, £]€P;} are nonempty
. Ck#Ej ' &
Si-convex subsets of K;, j=1,..,n.
Then (\{P:j=1,..,n}#0.
Proof -Let -us define F:K—2X as follows: F (x) = {veK:[y;, %;1eP;,
Jj=1,..,n} for X; being the natural projection of x on K;! From (b) it

follows that F (x) is_ H S‘}convex (see [5]). It is seen that F~ y) =

j=1 . .
=\ {{P;(y) x K;}:j=1,..,n} and'in view of (a) F~ (v) is.open. Theorem 1
implies there is'a continuous selection f:X — Y for F. Space K is of type
I [5] and from [6, Theorem 1] f has a fixed point, say x =f (x). By the
definition of F this means x = [x;, X]ePjj=1,.,nie xe({P;j=1,..,n}.
THEOREM 3 (cf [1, Theorem 12 p. 296]). Let K; be a compact space

of type I for S, i=1,..,n(=22) and let K = I1 K;. Let fy,...f, be real
. j=1
valued functions defined on K having the following properties:

(a) For each x;€K;, fi(x;, -):Kj—aR is lower semicontinuous, j =1, ..., n.
(b) For each 2jeKj,fj(-, X;):K;— R is a quasi-concave function (e {x;eK;
fj(xj, X)) > t} is S'-convex, teR), j=1, .., n.

If for each %;€K; there exists y;€ K; such that f;(y;, £;) > ti, j=1,..,n,
then. there is an xe K such that ix)>t,j=1,.,n.
Proof. It can be seen that the sets P;= {xeK:ifj(x)> 1t} satisfy

conditions (a), (b) of Theorem 2 and hence (}{P;:;j=1,..,n} 0.

Tueorem 4 (cf. [1, Theorem 14, p. 297]). Ler K; be a compact space
of type I for S, i=1,.,n(=>2). Suppose that for each j=1,..,n and each
%;eK i+ fi (-, X;):K; = R is a quasi-concave function and fj:K — R is continuous.
Then there exists a point xe K such that for j=1, ..., n f; (x) = max {f; (y;, X))
v;eKj} :

- Proof Let for each %; in K; g;(%;) = max {f; (y;, %;):y,€K;}. By the
uniform continuity of f; on the compact space ‘K, g;, j=1,..,n are:
continuous. For fixed ¢ >0, let P; = {xeK:f;(x;, £;) > g; (%;)—¢}. Condition
(b) of Theorem 2 obviously holds for P;(x) = {y;eK;f; s X)) > g5 (%;)—¢}.
For each y;eK; P;(y;) = {£;€K;:f; (y;, %) > g (£;)—¢} is open f;, g; being
continuous. Hence, by Theorem 2 G,: = () {P;:j =1,..,n} #£0. It is obvious
that G, c H,:= {xeK:f; (x) 2g;(%)—¢, j=1,..,n}. The family {H,},ci0.s)
has the finite intersection property and hence (V{H,:ecR*} #0, H, being
compact.



Nonempty Intersectioni-ond ‘Mihimax T heorems 2d7 it

THEOREM 5 (cf. [1,. Theorem 16 p 299]) Let X XY be atype I~
compact: space for S' x 8% Supposef X X 'Y~ R is. such thatf( ) X->R,

yeY are. upper semz-contlnuous quasz-concave functlons and f (x, -): Y—»R
x€ X are lower semi-continuous quasi-convex functzons Then mln fmax {f (x y
:xeX}:ye Y} = max {min {f (x; y): er} xeX}. ‘ :
Proof:. Let us wrxte i Gx, y) s L OGTE T (x,y) '—'f(x y) and t1 =
= min {max {f (x, y)—e: xeX} ye Y} t,= —max Imm\f(x y)=g: er} xeX}
for a constant e>0: It ‘can ‘be "seen that. fl, f> satisfy ‘the sem1cont1nu1ty o
and concayity assumptions’ of Theorem 3. Hence' - H,: = (x y)eX x Y
- if (x, y) > min {max {f (x, y)—¢: xeX} ye Y} f(x ) < max, ’mm {f x, 0+
+é&: yeX} xeX } is nonempty - for. each &> 0. The .semi- -continuities ‘for if. .
imply H, = H, and in the sequel min {max {f (x;y)ixeX}ye Y} < max. {mm g
{f (x,y)ye Y} xeX}. The 1nequahty for “ =" always holds. .
THeorREM 6 (cf. [1, Theorem 13 p: 296}) Let {K },ET be a- famzly of
compact spaces of type 1 for S’},eT Let K= HK,, H;= HH,” teT..

reT o0 k#Et
Let lP},eT be a famlly of closed subsets of K Suppose that' for. each teT,
x€H, R, (x)= {y,eK [y, %JeP,;} is nonempty and S‘-convex Then. () {P::
iteT} #0. .

Proof Let F:K — 2X be deﬁned as follows F(x) {yeK y,eR (x) te?}
From the definition of R,(x) it follows that F:K — T (K). Now we are
going to prove that F is upper semi-continuous in the- Tychonoff topology.
It is enough to prove that the graph G(F) of F is closed. Assume
[y, %] ¢P, for a teT. From the compactness of P, it follows that there
is a neighborhood N, x N, < K, x H, of [y, %] for which Ny x Ny n
NP, =0. Then (N; x H)n(K, x N,) is the neighborhood in K we need.
The space K is of type 1 [4, 29] and F has a fixed point [4, 2.7] which
is equivalent to the intersection being nonempty

Tueorem 7 (cf [1, Theorem 15 p. 298]). Let {K,).r be a family of
the compact type I spaces for {S'},.r. Let for each teT, fi:K—>R be
a continuous function and {y,€ K,: f, (y;, %) = q,} an S'-convex subset of K, for
each %,€K,, teT. Then there exists xeK such that for each teT, f,(x)=
= max {ft (1 Xt):ytEKt}'

Tueorem 8 (cf. [1, Theorem 17 p. 300]). Let K be a compact space
of type I for S. Suppose C is a closed subset of a space Y and g:K X
X K — Yis a map such that for each xeK {yeK:g (x, y)e C} # 0 is S-convex.
Then there is xe K for which g (x, x)eC.

Proof We define F:K— T(K) as follows: F(x)= {yeK:g (x,y)eC}.
For each xe K F (x) is closed because g is continuous and C is closed.
The graph of F equals to g~ ' (C) and therefore it is compact and F is
upper semi-continuous. In view of [4, 2.7] F has a fixed point.

TueoreEm 9 (cf. [1, Theorem 18 p. 300]). Let K be a compact space
of type I for S and let Y be a space. Suppose g:K x K— Y is such a map



298 L Pasieki.-_'

!

i

thatfor all x, yy, y,€K and tel Sj. ,, (t,g (x, ) =g (xS, (, yz)) satisfies

(I, Zo) = 2zo for a point zyeY. Suppose further that for every xeK there
ews*ts yeK for which g(x,y)=zy. Then there is xe K such that glx, x)=

= Zyp.
Proof Let us write C = !z,} in Theorem 8. Suppose g (x, y;) = g (x, )2)
= z,. Then we have ¢ (x, S At v2)) = 8; (t, z0) and it is seen. that fy:K:

g(x,y)=zo} # 0 is S-convex for each ‘CFX Thus we may apply Theorem 8.
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