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On S-Affine Mappings

Definition 1 [ 6, Def. 1]. Let a set X and a function S be given that
satisfy the following conditions

() 83X xIxX3(x,t,y) ~S (t,5)ex
(2)° . S5 (0,y)=y, 5,(1,5) = x for any =x,yeX

Then for sny set ACX let ooS A = () {Dcx: ACSA(I,D)CD} . If cos
A = A, then A is S-convex, ‘

Definition 2 [6, Def. 2], A space X 18 S-contractible if S satisfies
the conditions (1), (2) gnd for any x€X {Sx(t;',)} is a homotopy joining
the identity with a oonstant map (of, [2] P. 22),

Definition 3 [6, Def. 3]. A space X is of type I if there exists S
for which X is S-eontraot:{.ble and

(3) for any neighbourhood V of x¢ X there exists
& neighbourhood U of x such that o0S UCV.

Seversl fixed point theorems were proved 1nE5,6,7\J"‘for the type I
spaces. Two examples below contain a simple application of one of these
theorems. In Exemple 3 we give = non-trivial illustration to [ 7, The-.
orem 1], _

Exampie 1. Let Y be the family of all real-valued continuous functions
on I, For the family K = {Qt: t eI}CRY of evaluation maps (@t(g) = g{t),
BeY) let X be the smallest linear space containing X; X -equipped with
the pointwise convergence topology is a ltvs and X is compact in X
(8y 27(a) p. 72]. any map £: X — K has a fixed point [ 7, Theorem 1]
(Sg(t,h) = tg+(1-t)h, g,he X, t e I), though Tyohonoff’s fixed point ‘
theorem cannot be applied if £(X) = K a8 &5 ¥ 1s not compact [8, 27{s.
Pe 721,



48
" Example 2. Let us define S: ExI=KE—K as follows Sp (t,@q):a

= Qtp+(1—t )q? Psastel for X from Example 1, It is clear that S is &

map as Y consists of continuous functions. Besides, K is S—contractible
[45 3.4.8 p, 210, If §,.(g) '1s oontained in an open set UGCR, then
there exists an £>0 suoh that Q(t-a t+5)(g)cv and hemoe (3) is .
satisfied, Thus X is of type I and any map £: K—K has a f£ixed point
L7, Theorem 1]. Space X is metrizable by d(I)p,Qq) ip-gl (we omit the
elementary proof of ocontinuity of the inclusion map i: K —K for the
both topologies in K) and £ has a fixed point becsuse K 1is an AR~
space [ 2, (2.8) p. 101, 6, Prop., 23c -

Example 3. Let X = {(x,,%,,x;)€¢0,): xyxy = 0 for 1f3, 1,3=
‘=1 ,2,3} and d(x,y)ﬂxf—yﬂ X, -Yod + le-y3| for x,yeX. Ve dgfine
a map Si XxIxX—X, S (t,5) =,(Sx(t,y)1,sx(t,y)2, Sx(t,y)J) as follows:
8 x4 =0, 1£dy 1,)mt ',2,3_, then S (t,y); = tx +(1-t )yi, 1=1,2,3;

1f xixj;!o for fixed 1#J, them

t(-x )+(1-t) te<o (x+ }>= 7
s (t,y)d { y:) ’yj/ ’J
0, teI\J

o, ted

. =
Sx®anls tx +(1-t)(-yj), ten\d
and S ('c,y)k =0 for ke{1 2,3} ) {153} If ACX and 4 15 such that
X€A implies xy = 0 for all J#i, then (c0S A). =0 for j#i and
(coS A); = co A;» In the contrary case (caS A) = oo(a, fo}), 3=1,2,3,
It can be easily checksd that all balls in X are S—convex and therefors
X is of type I for S ((2) obviously holda), Let T be an uncountable
set and 5° = S, Xg = X for all seP. For each X,y&Z i= P.X , tel
S (tyy)e= J{TS (t,ys). It 1s seen that 'S 3 ZxI=Z —Z is 8 map for

Z equipped with the Tychonoff topology. The more Z i3 of type I for §
and Z 1is not metrizabla,/f being uncountable. Any ocompact map £: Z —3

has & fixed point [7]. ‘
Definition 4 [6, Def. 4]. A space X is of type II provided that there

exists S such that X is S~contractible and

(4) for any neighbourhood V of xeX there exists
a neighbourhood U of x for which Sy(I,U)cV.

Let 2X be the femily of all nonempty subsets of the set X. Besides,
let C(X), T(X) denote the family of all closed and nonempty, closed,
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nonempty and S-convex subsets of X, respectively, for X being a topolo~
gicel space or S<linear topological space. ! ‘

Definition 5 (op.[9, p. 531), Let X,S be as in the Definition 1.
Then a multi-valued mapping F X~2K is S-affine if for X yeX, teIl

(5)" sl,(x,(t,rm):- v {3tz zeF(x)}CF(s (t,7))

Now we give tvo examplea of S-affine mappings.
le 4, Let A bé a convex subset of & normed space X. Assume

£: Ak is affine and F(x) = B(£(x),6)NA, x €A, If weF(x) and
L€F(y), then u = ‘tw +(1=t)eed (A 18 oonvex) and E(tx+(1=t)y)-ull =
. Btf(x)-r('l-t)f(y)-ﬂ-ﬁ-t)zﬂSt ut(x)-un (1-t) H£(y)-g IS which
implies tF(x)+(1=t)F(y)CF(tx+(1-t)y), 1.e; (5) holds. For A = ICR =
and F(x) = B(x,1/2) NI we have F(1/2)=(0,1) ¢ (1/4,3/4)=(1/2)F(0) +
+ (1/2)7(1) ‘which ueans that the :anlusion ‘€ 1n' (5) cannot be substi-
tuted by the eqnality. : Al .
o Exanyle 5. Lot X be as :Ln the Example 3. If- (4, ,12,13) is & permuta-
t:.on and k;o, then t xa(:, ,xa,xB) 0-—(1:21 "“1 'hi JeX 1s S-

aﬁ.'m. The . set {(x1 ,xz,x3)£x+ xi’ = O} is homoomorphio with R in
‘a8 wxy spaoial \vay. Assnme that for example 13 = 0. Let  h: R—X be
deﬁ.nad u tollmra' :

(x,o) 1: x>0‘

oy h(x") -

P T A (0,-:) ux <0
Then h(tx*(‘!-t)y) = Sh(‘)(t,h(y)) for "X,y &€R and txis fn{x)# . The~
refore {Example 4) for any S-convex subset A of X and any S—affine
mapping t' A—~4 the mapping T A -—ZA, P(x) = B(£(x),d)NA is 5~
affine, e

- Lemma 1 (or.[s, Lemma 7.1.6 Pe 543). Let F: X —2% be S-affine
end Fix Fi= {x€X: xcP(x)} . Then Fix F is S-convex.

Proof, Let Fix Fff. Then for x,ycFix F, t€ I Sy (t,yic
cs (t,F(y))CSF(x)(t,F(y))CI"(S (t,y}).

‘Lemma 2 (of. [9, Theorem 7. 1.23). Let A be a family of commuting
.mappings o:t X into 2x such that

(6) for each F,6eA  F: Fix-G —»X

Then F(Fix G)CFix ¢ and F{(G(X))cc(X).
Proof. Let X € Pix Go Ther y := F(x)=F(G(x)) = ¢(F(x)) = 6(y).
Besides, F(G(X))=(Fol)(X)=(GoF)(X)= ¢{(FX))cG(X) (see[t, p. 241).
Theorem 1. Let X be a normal space of type I and let A be & Pam;lv
of mappings of X into X for which {ooSOr}F 4 is a commuting Ffamily
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‘of compact S—affine mappings satisfying (6). Then {cos ° F} Fe ‘Rhas

‘& common fixed point. : ‘
Proof. By [5, Theorem 1.5] every -80S F has a fixed point (Fef),

The sets of fixed points are oompaot egnd S-convex for Fe.}L Thus 4in viéw
of Lemma 2 H := N {Fix coSeF: Fef}= ooS H # .

"Example 6. If h: I-I. is affine, then £, : K —K. with :Eh(Q ) =
= @h(p)’ pel is S-affine (op. Example 2)e If { 7} peg 18 8 commuting

family (1t 1is enough to & to eommute), then the mappings :th, ne A have
a common fixed point. For, example £ = {a id: se I, id: I—-I} is a
commuting family of maps. If in Example 5 we consider = oomnmting family
of permutations, then the mappings £ x 3 (x.' ,xz,xB) -—-k(xi ,xi $Xy )ex,

k>0 commute., )
Theerem 2. Let X be a narmal spage of type I and let .ﬂ, be a cenmutmg

family of compact S-affine mgppings of X to 'J.‘(X) such that (6) 15 sg-

tisfied. Then & has a common fixed point.

Definition 6 [5, Defs 3.4]. Lot X be S-contractible and ZCX. '.Phen
G z-z is -a genersllized condensing mapping if it 4s npper semioonti—

-

nuous for any compact set Q with 6(Q)cQ anﬁ

(7) for any QcZ with 6(Q)cQ, nard [c\s(q)] £ 1
implies . G(Q) is compaat, = B ,

(8) 1:6 Qcz and Q = GoS G(Q), then Q ia compaot.

Definition 7 [5]. & space X 1s o:! type I (II) 11 1t is oz type I {11)
for S satisfying - . . ! _ :

(9) . for any AcX 50S A 1s s-cunvax

Remark. In Example 3X (Z) is of type I 20: S (5).

Theorem 3., Let X be a space of type I and let & be & commuting fa-
mily of generalized sondensing S—affine mappings. of X into T(X) ‘sati-
sfying (6). Then & has a common. fixed poin’c. d

Proof, It is lmown (C53, of. [37) that’ for every Gea Pix G # ¢ and
by (7) it must be campact. Now we follow. the prooi of Theorem 1.,

Remark 1. Theorem 3 ¢an be rearranged to suite the case of the commu-—
ting families of gaasicompact mapphmgs.

Remark 2. If we assume family & to consist af mappings F such that
(605°F )(X) are contained in the finite dimensional sets, then we obtain
automatically the thecrems for the type II spaces (see 51, '

Remark 3. In view of Lemma 2 one of the mappings from & may be not -
S-affine in the above theorems, Similarly it is enough to assume for
only one of the mappings from & to be compaot oxr generalized condensi_ng ‘

(the S—-sffine onel.
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Remark 4, In the above theorems we may insert

) F,6e¢ R implies F(Fix G)cFix G

in place of {(6), In this oase & need not to commute.
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Sireszczenie

0 odwzorowaniach S-—afinicznych

Pracs gawiera kilka twierdseh o punktach statych dla odwzorowah

wielowarto$ciowych, Twierdgzenia te sa uogélnieniami dobrge znanych wy-
nikéw dla rodzin odwgorowah afinicznych.



Jox Nacmuzn

Pespue

06 S-alEEERY 0TOOpANSHMAX

Padora coaepxaeT RECRONBEO TEOpEM O HONOABMAEHY MUKEX ANN EHOTOZHSUANX OTO~
Opaxenmii, 3TH TEOpelMl SEBAEDTCE OCOGHOHUSH XODODO WIBECTHHX DPOSYASTATOR INM Co-
uelcTBa effurENx orToCpaxemmi.



