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On Contmuous Seiectmns

In this paper "mep" means "eontinuous mApping"
Definition 1. 4 set X is'said to bs S-linear if 8:1X*I*»X+X is

@ mapping satistyize: |
) - By e 7 Bylg) e x ) ZFET

Then for any non-empty set AcCX let. coB 4 =N {f ¥ ncx B, (I, D)cn}
am’l cof §=g, If coS A=4, then 4 1is B-comvex. = ~

Definition 2 (¢£.[9]). 4 spaca X will be called locally  S~contrac—
tible iz X _13 B-linaar and

_ for any xeX the:ee exists almighbou.rhood U such that for
) any. z€T {8, (%,° )' }te: is a homotopy Joining the identity

with a constant map.

If U=X, then X is S-contractible,
‘Zet 25 be the. femily of ell non-empty subsets of amy set X#d.
‘Definition 3 (cp.[8, Definition 2,8]). 4 space X is said to be
(locally) of type O for the families of naighbou.rhoods u ~of all
the sets of Ac 2X if Achimplies &S AcAd and X is (1oca11y)
B-contractible wi'bh £ satisfying

for any A¢ A and any neighbourhood Veil co8 4 ‘there exists a
() peignbourhood Vel for which oS ST

. For any met:.-:l.c space (!,d.) and Aea 3 >0 we will write
B(4,r) = {xsx d(x,d) <r}e

Definition &, A metric Spaco (‘!,d) ‘will be called uniformly
(locally) of type O for A2t “and balls if it is (loca:u.y)
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S—contractible for & satisfx:l.ns (cf.*[?, De:E 1, 1, p.558])

for any €>0 the:ee is a 6>0 such that foz any Ac & we have
) coB B(4,5)cB coS(4, e). : :

It is seen that any unifom]:f (100311;7) of type © space ror J-i,
and balls is (locally) of type O for A& and balls, =
- In the sequel the omission of the information ebout A will mean
R = 2%, The word “gelection" replaces "continuous selection" and (¥,d)
is always a metric space in’ this paper, The family of &ll’ oomplote, :
B-convex sets of the S—contractible space (¥,d) - will be denoted by D(Y),

Theorem 1 (cp.[4, Theorem 3.2 p. 3671). Let X Dbe a paracompact
space and (¥,d) & space uniformly of type ‘0 for balls. Then any
1.,8.c. carrier F:X-D(T) admits a selection. .

Proof. From the lower seni-continuity of Fo = F it follows that
the collection Wy = {F B, 61))}5'&1 ={xeX zF(x)nB(y 61);!¢}y€Y
[1, p.25] is an open cover of X. let A4, = {a }q€Q be a locally -
finite partition of unity suborainated to W, .[3, 5.1.9 p. 375] where Q
is a well ordered set and a 1(0 1>c ¥ (B(y 1)) for q€Q. Let us
write Qg = {eeq : aq(x) # G} Then for c_{x)= a (x)/sup{aq(x): geQ}
the Tumiion 29() =8y (o, (y (o) 3....,5, ORSE 2%

for Q= {‘11"12""’%}' a4 < 9 < wee < g, 18 a map :L‘ 1 XY
(there exifts ¢, (X))= 1 &and £,(x) does not depend on J (cp.[9,

Pe 5973)). From the definition of £, 1t follows that f4(x)€ .

£coS B(r (x), 64) and in view of (4) we may assume & = §,(2€4) and
f.,(x)eB(coS F(x)ydtq) = B(F(x),2,4) (F(x)is S-convax). Let us write
P(x) = B(f.,(x),ze,,)nr(z) o @#. It can be seen that F., is l.8.c (and
not necessarily S-convex). We repeat our considerations for 52(362)
FqsWpoedy  in oxder to obtain £ (x)e ‘coS B, (z),&z)cB(coS Ry(x), A5)e
B(F(x),25) and Fy(x) = B(:fa(x),ae,a)nF(x) # @. Then by induction we
define:

(5) £,(x)€co8 :B(F 1(x),6 JCB{coS B, 4(x),2 ) CBEF (), 4 )

and:

(6)  Ep(x) = B(£,(x), 2 )RF(X).

It follows from (6) that ata P (x) <2, d(fn(k),rn(:)) <y and

(5) implies: -

d(:f (x) b4 1(:))§d(f (x) P (x))+ dia F (z)+ d(F (x),: 1(:))<ae +23€_n+
+ dia coS P (x)+ aem,,. s §ae,n+ dia coB _B(y,aen)-_l-a&mq..
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From" ) we obtain g(at’. ) = sup {dta coB B(y,ap,): ye!} <X for ‘
eny >0 &nd small enough #,. Let us choose aen>0 for neN in
such a manner that { e, +g(ae, ): neH} < ®, Then for any x€X . and
‘big enocugh m<n We have d.(.f (x) £ (z)) s d4(e (x), m_.‘(x)) G080
+ A€, 4 (x),2,(2)) < €. It means that {£, } neN converges uniformly to
a limit £ - that 18 continuous and f(x)EF(x) for a1l x€X,
Definition 5. 4 meb:r.l.c space  (Y,4) is gaid to be - unjiormly
(locally) of type II for Ac 2% ana balls if it is aocam) S—cont—
racbible £or B satisﬁins '

for any - e>0 thsre is 6 >0 such that :roz.' anar Ae.ﬂ we hava
@ 8,580, 8)eBE, ), €. "

‘Theoxre 2. Let X bea :E:Ln:l.te dimensional paracompact space apd
(1,d4) a metric space unifomly of type II for balls, Then any 1.s.c. ;
carrier F:X -oD(I) ‘admits a selection., - .

Eroof. ILet us assume dim X S'k-1, In view of the Dowker theorem[i,
74244 po484] we may th:l.nk (see proof o: Theorem 1) that the partitions -
of unity {4}, .y @re of order sSk-1, For any AeD(X) we have 1
8, (I,4) = 4 and in view of (7) forany &4 >0 there is e>0 with
SB 2 e)(I B(4, e))cB(A,q). There is O <6< e with By, 2,5 (I,B(a, 6)):
cB(é (I,4),€) = B(4A,8) and hence Y A, 5)(1,83“ 5)(1, & 63)): :

CSB(A 5)(1 B(A, s))CSB(A £) (I B(A,e))eBgA &‘). By induction we prove that
for 'k apd. any %, >0 there exists &, = 6(2,) > 0 for which
syq (I,s}; (1,...,sy (1,B@,8 )...)CB(A ®pde Now- we follow the proof
of '}hnorema‘l wz:l.tins Syq"(lgooo’sy (I Ba(x)’b)ovo) in Plac' of

coS B(F(x),6) and (7) in place of &)

Remark. In the &bove theoreams. it is encugh to assume 5 o

A= {F(:)nB(y,s) #9:xeX,7€e%,0 < € <Y} in place of ﬁ: ZI
} 'l‘hegem 30 . Let (I,4) be uniformly of type O (f:m:i.te dimensional and

uniformly of type II) for balls, Then amy 1.8 «C. compéct carrier
F:YT=D(T) (1.0, F(Y) is compact) bas & f£ixed point.

Proof., Let f be a selection for F, In view o:f [10, Th.1].
({8, Thas 1 «13) £ has & fixed point.

Theoxem 4 (cp. [4, Bartle-Graves Theorem]), Let £: Y-+X be an open
mapping of & complete metric space (1,4) uniformly o:t type O for
balls in a paracompict space ‘X, If £7(x) = %08 £~ (x), xex, then
there is @ map gs =Y with fog= i,?x, i.e. g(x)ef (z), x€X,

.Proof. It is enough %o show that £~ 18 le8.c. Let. U be an cpen
subset of Y, then {xeX:f™ (x)nU # ¢} = £(U0) 4is open..
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Definition 6+ A mapping f:TI=X will be ‘called (S ,S )- 11nsar 1:
X, I are respective]y 81- Sz-contractible anﬂ :E(S (t z)) '
.'.=Sfx (t f(z)), x,zeY tele ’

g:.:gms;tion 1. Let . £31I+X be - (S S )-1inear open map o:f a complete
mei;ni.c space (I,d) uniiarml:r of type O for balls in a paracompact
5pace Xy ’.Ehenthsre :Lsamap s:x-»rtwithf05=idx o
‘ mg_% For amy X€X £7 (x) 1is closed and it is Sz-convex,
being & -convex, Hence Proposition 1 follows from Theorem 4,

Theorem 5 (cp.[%, Theorem 3.2% p.367]). = o X 1s a. T.,-space, then
the fo].low:lns propertiea are equivalent L :

a)X is paracompact " i : '
b) If (¥,4) is uniformly of type 0 then every. 1,5.0. ‘carriex

. F:X->D(Y) admits a. selsction,

- Proof. We have proved &) = b), Every Banach space satisfies ) for
8 (t,y) 1= tx+ (1=t)y and hence b) = &),

 Theorem 6 (cp. [#,Theorem 3.,1" p.3671). The following properties of

a4 Ty-space X are equivalent. :
a) X 1s normal and countsbly paracompact,
b) - If (L,d) is separable uniformly of type O then every l.s.c.

.carrier F :X-D(Y) admits a selection.

Broof. If we assume (¥,d) to be separable Banach space, We obtain
b) = a). For a) = b) it is enough to consider a dense aet {3rc1)~qu 1n
the proof of Theorem 1, :

Theg_-em 7 (cp.[#, Lemma 5.2 p. 5‘75]). If X is perfectly normal,
(¥,d4) is complete space uniformly of type O for balls and for every
er € >0 &S B(,e)s= B(y, &), then for any 1.8.c, carrier F: X+ D)
there exists a countable collection F of selections for F such that
for every x€X {r(x)}reg- is dense in F(x).

 proof. We follow Michael’s proof taking ¥; # v i= BG41/2%).
. Proposition 2, Let X,Y be topological spaces, If F:X - 25 is
1.8.c, @and for A=AcX g is a selection for F|, then G defined by:

3 , g(z) for xecA,
«(8) »G(x_)f"{F(x)_" for xeX\4
is 1.8.0. _
"Proof. Let U be a neighbourhood in Y. Then we have 6" (0) =
(,F WINXNA)U (g "m)n.«). From the continuity of g it follows that
(U)nA VAL V being open in X. 6bviously & T@)cF @) and
hence VA4 = ARVAF~(U). Thus G~(U) = CF-(U)N X \A)JULANVAE~(U)]=.
= B~ CU)I\ E(OI\A)UA)“((X\A)U(V“F UNI=FWNEE\L)U (VAFT(U)]
.is opens
Remark. For 4= {x,. we may take g(x,) =y for any yeF(xo),'
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Theoram 8., Let 4=4 bve s subset of a ‘paracompact space ‘X and. let
(Y d) unifommly ‘of t‘.vpe (3 f.o:l.' balls, Let F: X-OD(I) ’be l.s.c. Fhe
Then any selection for ¥], 4 can . be extandad to a selection for B. -

. Proof. let g be & selection for FIA‘ From the onposition 2 i'h
follows that G given by (8) is l.8.c, and obvioua]: G(z)ED(I) Ior
x€X, In view of Theorem 1 G admits a solec'b:i.on. : 5
 Theorem 9 (cp.[5, Theorem 1.2, P5631). Let . Az1 be a aubset oz
finite dimensional paracompact space X and (I a) uniforml: of type I
for balls, Then any selection g for Fl‘, where F :x-»D(!) 15 a '
l.8.c, carrier, can be extended to & selection for ¥, :

. Eroof, Compare onposition 2 with Thoorem 2. : %
~ Corollary = (cp. [6, Theorem 6.1 p.386]), Let X ‘be a paracompaet
space and (Y,d) uniformly of type O for balls. Let ACX be & retract
of X and let F:X-D() be- al.s.c. carrier, Then any selection :Eor
-'Fh can be extended to a selection for F,.

Proof, We have A= A 4 veing &8 Tectract, i v

Remark. It is not afficult to reformulate the above corollary to !
‘suite Theorem 9. ’

‘Theorem 16 (ep. [2, Corollary 7.5, p.92]>. Let A=1 be & aubset of
& paracompact space X and (¥,d) & complete space uniformly ‘of type 0
for balle. If f:4-+Y is such a map that GoS £(A) is S-convex, them
£ cen be extended to @ map h:X-Y such that h(X)e 5oB L),

Proof, Let us write:

RS ___{:(x) for x€d,
- 1T - for xXeX\4,

In view of Proposition .2 and Theorem 8 G admits a selection g.
There is & retraction » of Y on & £(A) [9, Theorem 1] and
h = rogs i

For X Yeing finite dimensional we can obtain the uniformly of type
II version of ths @bove theorem. ' :

Froposition 3. Let. ‘X be & topological space and (I a) unﬂormly of
type © for balls, Then if F:X-2 48 1.8.c. &nd

for any . & > o and x e X +there exists & neighbourhood 'V of

9 x  such that for any xev F(x, )< B(F (x),6),

then coS F 18 l.8.0.

‘Proof. Ist € > G, x, €X be arbitrary. Then there exists & neigh-
bourhood V - of x such that for x€eV, cob F(x )ccoa BF(x),8)¢
& B(coS F(x),e) (aee &)).

Proposition 4. Let X, (I,d) be as in- Proposition 3s It F:X-2% is
1.64C. 804 F(x) is compact for every xex then (9) holds.
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Proof. Let us consl.d.er {BG:+8))yc ¥ 2 y: Wican choose & finite
cover {B(yi,B)JL,I o of ‘F(x, ). Then® _V.::f\{F (B(yi,é) :L..‘l,...,n}
18 open and for x€V F(x, YCBE (x),8).

Deﬁ.nitign 7. 4 space x is ‘(locally) of typa G for the families
A, of neighbourhoods of the Sets seAc? if 1% is (locelly) of tpe
0 and coS U 4is B-convex for every Uel, and A€ A,

Theorem 11. et b 4 be & paracompact space and (I,d) a complate
space mifomly of. type ) for balls; then if F :1»2 is 1.s.c. and
satisfies (9), %08 F &admits a selection. .. . - A

. Proof. From Pmposition 3 it follows that. coS F is 1.s.c.._ and
‘hence [4 P.eoposition 2.3, p.366] co8 F 418 l.sBsCe ‘l!he completmss of
(I,d) implies CoS F(x)XD(X) for x€X, :

Example. Let us consider the hedgehog Spaoa of sp.tninesa m,

J(m) =2 X [3, p.3147, For any [(x,84 )J,[(y,az)]ex let:

» » _ [tx+ (1-1:)1,52] i teI, ir s1=32 or x=0
s[(x,s,‘ )J[t,t(y,sz)]) =8 [(~tx+ (1-t)y,52)], te<0,7/(x+y)> b 81;!82, x£0,
' e [(tx = (1=t)7,84)], b€ @/ (#3),1> ,84¥85, 40,

It is seen that 8§ :XxI»xX-»X" is a map &nd (1) is satisfied. For any
sat 4€2* we have coS A= E(conv 4 s)] if ‘A= [(B,8)] for a . SET
(T - set of cardinality M) and BCI and coS 4 = U {[ (conv(4v{0}),8)]:
seT, [(0,1>,8)INA#g)} otherwise. It is obvious that  coS B(4,6) =

= B{coS 1,5). Moreover X is of type O (i.e., X 18 of type O and
o5 & 1is S-comvex, de 2X),

References

£13 :Berge géés'nspaces topologiques, functions multivoques, Duncd,
Pa o

{27 Bessaga C., Potceyaski A.: Selected topics ‘in infinite-aimensional
topology. F¥N. Warszawa 1975. :

EBJ Engelking R.: General Topology. FWN. Warszawa ‘!977.

4] l}%tc‘:hgel E.: Continuous selection I, Ann, of Math, 63,2 (1956),

[5] Michael E.: Continuous selection II, ibid. 64,3 (1956), 562-580.

[6] Michael E,: Continuous selection III, ibid. 65,2 (1957 ) 375-390;

{71 Michael E.: Convex. stri;ctures and continuous selections, Canad. J.
Math. 11(1959), 556=575. . :

(8] Pasicki L.t A fixed point theory for mnti—valued mappings, Proc.
Amer. Math. Soc. 83,4 (1981), 781-789.



h¢!
[9] Pasicki L,: Retracts in metric spaces, Proc. Amer. Math, Soc, 78,4
(1980), 595-600% ‘ g e R R el
[10] Pasicki L,: Three fixed point theorems, Bull, Acad. Pol. Bcil. 3=t
979), 17375, S R e

‘Review uy:
Dr Witold Bula

Streszczenie

0 ciqujch selekc) ach

"Preca poswigcons jest badaniu uogélnieh klasyczuych twierdzeh .
Michasela o cigglych selekcjach dla przestrzeni Banacha, Twierdgenie 1
wydaje sie byé niezalezne od znanego twierdsenia Michaela dla struktur
Wypuklych, Przestrzenie, ktbérymi operuje sie w tej pracy, pozwalajs na
uzyskanie naturalnego uogbdlnienia twierdze‘nia‘ Bartle’a-Gravesa o odwra-—
calnoscl, jak roéwnies zwigzku g teorig punktéw stalych prey eachowaniu
pewnych :Eon_na].nych podobienstw z wypukiosSciy w preestrzeniach liniowych.

Jlex Tlacwtru
Pezyme
0 HETPEPHBHHX -CeNeKIHAX

PaGora noceamaerca nccn%noaam o6o6meHuit RIaCCUUeCKHX TeopeM Mumena .o
HelPEPHBHHX CeNeRIMAX A 0aHAXOBOT'O MPOCTpaHCTBA. Teopema 1 Raxerca GHTH
HEe32EMCKMOi OT M3BECTHOX TeopeMd Mimena IV BHIYRIHX CTPYRTYP. [Ipocrpan-

CTBa, KOTODERMY onegpye'rca B 2TO# paboTe, paspemanT HOAYUHTh BaTYDAIBHOE

o6o6merne TeopeMH Bapraa-I'pefisca 06 ofparTmmocTd, RaR M O CBA3U ¢ Teopuei

MOCTOAHHMX TOYER NPy COXPAHCHWN HEROTODHX (OPMANBHHX NONOOHH ¢ BHITYRIOC=

ThY B JMHeMHHX TPOCTPAHCTBAX..



