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An Application of Ky Fan's Theorem

Ky Fan ﬁas proved a theorem [1, Theorem 2 p., 235] which can be expre-
ssed in the following form: ‘

‘Theorem. Let A be a oompact convex subset of a normed space X. Assume
:L’* A =X 15 a map as to satisfy.

1) .d(r(x),A)<d(x,f(x)) for all xeA with f£(x)¢A.
Then £ has a fi¥ed point. X
‘For any keN U {0} let C} be the set of all real valued maps

X:<0,1> = I-’B having the nmtl.mous derivatives of the n-—th ordexr
on I..Let X -_{xecn. x(0) = x°(0) =u.u= £271)(0) = 0} and Y = Xn"n'“

be two spaces normed by ¥X1 = sup {lx(n)(t)i : teI} . Let ACK consist
of all funotions :x which satisfy the following conditions for all
8,t€I, st

() Ig(t) - 1 (e)<x®(e) - xB)s)

) x®ey = 2B, (8) - 1 (e)

Similarly 13;: BCY consist of all fﬁotions X as to satisfy:
W) nrgx@ )

) =g

for all t€I. We claim that L_.‘ ,L,écti (L_1 ,L1 € C} if the differen-~
tistion is mentioned). It can be seen that A,B are convex, Int 4 =
=Int B=@g and A =B is compact.

We are going to apply Fan ‘s theorem to the equation x = Tx for
T: A —-4& or T: A-~B, ne¥ (the case n = 0 was considered in'L 23],



Lemma 1, Let xeiA, =eX\A 'be two functions as to satisfy

(6) if (2) or (3) does not hold for z, X Batisfies
{(2) or (3), respectively, with the: strong ineqnality.

Then d(z,A)(d(z,x). =g N1

Proof, (cp. CZJ). Let y = z(n) ‘a = x(n) and 8 = lly-utl)O. We consider
the fami family ¥ of all meximal intervals X for ‘which iy-ul(K) = {/2,a>,
The funotion s~z 18 nniformly continuons and thus ¥ is finite. Let

= {8,,t > ocontain the smallest number p, -with ty=uilp ) = a. If
Ik’pk are kmown, I, 4 :<5k+1 ’tk+1 > contains ‘the smallest number pk+1>pk
for which (y-u)(pk)(y—u)(pk+1) = —a’, Assume we have obtained the family
7. {Ik}ho,...,u From  the: etmtinu.tty of y-u. it follews that

sup {ly—ul(t)' tem.ﬂ} = 'b<a.‘ Assume (y-u)(s )>0 and for dke(o 1>,
k=0,...,lll l‘t - ;

0 for te(o,s; ; A4
Se(t) = ¢ {1 eI 0 (sk)-[u(t)-n(sk)]} ak for tece ,zk>

6 (pk) for - te (pk,‘!)

Then for rLB,£ALP,y W T n+6 : and "'small"i d" we have -
w(gi-w(r) = w(g) - w(s )+ wis,) -w(r)= u(q) + 6 (q) - u(s )+
+ u(s ) - ulz) < L, {g) - I, (s, ) -+ u(s ) - n{r) <Ly (q) -1, (r)

The condition (6) ensures the existence of d° for 2 not satisfying
(3) in I,. We obviously have L_, (@) = L_4(r) < wlg) - w{r), Now it 1=
easily seen that by integrating n times u+Z {Jk t k= O,...,m} we obtain
a funotion +vE A. Besides 6 (1) #.0, k=0y...,m 1if does not satisfy (2)
or (3) (8ee (6)), The numbers 4, can be established *in such & manner
that the sequence ({1 )12 6 (1)s k = 0,....,1}) increases and 4is bounded
by (a=b)/2. Now we can see that iz=v 1 <a,

Corollary 1. If T: A—X is s continuous operator satisfyi.ng (6) for
z i= Tx, the equation x = TX has & solution.

Iemma 2, Let x€4, =2€¥\B be two functions as to satisfy:

(7) 12 (4) or (5) does not hold for z and 8 rel,
{(2) or {(3), respectively, holds for x with the strong
inequality for a8ll sgrgt, s,tel,s<te.

Then d(z’A)<d(Z,x)'
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v Proof (cp. £23). Snpposé (n)(t) (n)(s)>L (t) - L1(s). .Then
’we’ _have‘ (o1 )(r)>L (r) on an open subinterval of (a,t) end therefores
x®@)(e) - (n)(a)<L1(t)—L1(s) 1o
6)- holds. ats 08 - .
- Corollary 2. I:f T A—bY 13 a oontinnous operstor satisfying {73

for z := Tx, the aquation Tx=x has a solution.
Lemma. 3. Let xeB, zeY\B satisfy i

(8) 1f (4) ox (5) does riot hold for z and a reI, (4) or (5), respe-
otively, is satisfied for "r with the strong i.nequality‘

Then d(z,A)<d(z,x). .
Proof. Supposs s(n)(t) - s(n)(a)>1.1(t) - I.1 (s)e Then(thﬁe exists
8 subintmal of (a,t) on which . s(n*1)(r)> I‘1(r) and x w (r)<L1(r).

Hence - x(n)(t) - x(n)(s) - jx(n"“),(br)dz@{ I.,,'(r)dr = I.1 (t) - L,(8),
1.0..(6)holds.:' . e B
“CorollEry 3. I:t a nont::mons operater T' -.! satisfies (8)
(g 3= Tx) and the’ extens.tun T' A—X. of T 'is continuous, then Tx = x
has a solution. :
. The: above corollary ean be applled as follows' we have a continuous
opsrator T. A——I ('1‘. A-x), 1£ 'I‘ (T| B —~7Y) satisfies (8), the

eqnation Tx = x has & solution.
Example. I.et us oonsider the Cauchy problem

By a ‘n)(t) . £(t,2(t),5" (t),...,x(n)(t))
x(0) * euu = ::(’“1 )(o) = 0.

12 £ is" continuous and deﬁ.ned on Ianﬁ we oan assign to it an
mtegral operator T A—-x .and ask if "Tx = x - has a eolution in A.
Assume g(t,q), h(t,q) are the ‘lower and the upper bound respectively
of f(t ,B%,0) and g,h are oontinuous. 1f glt,ult)) - gls,uls)<i_, (t)-

4(s) implies u(t) = u(8)>L_,(t) - L_(s) and Ly(t) = L,(s) <
h(t,u(t)) < his,u(s)) :l.mplies u(t) - n(s)<L1 (t) = Ly(s) then in view
of Corollary 1 (9) has a solution in A. The condition {(6) can be written
in the following form (for our exemple) wu(t) - u{s) 2Ly (t) = Ly(s)
implies h(t,u,(t)) - his,u(s))gL,(t) - L,(s) (the form of the condi-
tions for L_, is obvious).

There are oparators of the form (Tx)(t) = h(t,x(t)) which are eonti—
ouous on A, n = O and such that TAd¢ A and (6) holds (seef21).
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Recenszent -
Dr Jégef Bryszews¥:

Sff&sz‘cz_ enie
Zastosowanie twierdsenia Ky Pana
‘W pracy stosuje sig'tiierdzénie Ky Pana o© punkcié stalym do rosstrsy-

gania problemu istnienis roszwigsganis réwnania x = Px. w gbiorse A tyoh -
funkec ji & C%, ktére spelninjs nieréwnodéi (2)'1 (3) lub w sbiorme B, -

okre$lonym drsez (4) 1 (5), :

Jox Naowmes
Pesnmue

B pafore mpmmeseso Teopesty K deme 0 wenoxmmmmof m,mmm—
mmemmm'pm—mxstxjnmm;!nMQs:, 0=
TOpH® BimoxmRpT HepemsEorTsa (2) ¥ (3) mmw 3 mmomscrse B, OnpeNeIBEEEN  WOPSBOE-
cream (4) x (5).



