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Lech Pasicki
On function spaces

The paper consists of two parts In the first one we consider the map-
pings £: JxY —=-7 and @f: J - E(X, Y) where E(X,Y) is a family of map-
pings on X to Y, and [(pf(t)] (y) = £(t, y) ted, ye¥ ((p— the exponen-
*tial mapping). If £ or @f is contmuous, then we are 1nterested in
some information. sbout the continuity of £ or cpf where $. ax E(X Y)
- E(X,Z) is defined by £(t, g) (x) = £(t,g(x)), te€3J, geklX, Y), X €X.
The topology on the function spaces has a subbase consisted of the sets
M(A,U) = {E€E(X,Y). : £(A) © U} or is induced by the quasi-uniformity
with the subbase sets W(A,U) = {(£,0) € ECX, Y) X E(X,Y): (£(x), g{x))cu
for every xeA} Y is a quasi- -uniform space. The results for <p§
connected with the compact open topology are due to Lemma 1.10 which ena-
bles us to omit the problems of the structure of compact sets in function
spaces. A similar 51tuat10n is for the quasi-uniform spaces (Th. 1. 22,
Th. 1.23, Lemma 1.19). The results for f are Theorems 1. 27 1.30, 1.32.
The second part is devoted to the dependence between the: compact open to-
pology and the topology of uniform convergence on compacta. On the other
hand, the structure of compact (or precompact) sets in function spaces is
considered..
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1. CONTINUITY

1.1. Definition (ep. [6, p. 6])

A quasi-uniformity (g-uniformity) on a set Y is the subfamily U of sub-
sets. of YXY, which satisfies the following conditions -

Q1) uey, UCV .implies V€U,

(@2)- uU,v.€ W implies Un VEW,

€@3) for every V.€U there exists'a UeW such -that uZ:- "UoUCV,
(@) AcNu.

If U consists of symmetric sets and the above conditions hold for every
symmétric VCY XxY, then W is .a unifurniity. A set Y  equipped.with a
g-uniformity (unifermity) ¥ will be called s g-space (uniform space) and
it will be denoted by (Y, U) (ot Y.if U is understood). A g-space is uni-
formizable if (Y, V) is uniform for a.’ base UV of U . By saying that a
g-space (Y, %) has a topological property we will mean ‘that the topologi-
cal space (Y,’Cu), where Ty is the topology induced by the g-uniformity
W, has this property.

For the cohtinuity problems the above definition.of uniformity is as_
good as the general one [l, IT p.1]) because every uniformity in the gene-
ral sense has a base consisting of open symmetric entourages f4, Th. 6
p. 179].

We adopt Kelley's terminology concerning the separation axioms and the
notion of compactness.

1.2. Proposition

For any uniform space (Y, U) the following conditions are equivalent:
(i) Y is a TD-space,
(i1) Y'is a T,l-space,

(IID N U = A37
Proof

The topological space (Y,‘Cu) is completely regular [4,’!301‘01. 17
p. lBBJ_. The equivalence of Y being a Tz—space and (iii) follows from
[1, Prop. 3 II p. 5]. So it is enough to show that (i) implies (iii). Let
X,y€Y and ye&V(x) fora Vel Then, for U as in (G3), we have
(x,y)¢U2,’y¢U2(x) and H(x) n Ub(y)éﬂ' U being symmetric, hence Y is
a Tz-space. ‘ ' '
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The above known property - (see [4]) does not: hold ‘in general for g-spaces,
~as’ every topqloglcal space (Y, t) is " g- un1formizab1e,-1 e. there exists a
:q unlformlty W on'y whlch is compatlble with € (i.e. ¢ = =Tq). The members
~of a subbase of such a g- un1form1ty (the Pervin g- unlformity [7]) are writ-
‘ ten in the form .-(oxo)u firie)xy], cer. ~ : i
- The famlly of 511 mapplngs o R to Y willlbe denotedbby F(X,Y);
_~E(X Y) is a subset of  F(X, Y). Let. 2 _mean the family of all nonempty
subsets of X. If B # 6(:2X and X,Y -are topolog1ca1 spaces (g- spaces)
then C (ch) consxsts of all mappings f: X — ‘Y- contlnuous (unlformly
_contlnuous) on 6, i.e. such that f!A A=Y is contlnuous (unlformly)
for each- aed. The continuous mappings will be called maps. ’
Ltet "M(A,U) = {fe:F(X Y) « £(A) C. U} for arbitrary - A <X, U < Y. If
g £ C2X and (Y, €) is a topological space, then {M(A,U) n E(X,Y): Aeé
USC} is a subbase of a topology in E(X,Y). (see [4, Th, 12 p. 47]1). This
topology will be denoted by €|d (more precisely (tlé)lE(X Y)) and E6(X Y)=
=(E(X,Y);€|8). In what follows we write M(A,U) in place of M(A,U)n E(X,Y)
if. E(X,Y) is understood.’
~ Let wW(A,U) = {(f,g) € F(X,Y)x F(X Y) : (f(x) g(x)) €U for every
x €A} for arbitary ACX, UCYXY..If § ¥ e Sxit (Y, %) is a
g-space, then {W(A W AEX,Y) X E(X,Y) : Aed, UeU}is s subbase of a
gq-uniformity [6, Th. Def. p, 69). This g- uniformity will be denoted by
UJG (more precisely (W|8)|E(X,Y)) and ES(X,Y) = (E(X,Y), W|d). 1f E(X Y)
is fixed, then we write W(A,U) in place of W(A,U)n E(X,Y) X E(X Y.
family & as above can be completed without changing UJG S0’ as ‘to satis-
fy the following conditions {2, p. 176): =~

(Fi) every subset of any set Aesd belongs to d,
(FiI) every finite sum of members”ofoﬁ belongs to &.

it hﬁét be stressed that E&(X;Y) is a topological space if Y is a
topological space and E3(X,Y)‘is 8 g-space if Y is a g-space, i.e. the
same symbol has two meanings.

The family. of all points.of a fixed set will be denoted by p The fami-
ly of all compact (relatlvely compact) subsets.of a fixed topolog1ca1 spa-A
ce will be denoted by ¢ (rc).

Similarly, pc is the family of all precompact subsets of the g-space under
tonsideration. Besides, -the follow1ng notations will be applled E[d Y] =
= {1 : feEx,n, aedc2®), w1 facn): Repeat V), nede2X.
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Remark 1.3

For an arbitrary tnpological space (or g-space) X and any q-space (Y_v,‘u.)
we may . define T := fulc {the compact open topology) and % --‘C%IC_
“(the topology of umform convergence on compacta). We have T cc for
E(X Y)<:C (X,Y) (see [ﬁ Th. 5 p. 223 Th. 10(e) P 2291) and Ry (X,Y),

T ) cC(x,Y), Ty ) if (Y, W) is a un1form space (cp. [4, Th. 11 p. 230]).

It is clear that the~way the topology was defined on X, has no meaning
for the dependence between . ‘Culd‘ and Cyid in cdex,v). Therefore we assu-
me that X is a topological space (not a g- space) only for the ‘sake of
brevity.

Proposition 1.4

- Let X, '(Y ©) be a set and a topological: Spac,e. respectively. Then
tié = tuﬁC‘(ouw on E(X,Y) for the Pervin g-uniformity % .on Y and any
§c2X.

Proof

Let feM(A,B) for fixed Aed, GeC. Then we have (f(x), g(x)) €
€ (6x6)uf(Y\NG)XY], x€A for any g€W(A,Up) (f)and therefore "g(A) CG.
It means W(A,Ug)(f) rCM(A 6) and Tyldctyls

We have TId=Tys in E(X Y) if €]é is discrete, i.e. if for every
fE€E(X,Y) there exist neN, Apsevorhy €8 and Hys...,H €T such that
{t} = n{M(Ai,Hi) : i=1,...,n}. Slmple examples show that even for 8= p
M({x}, H) ¢ W({x], Ug)(£) can be satisfied for all H#@, HetT if f(x)e
€Fr 6 for a G €.

Remark 1.4~

The previous 'considerations explain why the continuity problems in
Ea(X Y) usually must be treated separately for Y being a topological
space Oor a g-space as we cunsmer 'culd' in the first case, and ’de' 1n the
second one. i

~If £: JAY-—+Z is a mapping, then @f: J— F (Y,Z) is defined as -
defined as follows [@f()](y) = f(t,y) tel, yey (¢ - the exponential
mapping); %: 3x F(X,Y) = F(X,Z) is defined by £(t,g)(x) = £(t,5(x)),
x€EX, t&€l, gefF(X,Y).

Proposition 1.5

Let X,Y,2Z be t'ppolloigi'c»al spaces. 1f the following conditions are sa-
tisfied
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pc2X; E[p,v]lc o (1)

Ex,v) ccfox,v), tec®v,2), then i E(X,V) — cP(x,2); if in addition
E(X,Y) €C(X,Y) and £ €C(Y,Z), then f: E(X,Y) —C(X,2). =

Proof

CIf geEv(X,Y‘),'_then_for any ACP g|A is continuous, gA) €€[B, Y] ang’
therefore: £|g(A) is continuous, ije. f('g)ecﬁ(x,z).' i a

Lemma 1.6

Let X be a set and let Y,Z be topological- spaces for which
Sc 2%, yc2f XY 46 <2’ ang 5 [81cstng (2)

holds. If feca‘(Y,Z), then fCCaﬂ(Ea(X,Y), F§(X,Z)); if £ is continuous,
then £ is ‘continuous. , '

Proof

It Aed, fey and Vcz is open, then £71 (M(A,v))nd = {ged: g(A) ©
c e (V)b} = M(A,R(A) 0 g7l (NN = MARM A AR for an open set
UcY, as f|R(A) is continuous. Hence f-1 MA, VY AR = M(A,U)nR which
proves the continuity of f on fey. If f is continuous, then f-‘lg )
is open, f_vl(M(.A,V)) = M(A,f’l(V)) and therefore f is continuous.

Lemma 1,7

Let X,Y be sets and let J,Z be topological spaces. Assume (2) holds
and 9f: J— Fg (Y,Z) is continuous. Then (pf J- FK.(E(X,Y), F§(X,2)) is
continuous and for each &,s?{'{f(' ,0) geeﬂi}is' evenly continuous family of
mappings (or maps if pcy).

Proof

~ Let Aed, -ﬂ.ea“ and let VcZ be open. Assume f(t,“)e M(eﬂ-_,M(A,V)), i.e.
?(t,cﬂ)cM(A,V),‘ (f(t,u‘?.)‘)(A)‘Clv and f(t,A(A))CV are satisfied. There
exists a neighbourhood G of t such that f(G,&(A))CV as A(A)eB and

f is continuou$. Therefore ¢£(G)CMWR,M(A,V)). It is obvious. that we
could take ﬂ{M(Ai,Vi) : i=l,;..,n] in the place of M(A,V) and hence fol-
lows the continuity of @f. The continuity of @t implies the even conti-
nuity of {f(+,y): yeB} for any B€6 and for B={y} “we get the continui-
ty of f£(°,y).
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Corollary 1.8

Let X 'be a set and let J,Y,Z be topologlcal spaces. 17 (2) holds
and ¢f 3 - CG (v, Z) is continuous, then (pf 3 - e (EJ(X Y) th (X,72))
15 contlnuous If in addition’ Yeaﬁ then " E(X, Y)ea"

Proof

In view of Lemma 1.6 <pf(t)ec5~(58(x Y) FG(X Z)), te 3 and we apply
Lemma 1.7.

Corollary 1.9

Let 3,X,Y,Z be topalogical spaces. 1f (1), (2) held, E(x,Y) ecPix,v),
and @f: J —-Cx'(Y Z) 1is continuous, then (pf J—»Cg(Eé.(X Y) CS(X Z))
is contmuous. If in addltmn pf: J > Ce(Y, Z) is continuous (i.e. Ye 36)
and E(X,Y) €C(X,Y), then (pf J —'Ca.(E (X Y) Ca(X Z)) is continuous
(ECX,Y)ep).

Proof
In view of Proposition 1.5 gof(t): E(X,Y) . ~—~ cB(x,z), t€3 and we
apply Corollary 1.8,

Lemma -l.ld

tet X be a set and let Y be a topological space. If HAeBec in
Eg(X,Y), A€8 and g(Adec in Y  for each ge%B, then A(A)erc in Y.
If Aec in Edn(X Y), Aed and for every ged. g(A)ec in Y, then
A(A)ec . in Y.

Proof
Let {Vy}yefb(A) be an open cover of B(A). We have g(A) c U{V?

1=V : €g(A), JE€T } for a finite set T,. from SBCU{MAU ):
Zj g J g g’

: gc $} and the compactness of SB it follows that. QCU{M(A U_Js gkaB
k cK} for a finite set K. Thus the set B(A)c v LU 3 keK}cuiVJ gk
Sk

: 3€T k€K} is compact and the 1nc1usmn cﬁ(A)C%(A) proves the re-

gy )
lative compactness of A(A). It Rec in Es(x Y), ‘then we follow the abo-
ve proaf for fb R.

Corollary 1. 11

Let X,Y be tupolng,lcal spaces... IfdcPnc. in X and E(X, Y) CCp(X YOl
then for any. fec . (ferc) in Es (X, Y) we have &A(Adec (A(A)ere) in Y
(i.e. we have t[ﬁ]cﬁ';for,_éqﬂnc, F=c (rc), \ 6=c (rc)).
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Proof

As any g_egkcE(X,'Y).cCﬁ(X,Y') is continuous on § and 6:0:, we have
g(A)Ec in ¥ for sny Aed. Thus we can apply Lemma 1.10.

Tﬁeorém. 1.12

Let J,X. Y Z be topologlcal spaces ‘and let .8 @c?x Gcﬁnc in °X,
yco (pere) - in Eg(X,Y), %,6c2", cc6 (rceb) in Y. If @f: J_.c“(v 3)
'is continuous, ‘(1) holds and E(X, Y)ccﬁ(x Y), then pf: 3 = cl(Es(x, Y)
cé?(x Z)) is continuous; 1f -Yep ‘and ELX,Y) €C(X,Y), then E(X,Y)e .

Proof

In view of Corollary 1.11 (2) holds and we can apply Corollary 1.9.
Theorem 1.13

Let J3,X,Y,Z be topolaglcal spaces. and let §, pcz 8c(bnc in X csaﬁln.Y
and E(X Y)t;DB(X Y). If ¢f J —-Cx'(Y Z) is continuous and (1) holds, then.
q;f i C (Es(x kg CJ(X Z)) is contmuous If in addition Ye&® and
E(X, Y)CC(X Y), then fpf J=—C (EG(X Y), Cs(X,2)) is continuous. For each
fec i - Eg(X,Y) {f(',g) gea%} is evenly comtinuous family of maps. In
partmular the cont1nu1ty of @f: 3~ CC(Y Z) (@f: 3=+ (Y,2)) implies
the continuity of pf: J-vC (E,(X,Y), C (X,2)) for - E(X Y)c c®(x,v)

@i: 3 = C(E (X, V),C0(X, 2)) tor ECX,Y)CC(X,YD).

Pruof

The first part of 1.13 follows immediately from Theorem 1:12. The even
continuity is & consequence of Lemma 1.7 (as p cc). Obviously for f=c in
Y, E(x,v)cclx,y) we have E{B,YJcc in Y, i.e. (1) holds, and hence
the first part implies the third par® of our thecrem.

Definition 1.14

Let (Y, W), (Z,7) be g-spaces and fBCZY. Then f: Y= Z is strongly
unifomily continuous on B if for every B€®, VeV there exists a Uew-
such that x €B, (x,y) €U imply (£(x),f(y)) €V. If YeB, then f is uni-
fermly continuous.

Lemma 1.15

Let X be a set and let (Y, %), (Z, V). be g-spaces for which (2)
tolds. If . £ euc®y,z), then feuc®(Eg(X,Y), Fg(X,2)). If f is stron-
gly uniformly contlnuous ‘an E[d Y] (or. un1formly continuous), then
f € UC(E (X,Y),Fs (X,2)).
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Proef

If Aed, fegrand VeV, then there exists a UeW such that (y,z)eUn
o[ X A} implies - (£(y),2(2)) .€V. Thus (g,h)€W(A,1)aA? implies
(g(x) h(x))eUn{&(A)Xcﬁ(A)}, x €A and (f(g(x));f(h(x')}ev, ):eA, i.e.
(f(g) £(h)) €W(A,V) which means the uniform continuity of f on the
members of g . If f is_s'tro'ngly uniformly continuous on Ef6,Y], then
yeg(A), (y,z)U imply -(£f(y),f(z)) €V and from (g,h) €W(A,U), i.e.
(g(x),h(x)) €y, g(x) eg(A), x€A we obtain (f(g(x)),f'(h(x))) €V, xeA,
ice. (£(@),2(h)) ~ewW(A,V).

3
Lemma 1.16

Let X,Y be sets and let (J,7), (Z,V) be g-spaces. Assume (2) holds
and @f: J—>Fg(Y¥,Z) is uniformljx continuous., Then (pf: J»Fa-. (E(X,Y),
Fs (X,Z)) is unifermly continuous and for each _ﬂea" {f(-,g): gef] is a
uniformly eguicontinuous family of maps.

Proof
Lets AeS, fegand let (s,t)€U imply (£(s,),£(t,*)) €W(LA(A),V)

(UeT, ve?). Then (f(s,g(x)) f(t,g(x)))EV, gs& x€ A which means (f(s,g),
f(t,g))Ew(A V), ge& and (f(s, *),E(t. ")) €W, W(A,V)). If we consider

Ayse ._..,Ant-:é Vis--.,V €V, then there exists a UeT such that (s,t) €U
implies (1(s,*), f(t '))ew(a%(A Jwom s 1,...,n and therefore (@f(s),
pi())=(i(s, ), (1, ")) eWA, n{W(A Vi): i=1,...,n}). Thus ¢f is uni-

formly continuous. If. @f is umformly cont'inuous, then {f(',y): yeB}
is a uniformly equicontinuous family of maps for any Be6, as (f(s,y),
£(t,y)) €N, yeB (s,t) €U.

_[_I&rollarx 1.17

Let X be a set and let (3,7, (Y, W), (Z, V) be g-spaces. If (2)
holds and ¢f: J —» UCZ"(Y,Z) is uniformly continuous,  then ¢f: 3 "UC%‘:
(Eg(X,Y),Fg(X,2)) is uniformly continuous. If in addition f(t,*): Y — 2
is strongly unxformly contlnuous on E[S8,Y] (or u/niformly continuous) for
each t €J; then cpf J—»UC@.‘(E‘;(X,Y),F& (X,Z)) is uniformly continuous.

Proof

In view of Lemma 1.15 tvf.': 3 —’UCV(Ea(X,Y),Fd (X,2)) and we apply Lemma
1.16.
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Corollary 1.18

tet J,X,Y,Z be g-spaces. If (1),(2) hold, E(X,Y) € cﬁ(x Y) and
pf: 3 —’UC?(Y,Z) is uniformly contipuocus, then <p§ J —’UC?(EG(X 5E (X Z))
is uniformly continuous. If in &ddition £(t,*): Y —- Z is-strongly un1-
formly continuous on E[4,Y] (or . f(t, *)euc(y,2)), t &l -and E(X, Y) c
cC(X,Y), then qof J —uc (EG(X Y) C;(X 7)) is unlformly continuous. If
E(X,Y) cUC®(X,Y), then we may write uc (X,Z) in place of cd(x Z) (and
UCy(X,Z) in place of Ca(X,2) for E(X Y) cuc(x,Y)).

.Proof"

We apply Proposition 135 to Corollary 1.17. The composition of unifirm
maps is uniform.

temma 1.19

Let X be a set and let (Y, %) be a g-space. If AcPfec in Eg(X,Y),
A€d and g(A)ec for each ge®, then AA)€rc in. Y. If fepc (c)
in Eg(X,Y); then &(A)epc (¢) in Y, for g(A)epc (c), Ae«cS, ge A.

Proof

Let {'Vy--Vy(y): ‘ye B(A)} be a cover of B(A) ‘for Wel. w‘e‘have g(A)e
CU{VJ,Q zJ’g: Z5,0 € g0, jeTg}-’ ‘for a finite set Tg and any geB.
In view of [6, Corol. 4.21 p. 55} there ex1sts a 9el with ud(ga)c

CU{VJ 138 JETQ}. The compactness of fB implies QCU{W(A Ug ): k€KY

for a finite set K. Thus .‘B(x)cu{u %K (x: kek}cu{v Ty
k

KE K}, xe€h, i.e. B(A) is compact and AMCB(A) is relatively com-
pact. If Rec, we take B=ob. If Sepc and g(A) epc for each geR, then:
it is enough to consider B=#&, VY=v, yed(A). Then for any ueV such that
U2 C V' we have ﬁCU{W(A u) (gk): keK} for a finite set K, i.e. f(x) c

c U{u(g(x)): keK}, xeh. We have g (A) c Ufulzy, g )¢ €Tgk}

(z5, 9, Qk(A)) Tgk -‘.finite gnd U(g, (M) € U{u? (zj’gk): jE’TQk} =

CU{V(Z o ) 3 €Ty J. Hence &(A) =U {R00: x eA} e U{Vlzy o )¢ I€T
W1 =gl : s L-

9’
kek}, 1.e. A(A) epc.

Remark 1.20

If (Y,w) is'a unlform space and A CY then for any UeUwe have
A cu(a) is equlvalent to U(x)nA=f. (U is symmetrlc) if A is compact,
then A& c U(D) for a finite set DCA (see [4, Th. 33_p. 1991) and A
is compact [4, B(b) p. 1611, i.e. A €pc.
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Corollary 1.21

tet X,Y be g-spaces. IfdcPac in X and E(X,Y) CCB(X,Y), then for
any fec  (Rere) in Eg(X,Y), A(Adec (A(A) ere) in Y. If E(X,Y) cuchx,v),
defapc  in X, fepc in Eg(X,Y), then R(Adepc..in Y (i.e. we have |
g'[<5]¢d‘ for SCﬁhc,a"éc (rec), -6 =c (rc) or for 6cpnpc, ¥ =pc, 6 =pc).

Proof

We follow the first part of the proof of Co:bllary 1:11 'and then we
apply Lemma 1.19 If geE(X,Y) is uniformly continuous on Ae8cpc, then
g(Adepc in Y.

Theorem 1.22

Let J,X,Y,Z be g-spaces and let §, ﬁCZ Scﬁnc in X, gee (g‘crc)
w0 Eg(X,Y), 2, o‘c2Y, cch (rcc6) in Y. If @f: I — UC“(Y Z) is uniform-
ly continuous, (1) holds and E(X,Y) CCﬁ(X Y), then gOf J — UCr(Ea (X,Y),
CS(X Z)) is uniformly continuous. If in addition f(t,*): Y — Z is stron-
gly uniformly continuous on E[8,Y) (or £(t,*) cuc(y,Z)) for each t € 3
and E(X,Y) € C(X,Y), then @f: J — UCp(Eg (X, Y) , cé.(x Z) is uniformly
continuous; if E(X,Y) CUCﬁ(X Y), then we may write UCG(X Z) in place of
cg(x Z) (and UCg(X,Z) for -E(X,Y) CUC(X,Y) £(t,*): Y =2 being strongly
uniformly continuous on E[d’ Y]) and we may write pc in place of c. In all
above, cases {f(-,g) ge.ﬂ,} is a uniformly equ1cont1nuous family of maps
for each &eaﬂ . ‘

Proof

We apply Corollaries 1.18, 1.21 and Lemma 1.16.
The theorem below is formally similar to the last part of Theorem 1.13;
we have given up the midstep between 1.22 and the theorem to follow.

Theorem 1.23

Let 3J,X,Y,Z be g-spaces. Ii’ pi: J — UC (¥,Z) is uniformly continucus
and E(X,Y) < c®(X,Y), then ¢f 3 - uc (€, (x Y),C (x Z)) is uniformly
continuous. We may omit the upper index "c". In place of ¢ one may insert
pc for E(X,Y)<ucPC(x,Y) (or UC(X,Y)).

Proof

We have Efc,Ylec (E[pc,Y] Cpc), i.e. (1) holds and we apply. Theorem
1.22.

Remark 1,24

In view of Remark 1.3, Theorem 1.23 is a speciélized version of Theo-
rem 1.13 (if Q is a g-space and ef: J —~ (Q, 'c ) is continuous, -the @i:
J —(q, T.). is continuous).
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Now let us cohsider the cases when f is continuous on the Cartesian
product.

Lemma 1,25

Let” X be a set and let 3J,Y,Z  be topologlcal spaces. Assur_né‘f: I X
XY-—>Z and & C2 are such that for each t€J, gekE(X,Y), Aed and
any open V CZ° for which (t,g(A)) c f‘l(v) there exist the open I'IEIQh—Y
bourhoods ‘6 of t and U of g(A) such that G X U Cf’l(v) Then §:
I x Ea(x,'y)... Fg (X,Z) is continuous and f2¢,9) : geE(X,Y)} is an even-
ly continuous family of maps.

Proot.

We have (s, h)ef’l(M(A V) iff (s,h(A)) € £y and therefore .
(t,g(A)) c 6xuct l(V) implies (t, g) €6x MCa, ) c£71 (mea,v)), e, f
is continuous and the contition of the even continuity holds. It is seen
that if E(X,Y) in " our . ‘lemma -contains all’ ;:on_stant$, then f is conti-
nuous.

Lemma 1.26

Let X be a set and let J,Y,Z be ‘topological spaces. Assume 143
IXY—2Z is continuous and for each g € E(X,Y), Aed the set g(A) is
compact. Then £ ax E(S(X Y) —» Fa(x Z) is continuous.

Proof

Assume that (t,g(A)) Cvf"'l(‘v). In view of the Wallace theorem [4, Th.
12 p. 142] there exist the open neighbourhoods G,U of t,g(A) respecti-
vely for which Gx UCf'-l(V) and we can apply Lemma 1.25.

Theorem 1.27

Let J,X,Y,Z be topological spaces and let G,ﬁczx, ScPnc in X.
If f: JXY-+Z is continuous and E(X,Y)<cB(x,Y), then £: 3x Eg(x,Y)—
— Cp(X Z) 1is continuous and {f(',g): geE(X,'Y)} is ‘an evenly  con-
tlnuous family of maps. In particular f: JXE(X,Y) - Cc_(X,Z) for E(X,Y)C
SRS HCh ¢ LT C C(X,Y), then f: IXE(X,Y) - C(X,Z).

Proof

See Lemma. 1.26, Proposition 1.5.

Lemma 1.28

Let X,J be a set and a topological space respectlvely and let (Y,W),
(Z,7) be g-spaces. Assume f: JIX Y —-Z ) C2 are such that fer each
ted, gek(X,Y), Ae 8, Vel there exist a UeW and a neighbourhood G of
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t for which x €A, h'€E(X,Y)H ‘and '(g(x_’);f,'-_l_'ui(x.))eu imply . (f(t,g(x)),
f(s,h(x)) €V, se€B6. Then f:. IxEg (X, Y) =~ Fd()("Z) ‘is ja:on'i:;i.rvuuous and
f(t,'): ES(X,Y) Fg (X,Z) is uniformly contlnuous for any teJd. If
{£Ce,y): yeg(A)} is equicontinuous for every g € E(X, Y) Aed, then
{f(',g): g €E(X,Y)} is equicontinuous.

Proof

If (g,h) €W(A,U), i.e. (g(x),h(x)) €U, x€A, then (£(t,g(x)),
a(s,h(x))) €V, xer, i.e. (£(t,9),8(s,h)) €W(A,V). The uniform conti-
nuity follows from Lemma 1.15. We have- £(G, g)EH(A VI(E(t,g)) iff
£(6,g(x)) CV(E(t,g{x))), x €A and it is seen that {f(',g) geE(X Y)} is
equicontinuous.

Lemma'i.29

Let X,J be a set and a topological space respectively and let (Y,'u),
(Z,V) be g-spaces. If f: JXY —Z is continuous, E[d,Y¥)cc in Y and
(£(t,g(A)), Vlf(t g(A))) is uniformizable for each t €J, g€&E(X,Y),
A€ 8, then £ ax Eg(X,Y) — Fg(X,2) is continuous and f(t *) is un1-
formly continuous for any tel. What's more {f(',g) g €E(X, Y)} is equl—
continuous.

Proof

For any yeg(A) there exists a neighbourhood G, of t and el
such that for Uy::Uy(y). we have f£(G_,U )CV(f(t,y)). Then g(A)C
cu{U.:=U 8 i=l,...,n} =:V, g(A) being compact. There exists a. U€U
Yi

with U(g(A) <V, Te, Th. 4.20 p. 54]. For G:=N{s6 TE i=1,...,n} and
any yeg(A) there exists an i such that . £(G, U(y)) = £(6,U; )Cv\f(t,y N,
and f(t,y) EV(f(t,yi)) implies 1f(t, Y; Yev(f(t,y)) as we may assume
that VIf(t‘g(A)) is symmetric. Therefore £(G, u(y))cv (£(t,y)),

yeg(A), i.e. £(G, W(A,U)(g)) C (A, vZ )(f (t ,g)) which implies the conti-
nuity of f and the uniform continuity of f(t *). From the above it
follows that {£Co,y): yeg(A)} is equicontinucus and (Lemma 1.28)
{f(',g): g€E(X,Y)} is equicontinuous.

Theorem 1.30

Let X,J be topological spaces, (Y,U), (Z,¥)_ q-spaces, and let
3,pczx, dcPnc in X. If f: IXxY-»Z - is continuous, ‘E(X,Y)CCﬁ(X,Y)
and (£(t,g(A)), U £(t,g(A) D) 1s uniformizable for each t €J, ge€E(X,Y),
A€S, then f: JIx Eg(X, Y)—»CG(X Z) is continuous and f£(t,*) is uniform-
ly continuous for any teJ; {f(',g) geE(X,Y)}. is equicontinuous. If -
in additien E(X,Y) €C(X,Y), then f: JIXE(X,Y) = C(X,Z).
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Prool

We épply Fj_ropo}sition 1.5 and Lemma 1.29.

Lemma 1.31 ‘ ‘

Let X be a set and let (3,7, (Y,W), (Z,¥) be g-spaces. If £: Jxy—
— Z is strongly uniformly continuous:on Jx E[6,Y] (or uniformly con-
tinuous on JxY),' then £: Jx EG(X,Y) - FG(X,Z) is uniformly continuous.

Proof .

Let (s,t) T, (y,z)eU, yeg(A) imply (£(s,y),f(t,z))eV. By taking

y=g9(x), - z=h(x) we . obtain  ( (s,g),(t,h))eTxW(A,U) implies (f(s,g),
f(t,h))EW(A,V)., i.e. f is uniformly continuous.

Theorem 1.32 )

Let 3,X,Y,Z be g-spaces. If E(X,Y) cCP(X,Y),8cP and f: Ixy — 7 is
strongly uniformly cuntmuous on Jx E[S,¥] (or uniformly continucus on
IxY), then £: JXEG(X Y) —» Cg (X Z) is uniformly continuous. If in addi-
tion E(X, Y)CUC x,Y), then— £: JXE(X’,Y)-«-UC§(X,Z); For YEB we may
omit B.

Proof

We apply Lemma 1.31, Proposition 1.5 and Lemma 1.15.

Remark 1.33

If 3 is a (g-space) topological space, Y a set and"(iz,'lf)'is a
g-space, then the (uniform) equicontinuity ’of'{f(',y) er} implies the
(unlform) cuntmu1ty of @f- 3 ~Fg(Y,Z) (Fg(Y,Z) is a g-spate) for any
6c2Y ; it is seen that (@f(t), @i(s))€ W(B,V) is equivalent to (f(t,y),
f(s,y) €V, y&B. '

2. COMPACTNESS

The problem of when cu'c = ‘Calc_, for g-spaces, is of particular impor-
tance. Some resulta were obtained in [5]. Alas, they were based on (6, Co-
rol. p. 56] which is false as it is shown in the example below.

Example

Let X=I.  with the natural topology and let U,P be the metric~uniforf
mity and the Pervin gq-uniformity, respectively. The mapping id: (X,U) —

> (X,®) is obviously continuous. For any a > 0 we have U 3 {(x,y) €I:
1x-yl < a}¢<0 1/2)2u<1/2 1>X1€P, i.e. id is not wniformly continu-
ous. The uniform space (X,4) is compact, (X ‘P) is & g- space, f=id is .con-
tinuous but not uniformly continuous.
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Below we list the necessary modifications of the resul_té_‘offMor-_a‘les.

Theorem 2.1. (cp. [;, Th. (1.1) p. 7D

Let feC(Xx Y,Z), where 2=(Z,V) is a g-space. If X. is compact, re-
gular and for each ye_Y (£(X,y), vI£(X,y)) is uniformizable (cp. Def.
1.1), then the family {f(x,*): xeX} is equicontinuous.

Proof ;(cp. [5)

Let % be the uniformity on X and let Yo €Y, V.€V. Since f(',y )
uniformly continuous. {4, p. 198] there ex1sts a UeU such that (xl, 2)eu
implies f(xl,yﬂ) f(xz,yo))EV For each xeX ‘there exists a U* el - and
a nelghbaurhood W, of y0 such that U*cu and_ f(UXXH )CV(i’(x,y )
for —u (x). If Lj{Ui:;Ux.: i=1,...,n} = X, then W= rj{w : = 1,...,n}

i 1 -
is a ne1ghbourhood of Yo- Let: (x,y) €EX%xW. For some i eri and there-
fore” £(x,y) €V(£(x,,y,)). Hence 20x,y) EV(E(x;,y,)) eV2(E(x,y, ), xe&X,
y €W as we may assume that Vn[f(X 1% is symmetric.

To prove the results below it is enough to follow the respective proofs
from [5] and to apply the above theorem.

Lemma 2.2 (see [5, Lemma (1.3) p. 7])

If E(X,Y) is an evenly continuous family of mappings from a topologi-
cal space X to a g-space (Y i) such that

(3) (E(—x),U.IIE_(;))_ is  uniformizable for all xeX

and E(x) is compact for sll x €X, then E(X,Y) is equicentinuous.
Theorem 2.3 (cp. [5,_'Th. (1.5) p. 81)
Let feC(YXY,Z), where Z=(Z,¥) is a y-space. If X is compact, Z

is regular and (£(X,y), ¥{£(X,y)) is uniformizable for any y €Y, then
the family {f(x,*): x €X] is equicontinuous.

Remark

In view of [4, Corol. 30 p. 198] the topological space (£(X,y),
T £ Y)) is uniformizable.but it does not mean that the g-space
(f(X,ys Tl2(X,y)) is uniformizable (see Example).

Let (Y,U) be a fixed g-space and let ‘_q“ulb’ Ccé‘culc.

Theorem 2.4 (see [S, Th. (2.4) p. 8])

Ltet ECCC(X,Y)-. 1f X is Hausdorff or regular or if Y is regular,
then tq is the smallest of the topologies on E which are jointly con-
tinuous on compacta if

(4) for dny A&c, f€E (£(A), Wi£CA)) is uniformizable
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In [5, (2.5), (2.6), (2.71), (3,2)]bue additionally assume that (&)
helds.

Corollary 2.5 (see (5, (2.4), (2.5) p. 91)

If X 1is Hasusdorff or regular, or if 'Y is regular, then tc=th :on
£ cc®(x,¥) if (4) holds. ol

The above result explains why using the. same symbol Eg (X,Y) in.two
‘meanings is reasonable.

In. [5, (3.5)] we additionally assume (3)..

For a topnlng1cal space (Y,T) and any set ‘BeY, D* is the R-saturated
of D, i.e. - U{n{sec x€6}: xeb} (ep. [5, p. 113)u-

. Theorem 2.6 (cp. [s5, Th. (5.1) p. 121)

‘Let (8) hold for Ec(C(X,Y), Cq); If Y is regular, then E is compact.
iff i
(5)  E* ‘is closed in - C(X,Y),
(6) E(x) is compact for all x€X,
1) E is equicontinuous. .
If X is a k-space or Y .is Hausdorff then (5), , {(7) are necessa-
ry for the compactness af E

Theorem 2.7 (cp. [5, Corol. (5.2) p. 12))

Let (3), (4) ~hold for Ec(c®(X,Y), €)). If Y is regular, then E
is compact iff (5), (6) and the following are satisfied
(8) E is equicontinuous on compacta.

If Y is Hausdorff, then (5), (6), (8) are necessary for the compactness
of E.

Theorem 2.8 (cp. [5, Corol. (5.3) p. 12D

Let (4) hold for E c(C(X,Y), cq). If Y is regular, then (5), (6),
(7) are sufficient for the compactness of E. If X is a k3-space, Y
is fegular and in addition (3) holds, then (3), (6), (7) are necessary
for the compactness of E.

Remark 2.9

In the sufficiency part of the above three theorems we'may take é cc
in (Y0, Eccd(X,Y) and Eg in place of E c(CO(X,V), €). -

The three lemmas below generalize the Bourbaki criterion of precompac-
‘tness [2, Th. 2 p. 199].
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Lemma 2.10

Let (X,U), (Y,V) be g-spaces and let (A(A), U|R(A)), Aed be uni-
formizable. If .ﬂCCG(X",Y) and A is precompact in -Fa(X,Y), then

(9) for'ev.'ery xeud, A(x) is precompact,
(10) £ is eguicontinuous on the sets of §.

Proof

The condition A cU{W(A 'V)(gi): g'ieJl, ieTy} for'a finite set Tg im-
plies &(x) c U{V(g (x)): ieTﬂ}' xeA, i.e. 'R(x) is precompact. Let
v e Vl, V,V.C . For any ged there exists an index i with g(x)ev(g; (x)),
x€A. The continuity of 95 |A implies -the existence of. UlE‘ZL with
g; (U; )N A) € V(g; (x)), 1€T& For U = ﬂ{v i€Tg} we have g;.(U(x)
aA)CV(g;(x)), ieTp. Therefore g(U(x)n A) cV(g,; (U(x)nA)) CV (g (x))
As we may assume that V]R&(A) is symmetric, g(x) €v(g;(x)) 1mplles
gl(x)Ev(g(x)) Hence for any V EV and any xetJd there exists a UEW
such that g(U{x)nA)QV (g(x))CV (g(x)) for all gedh.

Lemma 2.11

Let (X,W), (Y, V) be g-spaces and let (R(A),V|R(A)), A€ be unifor-
mizable. If &CC"(X,Y), & cc and (9), (16) hold, then A is precompact
in Fg(X,Y).

Proof

For any V e'D’ we can find a VeV such that V3CV1. For any x €A € <]

there exists a UXeY such that f(anA)CV(g(x)) for 'Ux:=Ux(x) gedh,
R being equicentinuous on §. We have A c U {y;: x '+ i=1,...,n} and
hence for any x €A there exists an i with g(x)eg(U nA) cV(g(x )). The
precompactness-of J?,({xl, X }) implies g(x;) € U {V(g (x;)): 3=1,...,k,
i=l,...,n} and we obtain g(x) eV(g(x NN AR C U{V (gJ(x ))n:R.(A)
13=1,... k}cu{v (g.0): 3=1,...k} 1f V|A(A) is symmetric which can be
assumed. Thus cﬂ,cU{ WA,V )(93)' j= 1,...,k} which implies the precompac-
tness of A .

Lemma 2.12
Let (X,W), (Y,V) be g-spaces. Assume that eRCCa(X,Y),écpc in X, (9)
and

(11) & is uniformly continuous on &

hold. If (&(A)‘,VI&(A)) or (A, UlA) is uniformizable for all Aed, then
R is precompact in Fg(X,Y).
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Proof

The uniform continuity of & on A impli-es UX=U, x€A in the proof of.
Lemma 2.11. If (R(A), U|ACA)) is .uniformizable, then we follow the

proof of temma 2.11. If (A, W|A) is uniformizable, then xéU‘(xi)n‘A im-
plies «x eu(x)r\A UnAxA - being symmetrlc. Hence (11) glves g(xi)eg(u(x)n
ah) Cv(g(x)) gef and vz (g (x4 Nev? (g (x)), ..k, x€A (cp.
proof of Lemma 2.11).
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S_tresz.czenie

! 0 przestrzeniach funkcyjnych

’Praca dotyczy zalezno$ci miedzy cigptoscig f: JIxY > Z, @f: 3 - E(X,Z),
gdn E(x,Y) est rodzina odwzorowad z X w Y oraz f: JXE(X Y) - E(X,Y)
F} J-w ECEC E(X,2)), z odpowiednimi topologiami w prze-
strzenlach funkc31 NaJwaanerze tu sg Twierdzenia 1.13, 1.23, 1.27,

1.32.
Cze,é;c druga poswigcona jest gidwnie zwartosci zbioréw odwzorowafi.



