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Lech Pasicki -
A Fixed Point Theorem

The paper contains a theorem being & gemwalization of a ﬁ.xed po!.n'b
theorem of Ky Fan.

Definition 1, A set Xdg 19 S-linear if .8 is & mapping
Bi1X*IxX2 (x,t,y) " Sx(t,y)ex (I=<0 1>) such that:

1) Sx(o,y) = y » 85(1,5) = x for every x,yex.

If A is & subset of X, then coS A = (\{DCX:ACSA(I D)CD}

" For apny metric space (X,d) and its non~empty subsets- 4 B we write
4(4,B) = inf {d(x,¥): xc4A, y€B), B(4,r) = {xeX: d(4,x) < r} if >0,
Let A be an S~linear subset of X, then for any z¢X, € > 0 A(z,e) =
= coS[B(z,d(z, A)+e)n4al and A(z) =N{a(z,e) 3 e>o}. If X is normed
and A ‘is convex, we have A(z,e) = B(z,d(z L)+ e)NA and A(z) =

= {xek : d(x,2) = d(z,4)} = A(z, 0) = B(z,d(z,4))NE, ’

In - this paper we write "map" in place of "continuous mapping"

Definition 2 (cp.[6, Def, 31)e & metric space (X,d) is of typs I
if X is S-linear for an S such that Syt I*X~+X is a map for each
x€X and the following condition holds

for every x€X, q >0 there existes @ p > 0 such that
@ coS B(x,p) CB(x,q)"

Theorem 1, Let 4 be & closed set of type I for S in a metric
space (X,d), Assume £ :A-X is a compact map &s to satisfy

there exists a lower semi-continuous mapping - p: C=L(ANA - (0,»)
G) with o< a" (z), A,p())), BeC,

Then £ has a fixed point.
Proof, In view of the lower semi-continuiw of p the set P ((a u))
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is open in G, Prom (3) it gollows that to every ye€C we can assign
an a >0 swh that yep ((a,®)). Thus there exists a mapping

1C (O,w) as to satisfy:. : 4

4) foxr every JE c B(y,q(y))n c:{zec 1aF) < p(z)/}

We are going to defins & zctzaction T3 Auf(A) -+ A such thet

‘r(z)c A(z,p(z)), 24, 1ot {5 seT be & 1oca11y finite partition of
~unity such that § = {G; := g5 ((0,1> Mgenp 18 a star ‘refinement of the
open cover B='{B, := B(z,min{q(z),d(z A)/2})I\C} ec Of Ce Lot
St(Gs,g )cB 2(s ) ani x(8)€B(z(s),d(z(s),A) +min{d(z(s),A),q(z(s))}).
It zeG, g9 ‘then. da(z, x%(8)) = d(z,2(8))+ d(z(s),x(8)) < ’

< min{q(z.(s)),d(z(s),A)/Z} +d(e(s),A)+min{q(z(s)),d(e(s),A)}a8 zeB,

We have d(z(s),a) 5 d(z(s),2) + a(z,4) S min{q(2(8)),d(z(8),4)/2} + d(z A).
In v.]l.ew of ) q(a(s)) < p(2)/3. Thus:

(5)  a(z,x(s)) <.3a(z(s)) + 4(2,4) < p(z) +d(z,4)

holds. On the other hand we have da(z,x(s)) <i5d(z(s),A)/2= 5[a(z(8),2) +
+ a(z,4))/2 = 5[a(z(e),4)/2+ d(s,4)1/2 < 5(2d(z,4))/2 which implies:

(6)  daia {x(s) : zeGy} & 104(z,4)

We may assume that T is well ordered by "<" and T, = {seT :g(2) #
#0} = {ByyeseyB },[n n@E)With 81 < eco < 80 Then £or TYed, oy(e)=
= gg(z)/sup {g (s) ¢ 8cT) wo write:

r(z) ={z, ze:A

x(51)(°51(2) (5 )(0 (5):0"s x(s )(5 (35)37)0--): z€C

In view of (6) r: AUL(A) » & 1is a continuous retraction [cp.[6, proof
of The 1]) « The map rof has a fixed point {7, Th. 1], 88y X

If t(x) = z¢A, then in view of (5) r(z)e A(z,p(2)) which contradicts
(3) as xe:t' (z). Thus f(x)eh and X = (rof)(x) = 2(x)

Proposition 1., Let X be a paracompact space and p: 1 X & (0,0)

& lower semi-continuous mapping. Then there exists a map q:X - (0,®)
with q(x) = p(x), xeX.

Proof, Let P(x) = (0,p(x)), x€X. We can see that the values of
P:X = X » 2™ are convex, For any ye€ (O,») the set F~ ) ={x 1 7< p(x))}
is open, p being lowsr semi-continuous. Thus P admits a continuous
selection [2, Th. 1 p.2851.

' Prom Proposition 1 it follows that, without the loss of generality,
we may assume p to be continuous in Theorem 1,
In the remarks below we refer to the notations from Theorem 1,
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Remark 1. The condition O < d(f"q‘(z),A(z)) implies ' 0< d(x,&l(r.)),
xef {(2) implies £ "(z)/u(s) = @, If at least one of the sets
F<a (z,, A(z) is compact, then above conditions are equivalent (wa W
insert &lso: 4(z,e) in place of A(z) ‘4n this remark). . :

Remark 2, If there is a ret:action r:C-+4 with r(z)eB(z d(z A)),‘
7€ C, then the condition d&(x,£(x)) -d(f(x) ) > 0, xeA £(x)E A 2
guarantees the existence of & fixed point of  f. The same situation is
for r(z)€A(z) and 0 < d(z,A(f\x))), x€h, 2(x)£4,

lemme. If 4&° is a compact S-linear set in a metric space cx,en end.
£ :4-+X is a map satiefying:

7 o< @ ()4, 20,

then (3) holds,

Progf, From the compactness of f () and A(z,€) follows the
existence of €= £(z) > 6 with 27 (z)ﬂA(z,t) = @ (we omitv the-
routine proof of this fact), Suppose that for every =néXN there is
T, €B(5,1/0)NC  with ace™ 3,),4¢7,,1/2)) 5 1/n. In view of the
compactness of A we may assume Y, = t(xn), n€ A(yn,‘\/n), neN and

1im xn..z. Obvicusly xe:t"(z) and xe&(n) :to: Bsf(x) {Bee
ne-es

(6, proof of Th. 4]) -a contradiction. Thuse the mapping ps C - (0,m)
'p(z) = sup {e 1€ < &L 1(y), 4(,€)), yeB(z,e)nc} is well definped.
Suppose p 1s not lower semi-»oontinnous. Then for an € > (¢ &nd a £€C
each B(z,1/n), neX contains J, with p,) & p(z) - &, This fact
together with .A_(y ,p(:y ))cl(z,p(z)) for all . yneB(s €) givea
& contradiction.

Corollary 1, From Remark 1 and Lemma it follows that Theorem 1 is
a generalization of Theorem 4 [6]. For normed spaces Theorem 4 {e] is
equivalent to Ky Fan’s theorem [5, Th. 2 p.2351.

Proposition 2, Let A Dbe an S-linear set in a metric space (X,d).
Assume that:

(8) b(g,e) = B(z,d(z,4) + €)NA
holds, Then the following condition is satisﬁ.ed
{9) a(e” (z),A(z,c)) % a(e™ (z),z) - d(s i) - 8,

Proof. We have A(z,c)cB(z,d(z,A)+ e) and hence a(x,A(z,€)) =
a(z,B(z,d(z,A)+ &) which gives d(x,A(z,€)) & a4(x,5)-d(z,4) - €.
Now we easily obtain (9). '

orollﬂz 2. If there is a sequence of numbers - &, satisfying (8),
which tends to the zero, then 4(z) satisfies (8) and is S-convex
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[6, Prop. 1J. If A(z) satisfies (8), then:

1) age™ (=),4()) & a(f"‘ (2),2) - a(z2,4)

Remark 3. If A(z) satisfias (8), then a(z A(z)) < d(z,- (z.))
implies aCz A(z)) < d(z,x) for each x€f~'(z) and. o<a(e” (z),A(z)).
If at least one of tha ‘sets f" (z), A(z) ‘is compac'b the above cond:l.t- :
ions are equivalenb. :

']:he assumptiona of Proposition 2 and Gorollar;y 2 are aatisﬁ.ed for
every convex set A in any linear metric space (X,d) which has onl;y
convax ‘palls, 1f A 1is closed-and non—empty. ’

" Theorem 2 (cp.[1],[3, ps611)e Let A be a cl.osed convex set in a
nomed space (X, fl*f)e If OcInt A and f:A4-+X is a compact map
satismns one of the following conditions for all xeFr A:

(1) =l 2 le@)  (Rothe)
“12) jg(x) - xll & fle @l (Altman)
“3)  l2@x) - =5 2 Ilf(x)ll - IxI® (Altman)

then f has & fixed point.

Proposition 3., let 4= B(0,1) in & normed space Cx.ll §). I£ a map
f:A=X satisfies (13), then (3) holds,"

Proof. In view of (13) we have llx-zll B (llzll2 []xﬂ2 1/? for each
xec2=1(z), Hence a(£™'(2),2) 2 (lzl®- and (10) implies:

a1 @),4020) & (U=lP =12 (llall = 1) = Cllzll =12l +1)1/2-
= Chell = 1)'/23= 20kl - 15'2/CClsl + 1) (Ul - 9127 >
> CCllsll - 1)/¢lzl + 1)3'/2 =2 pea). -

It is seen. that piC = (0,0) is continuous. The above inequality and
(9) give d(£” (2),5(2,9(2))) >p(z) - p(z) =

One can compute p for (11) and for (12), but it is known that each
of these conditions implies (13) (see [11). ,

Remark 4., The assumption OeInt A camnnot be disregarded in the
Altmen theorems as it is seen that £ :<0,1> = R, f£: xmx-1 has no
fixed point and satisfies (12),(13)., Rothe’s theorem is obvious for
O€eFr A eand it is false for O0¢ A (£(x)= 0, xc4).

Ky Pan applied the folowing inwardness condition

for each x€A such that x # £(x) the 1line segment [x,£(x)]
(14) contains ‘at least two points of 4

$o any compact convex subset A of a normed space (X,[*ll) emd any
map L1 A=X (s_ee D’ The 202;’ 1)074])0
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Proposition 4. Iet A=co A “be a ‘subset of & normed spaco (x,n g).
Asaume that xeA ‘B= co ch az-e such that d(4, B) >0 and

“there axl.sts a te (— @ 1) and a po:l.nt Je B for which
(5 txs -ty v :

Then d(A B) < d(z,B). ) ' ‘
- Proof. Suppose 4(4,B) = d(x,B) and let. t 5(0,1 ). Than tz-r(’l-’c)yen,
£€B and hence d(4;,B) = d(x,B) & ﬂtx-l- (=t)y=tz =~ (1=t )yl = tﬂx—sl.
‘Thms - 4(A,B) = d(x;B) = inf {tix-zlsz e B} = td(x,B) - & eontradiotion.
If + 80, then one can check that 'y¢ [x,tx+ (1-t)y] which mans 5
JEA - a contradiction. ;
If we set. B=£(X) =¥ 4n (‘15), ‘then :I.t beconea clear that 7) is"
a gene:alization of (14), The fact that (7) is more general than ('\4)
48 known for A being convex and compact [5, p-2351¢ of
. Simple examples show that there is no dspenaence between (14) and _
.(11), though if A is & ball, then every mP satisfying (11) 19 :anard
as ‘A is convex 4 = B(G,r), - :
- The examples below show that there. :!.s no’ dependance between (14) and
(13)‘ (13) even 1f 4 is a ball,
- Example 1. et us consider R® normed by l(x,3)f = mex : (=1L 1513
and 4=35(0,1). Then for £:A=X, £f: (x,7)=(x,7+ sin(10%3/3)) we. can
see that f£(x,s1)ec4, x¢ <0 1> and hence £ is inward. For 3
= (1,3/4) we have ﬂzﬂ + llz-f(z)ﬂ = 2< 49/16 = ﬂf(z)ﬂ (“3)
does not hold which implies (11 ),(12) are not satisfied, - . ‘
Example 2, Let R° be normed by = (x,¥)l = J= x| + Iyl Ve consider
£:5(0,1) ~» Rz iz = (x,7) » §(x,7)l(max{0,8y°/3-2/3}, max{0,8x /3-2/3)
For %= (‘1,0) we have £(g) = (0 2) and therefore (14) does not hold,
We will show that (12) holds, It is onoush to consider z€5(0,1) Zfox
057 51/24.0. 7 = 1-X. Then. £(z) = (0,85°/3-2/3), £(2) =2 =
=(-z,axé/3+x-5/3 Yo.We have 8x°/3+x-5/3=0 for X = 5/8 sad hence
B2G) -2l - [£(2)] = x ~8xP/3-x45/3-822/3+2/3 = A6x2/3+7/3-25/12+7/3>0
for x€<1/2, 5/8>, For X€<5/8,1> we have Hf(n) o~ §2C2)ll =
- x4 8X2/34305/5-852/5+2/3= 2X -1 > 0. Honce (12) holds end (13) too.
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Streszczenie

Twierdzenie o punkcle stalym

Gzéwnyn wynikiem pracy jest twierdzenie 1., Stancwi ono uogdlnienie
twierdzenis Ky Fana o punkcie staiym re 5 [Th, 2 sbr. 235]), orzeka~
Jacego, 1% kazde ciggle odwzorowanie I i1X~E, gdsie X Jjest zwartym,
wypuklym podzbiorem przestrzeni unormowanej. E, speiniajgce warunek
d(x,£(x)) > d(X,f(x)S dia kazdego x€X takiego, 26 f(x)¢X ma
punkt stary, W twierdzeniu 1 pryestrzeh unormowana zostaia zastgpiona
przestmenig metryceng z ogdlniejszg strukturg liniows zad DIrzes
rodzi:g homotopii (zobe. Definicje 1,2). O odwzorowamiu £ zskiade sig,
%0 Jjest gwarte. W dalseym clggu précy rozwazane sg zaleinoscli miedsy
warunkemi Altmana, Ky Fana i sszczegblng postacig warunku (3) g Tw, 1,
tj. warunkiem (7), ktéry jest dosé ogélny mimo prostoty zapisu.

JNex Tacmpm
Peamue

Teopewa o mocroaHmOR TOUKRS

TRasubM pesynpTaToM DaGOTH SBATETCS Teg%ema 1, Oma gragommT o0GoGmenue
TeopeMt Hu @ama o mocrosmHo#t moure (ep. L5, T. 2, ¢. 23%?, roBopamel 0
TOM, UTO JW6Oe HempepHBHoe orobpameHue : X ~=E, rme )E( ABNAETCH 3

BHIYRIHY HOIMHORECTBOM HODMAIASO0BSHHOTO CTPAHCTEE BLITOITHSY) CH0=
med(x, +(x))>dX, ¥ (x)gum 6010 x,eng,} Taxoro, uro §(x)e X.mgegr o=
ecromuyw Touxy. B Teopeme 1 HO 30BAHHOR nggcwpancrso BMEHAETA MSTDHIC-
CRMM TIDOCTDAHCTBOM C OGOCHENHOR 3anamHoff miHedHoX erpymrTypolt, OCyCIOBIEHOR
cemeficTsoM Tomorormit {em. He . 2)e IIIONSTAeTCH, TTO OTOGpAaKeHWe
+ ABNAETCA 3AMKHYTHM, B nanbHefmeft 4acTy DPAGOTH PACCYXIANTCH 32BHCUMOCTH
mex_ny_yc::om?m Arvana, Hu ®ana  ocoGeHmmM BumoM yemoeud (3) Teopemu 1, .
e. yenomueM (7), ROTOpOE.ABIASTCA HECROJIBKO OOOOMEHHHM, HECMOTPH HA MPOCs

TYO 3amich.



