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Applications of weeds

. Abstract. This paper is devoted to the theorems on retractions,
fixed points-and selections for .a convex structure called weed. The most
important results in this paper are Theorems: 2.2, 2.3, 2.5, 3.3 (cp. 3.5),
3.14, 4.11, 4.15. They extend some well known classical results for con-
vex structures due to Dugumdji, Himmelberg (retracis) and Michael (5elec-
tions). Theorem 3.5 modifies a theorem of Hukuhara. -

1. BASIC INFORMATION -
First 1et_tjs establish the terminology. 2% is the family of all subsets
of X. For a set A and a family ® of sets A«®={AnB: BeB} AsB={AxB: Be®) .
We adopt the definition of mapping. f£: X-Y from [ 7] as being a subset
(of_a special kind) of the Cartesian product XxY. By writing f£: X-=Y, we
understand that 1 is a mapping of X to Y and £,X,Y are nonempty; on the '
other hand f£(@)=f if @¢X. If A is a nonempty subset of X and  f: X-Y,
then £|A or f£|: A=Y is the restriction of f to A. Is ¥ is a family of
mappings and # is a family of mappings or sets, then gef={toa: fc¥F, acd}
or F(A)={f(A): feF, AcHh}(we disregard the empty families). -

For F: x—2' and any ACX F(A) =U{F(x): xeA}; if H: 2Y=>2%, then
‘(HoF) (A):=H(F(A)), in particular ~F(A)=F(A). ‘

In‘ this paper, 's_pace means topological space, and map means continuous
mapping.
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the subsets.of any Space X are treated as being subspaces of X if the
topology is menvtioned.'The terminology. qoncerning'the _separation,axioms' is
adopted from [9]. For any point or subset A of a space, UA’ A"wA etc. are
neighbourhoods of A, i.e. they contain A in their interiors.

it {X } is @ family of spaces, then their Cartesian product X = P X_
s s€T seT s

‘has ‘the’ Tychonoff topology, if x—sPTx X, then: Gix P x s T, sh‘ B
Let I=<0,1> with the natural topology and let P" 1 {teI Zt -1}

U)

Defmld:mn 1 1

A pau‘ (D, Q) is a weed in a se't X if. Q = (Q )neN “is a sequence of map-
pings such %hat for each neN with -ngD and any set {el,..'.,en}CD,
Q, (e,.') Pn ~+X, where  e= (el,.. ,en), satisfies the following condition

un(e,t)=un_1<61g,di't) S feg=th is1,...,0 -y
1f Q, e are as ‘in Def-.',l'.l‘;.A‘CD_ and 1<n sf, then we write '
0, (e)=0,(e,P" ), g (W)= ufg, (e): fe),....e b Al @

In view-of (1) it is clear ‘that
= . =
(A)CQ(B),ACB mgn,m A,n,gB . (3)

Definition 1.2

1f (D,Q) is a weed in a set X, then for any # # ACD cQ A =ngNQﬁ(A)’
cQ § =0. If (AccQ A) cQACA, then A is (Q-underhull) Q-overhull; if
cl A = A, then A is Q-convex.

Lemmé 1.3

1f (D,Q) is a weed in a set X and g#h2®, then

(a) UcQhcclQUdh, . .

(b) ctn Acnel R,

(c) if cQecA, Aed, then cune&chJL (intersection of Q-overhulls is a
@-overhull), : , ‘

(d) if -xecQ {x},. xen & = B, then BcecQ B, i.e. B is a Q-underhull, if
in addition & consists. of Q-convex sets, then NA is Q-convex.

Proof _

We have ACUAR, A€k and therefore c@ ACcQ U R, A € R(see (3)) which

implies (a). Similarly as in (a), from cQNA ccl A we obtain (b). Direc-
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tly from (E) follows (c). As . ébout"(d); we have BcU{ch {x}: xeB}cco B
(see (a)) Takmg (c) 1nto account ‘we obtaln n.nccnnﬁ.cne&

Remark i.4 : . e i

It is convenient to extend Q, ‘to be'defined on dﬁxPn'l.'neN in such
3 way that (1) holds Let us assume that (D, ) is a well ordered set. For
an . arbitrary e= (el, . ,en)eD let »ev—(el,,.w,e$)'“be a'strongly'inctef_
‘asing sequence of Duinté of D . such that ke{l,..;,n} iff there exists a
Jeil, -.f,m} with e J "'If'vek =.f7;ek;=e§; then té::tkl+...+tks, Now
let us consider Q (e t): —Q (e’ St Cfearly, condition (1) holds, and
.Qn(e) depends only on e con51st1ng of the d1fferent points. Therefore
Qn(A)=U{Qn(e):. 2€A .n’ ng A} What is more Qn(A) is defined for all neN
and ¢cQ A= U {Q,(A): neN}

Definition 1.5
A pair (D;Q)_is’a local ksﬁeedbin X if X.is a space, (1) holds for all

ngk (see 1.4) and

" for each zeD _there exlsts a U such that Qk(x, ):

Pk'}'—ox is contlnuous, X e(DnU ) (&)

If in addition uz=n, 1n,(4) Fhen (n Q) is a k-weed in X. For D=X' we
éayfthat_.(X;Q)'iS a ‘local k-weed.
: -Definifion L

A pair (D,Q) is a (locai) weed in X, if-Q is as in Def. 1.1, Remark 1.4
and (D,0) i5 a’ (local) k-weed for all. KkeN. '

Definition 1 7 :

We wrlte XeLWkl(D) if there exists a Q such that (D,Q) is a2 local
k weed in X and the follow1ng condltlon 1s satlsfied .

for each -zeD and any V there ex1st5 an U sdch

that Q(DAU,) SV, )

It (o, Q) is a 1oca1 ‘weed in X and for each keN (5) holds, then XeLW1(D).
For (D,Q) belng a k.weed in X or a weed in X, we obtain XeWkl(D) or
Xewl(D) respectively. If 0=X, then we write Xe{L)Wkl or Xe(L)Wl.
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Proposition 1.8
- If X is a T -space and XelLWk1(D) or XeLW1(D), then A(:QI(A); Acc A
respectively, for each ACD.

Pr 0o f .

: It is. enough to cansmer the case A#8. If -z €A, then for any V we
have  Q,(z) eV, and therefore Ql(z)C1z} On the other hand Q, (z) Jis
'nonempty and hence Q (z) = [z} Thus cQ{z} Q_(z)‘{z} and we apply Lemma
1.3, . ) . ) G . v
Now it is clear that condltmn (1 1) of [3] , i.e. Ql,(x,1)=x, XEX is
usually supepfluous.

Definition 1.9 .
We write XeLWZ(D)‘if’(D,Q) is a local weed in X, U, in (4) does net
deperid on k and

for each zeD and any Vz tﬁere ekists a UZ such

(6
thafc cQ(DnUZ) I \/Z :

holds. If (D,Q) is a weed in X (UZ=D in (4) for all keN) and (6) holds,
then XeW2(D). For DO=X we write (X€LW2) XeWz.

The above definition extends thé notion of the local simplicial con-
vexity on X £3, pDef. /1.9/1. v :
It is obvious that Xe(L)W2(D) implies Xe(LIwl(B).

Remark 1.10

If (XeLW2) XeW2 and £ -is an r-map, then (f(X)elW2) f(X)eW2. If
g: Y-=~X is a right inverse, then the respectlve Q' is deflned as follows
QCu,t) = £0,((gCup),...,0(u)), 1)), ue(£(x)K, tePK™, keN (see Rem. 1.4).
This conclusion enables us to generate many spaces Xe€W2 with the help of
retractions, as any convex set in a locally convex topological vector spa-~
ce is of ‘type I [16] and therefore it belongs to the class W2.

2.  RETRACTIONS

R. Blelawski has proved that if X is metrizable, then x€ARMM) iff
XeW2 f3 Corol. (2.2)3. We will present here some more precise results
and. we will prove that XeANR@) iff X is metrizable and XeLW2.
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Let A,B be nonembty'sets in a metric‘space (X,d) and let r>0. Then
dia A = sup{d(x,y): x,yeA}, d(A,B) = in2{d(x,y): xeA, yeB}, B(A,r) =
{xex d(A,x) <t} and 6(A B) = max[sup{d(x B): xeA},’sup{d(A,y);'yeB}]
(Hausdorff dlsténce) ‘ .
The lemma below w111 be- helpful in the proofs of this section

Lemma 2.1

Let A be a closed set ‘in a metrlc space (X d) and let p X\A->(0 @)
be lower 'semi-continuous. Then for any nonempty set BCA there exlsts a
locally finite open cover W= {U } of “X\A .'and a set {ys. seT}cB such
that if xe.St(Us ), then d(x,y )<:p(x)+d(x B).

- Proof

For continuous .p  this result.has stated in L20]. Therefore if suffi-
ces to prove that there exists . a map g: X\A = (0,p(x)), X€X\A. The sets
P(x)=(0,p{x); are convex and for.any  ye(0,e) - P'(y)={x£-y<:p(x)} is
open, P being lower semi-continuous. Thus P: X\A-2vD‘d»
tinuous selectlon q [4, Th. 1 P. 285) '

admits a con-

Theorem 2.2

‘If a is a clased set m a metrlc space (X,d) and A€ W2(Fr A), f_hen A
is retract of X: '

Proof - ]

Let Jp(x) "d(x Fr A)‘.xéX\A and let Us,y , 56T be as in Lemma 2.1
for B=Fr A and. T being well ordered. For each xeX\A there exists a
W, such that T ={seT: UNW ##} is finite. We may assume that T ={s,,..

X IR .
,...,sm}, ST%"‘fﬁsm (p:m(f)). Then for bs(x)=d(x,x Us), seT and

e(x)=(by (x), .,y (x))/z bg (x), x€X\A (1
‘ . i=1 ;
it is seen -that c(x)eP and Qm(y,c(x)) for y:(ys ,,:;,ys ) is well
1 m

defined. (see condition (I.l), Remark 1.4). From the continuity of ¢ on
XMA it follows that r: X\A-—A ’
X, XGA,

r(x)= . (2)
Q,(y,c(x)), xeX\A

is continuous on X\A (Def. 1.6).'Cleafiy,‘r(x)ecQ[B(k,d(x,Fr AN +p(x))n
A Fr A) which guarantees the continuity of r on Fr A (see (I.6)).
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from Remark 1.10 and Th. 2.2 follows [3 Corol (2.2)].
Theorem 2. 3

If A is'a closed set in a- metrlc space (X d) and AeLNZ(Fr A) for Q,
then A is retract of 1ts n91ghbourhood WUA for w deflned as follows

= {xsX: theré_exists a ~d:>0 sudh that fori A(x,q):»;
:_B(x,d(x,Fr.A)+q)an A,_311 ‘méN -and each ye o f 1(3)
€(A(x,gn)" Qm(y,-)]: -1 oa s continuous } e

Pr oof

One can’ state that AuW ‘is a nezghbourhocd of A (cp the prouf of
(16, Th. 3. Let us cons1der : :

q(x)=sup{q: am(y,p): P fl#A._is continuous fonveachA N
ye(A(x,3))™, meN}, xeW\A- ' %

If (x )neN‘ is any séquéhce of poiﬁts converget in  W\A, say to x, then
B(xn,d(xn,Fr A)+q(x) €) €B(x,d(x,Fr A)+q(x)) for n big enough and the-

refore lim q(x »>q(x) wh1ch proves: the lower semi- contlnuxty of gq. Thus
n-® .
we may apply Lemma 2. 1 to plx)= m1n{d(x Fr A),q(x)}, xeN\A and X=W. The

continuity of r (deflned by (2)) on W\A tollows from (4) and (3)
.have r(x)ecQ[B(x Zd(x Fr A))nFr A], and therefore . r is contlnuous,on
Fr A. . ha B
'Coroilafz 2.4
XEANRGM) iff X is metrlzable and Xesz
Theorem 2.5
::
Let A be a closed subset of a ﬁéfrizéble space X. If £: A=Y is conti-
nuous and YELW2(f(Fr A)): or YeW2(£(Fr A)), then f can be extended to a map

h: U~Y, where U is a neighbourhood of A 1n X or . U=X respectlvely, in
such -a way that h(U)Cf(A)ucQ f(Fr A) ‘
Proof - TR : E e o~ F T
It sufflces to con51det :z=(f(yéf),..;;f(95 )) and h: U-Y defined
as follows - v e - R '
C2x); xen,
RGO EL T
0,(z,6(x)), xeW\A~

for y,c as in the proof of Theorem 2.3 or 2.2 respectively.
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As a corollary we obtain [3 Th. (2.1)) and [6, Th. (10. 4) p. 921.

[20]contalns some results for the finite dimensional spaces of the clas-
ses LWkl, Wkl. These theorems ‘stay valld for the definitions from the pte-
sent paper if we assume the respective dimensions to be g k-1. For example
let us prove the following. ' ' a :

Theorem 2. 6'

Let A be a closed subset of a metrlzable space X. If f: A=Y is con-
tinuous, dim (X\A)< k-1 and ° Y €LWkICE(Fr A)) or YeWkl(f{Fr A)), then i
can be extended to a map h: U-Y, where' U 1is a neighbourhood of Ain X~
or UsX respectively,fin 5uch a way, that h(U)<:f(A)UQk(f(Fr'A)).

_P bo 0f_\ ‘ }

In the proof of Th. 2.5 m does not exceed k as dim(UNAD k-1 (if’
YeLWk1(£(Fr 1)) then. the respective neighbourhood of A exists).

Let us conclude. this section with a fixed point theorem.

Theérém‘2.7 :

(cp 18, Th. 1])
S (X,d) be a. metr1c space and let A€W2 be a closed subset of X. If
f: A-*X 15 a compact mappxng satlsfylng

‘there ex1sts a lower sem. continuous mapping p: C= f(ANA (0, o0)
‘such that p<a(t1(2),c[B(z,d(z,A)p(2)InAl, zeC, 53
then f"has‘a'fikéﬁ'pdiht;
,Rr5§§ f |

In view of,Lemma 2.1 (éeefthe proof of -Th. 2. 2) there exists a retrac-
tion T: C\A - A such that for any zeC\A r(z)ecQ{B(z,d(z; A)+p(z))nA]
Theorem 3.3 implies rof: A=A has a fixed point, say xeA. If z=f(x)¢A,
then x#r(z). Thus f£(x)eA and x=(rof) (x) = £{x).

The above thecrem generalizes [16, Th. 4].
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3. FIXED POINT THEOREMS

Definition 3.1 .-(cp..[1, pp. 114, 1151

Let X, Y be spaces and let F X-»ZY Then F is usc if for -each open
set V CY F (V) {xeX: F(x) CB} ‘is open in X.

Def1n1t10n 3.2, n » ,

A_mapplngv F.‘x-¢2Y i§ (reiétivéiy) compact 1f it is usc. and »(F(X)
is relatively.éompact) F(X) is compact :

Theorem 3.3 f: = :
If f: X=X is. relatzvely Tz—compact and XGWZ(f(X)) then £ has a
fixed point. . a )

. Proof

Suppose f - has no fixed point. First we will show that there exists
an open cover lf=v{Hx}' of a compact set Z containing D=£(X) which

xeZ
satisties
£71 €W IncQ(DAN ) = B, xeZ ¢y}

(Q'as in Def. 1. 9). As f(x)#x,ier and - Z is a Tz—space,'thére exist the
open nelghbourhoods P = P U= Uf(x) in X such that PalUnZ = 8. Let us
considet V = Paf” (U) In Wiew of (I.6) there exists an open nelgtmurhood
”x 1:11 Z for which cQ(DaW )eV. Thus £71(W dnca(onW,) &£~ 1(Vnvet L (PIat™ ()
“H(PaU)=4. The open cover Nf has ‘an open locally flnlte star refine-
ment 1L(Z is paracompact) We may assume A= {U : i= 1,.-.,m} 4 being com-
pact Let’ yieUnU (if Bl # @) and A = X\ET (U )=A, i» i=l,...,m. We de-

fine the mapplng “h: Pm 1-OX as follows (for s1mp11c1ty we assume anUi#
#8 for all. i g m)-
h(t)=g (y,t>, y= (yl....,ym> A P (2)

In view of Def1n1t10n 1.6 his- contlnuous. Let P= {ter’l. t =0 for 1#13,
j=1, ..,n} be a face of Pm }. We are going to show that h(P)ClJ{A : 3=1,.

...,n}. If AU, 4 8, then OU; cSt(U; ‘u.)cw for a WeW. Ihereford (1)
o) . 3.

inplies h(P)ecQ(an)cX\f'l(w)CX\f'1(“ ui ) = ux\g l(u )= U A
3 J J .
If n uih=ﬂ,vthen from the last two equalltles we obtaln.lJA. =X. Thus
J S '3
the closed sets H;=h “Lea, i)» i=l,...,m satisfy the assumptlons of the -
Knaster- Kuratowsk1-Mazurk1ew1cz theorem [10, p. 134] and ﬂ#f\A X\lJf_l(U Ve
—X\X B. This. contradlctlon proves that f has a fixed point.
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From the above we ‘ebtain
Cerollary 3.4 (cp. f1s, The 1

Any compact self map. on a Tz-space XeW2(£(X)) has a fixed point.

Obviously every locally convex topologlcal vector space is of type 1
(see {161]) and therefore 3.4 is 2 generallzatlon of the Tychonoff fixed
p01nt theorem. Let us quote this theorem with a shorter version of the
‘proof of Theorem 3.3.

Theorem 315"

Let X be a convex subset of a locally convex topolog1ca1 vector space.
If f: X=X is contlnuous and f(X) is T,-compact, then f has a fixed
point. '
" Proo f

Suppose ' f has no flxed p01nt Clearly, there ex1sts an open, convex
neighbqurhood ‘W -of zero in X, such that

f'l(x+w)n(x+m'=ﬂ, xez;fﬁ') . (an

Let U be open, ‘convex and such that 2UcH and ZCLI[y +U: i= 1,...;m}.
Let ‘us consider A;= =X\f~ (y +U)= A1’ i=1,...,m. We define a map he Pm -l
as follows - :

h(.t)=f:'tiiyi_ : [¢

| . | ]
For P= {t ep‘“ 1 t =0 for 1#13, 51, ..,n} we will show that h(P)CUlA

+

D
1f n{y +U} # ﬁ, then U {yl +U}cy W, Therefnre 1’y 1mp11es h(P)c(y11
3 L
My exne iy, +W)CX\f l( nfy; +u})- UA o € n{yl +u} @, then the
1 Y3 3 h C

last equa11ty Implles LIA. = X, In view of the Knaster-Kuratowski-Ma-
j .

zurkiewicz theorem [10, p. 134] we have 8§ # ﬂ h l(A ) and therefore
g =1 Ai=XNU £ (y +U)= X\X = @. This contradlct1on proves that f has a
fixed polnt

Theorem 3.6

If ‘f: X=X  is relatively compact with £(X)C Z, dim Z <eo for a com-
pact set 26X and XEWL(£(X)), then £ has a fixed point.
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Proof.

‘Assume -that dim' Z'< k-1. By applying (I.5) in place of (I1.6) we. con-
clude that there exlsts an _open’ cover w of Z such, that

'l(w )nﬂk(w nD) - z, ez Gy

it n Uy # B (see the proof of Theorem 3.3), then n << k as we may assu-
me 'U.to jbe of. order <€ k-1. Thus (3) implies. h(P)CQk(DnN) Now we can -
follow the remaining part of the proof of Theorem 3.3.

The corollary below is a generallzat1on of [17, Th. lal].

) Cnrullar 3.7 ‘
If £ is a compact operatur on-a Tz—space XEW1{£(X)) and d1m
0 <C‘A° ‘then - £ has a fixed point. : :
Below we present the proper version of the theorem from [17].

Theorem 3.8

Let A be a. compact set of type I in avmefric space (M,d). Then

E0G:= {1 GBS(P °G) A-C(A) has a fixed point if G: A—=C(M) is compact
>0 N : : -

and continuous. } g

As a corollary from the above we obtain:

Theorem 3.9 7

Let E=conv E be a compact set in a normed space (X,§<§). If a map
F: E=(K(X),8) (K(X) is the family of all closed, convex and nonempty
sets in X) satisfies ’ a

for each xeE if - F(x)nE = #, then d(E,F(x))<
<d(x,F(x)) ' 4)
then H.: E3 xth(F(x),d(E,F(x))nEeZE has a fixed point. _‘

In the sequel Qe are going to give some conditions whichzgdapantee the
existernce nf a’ fixed p01nt though thevmappihg under consideration is not
compact. 3

The lemma below w111 nat be- appllled here, 1t seems but io be 1ntere—
sting enough to be worth of be1ng proved

Lemma 3.10°

. It X is a space and for F: X—*ZX\{H}'-tHere.exists a nonempty combact
set BCX such that F(B)CB, then there exists a nonempty set ECX with
FCEY=E.
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Proof

- Let . A={A= Ae2X: F(A)ycal. vamusly At ﬁ as Xed ‘Let‘ _564?, be a ma-
ximal chain with respect to "c" cons1st1ng of ‘the elements of § for

which GnB # #. Then E=E= ny. is nonempty as’ n{ﬁ'n B»}) £8 (see L7, 1n.
3.1.1 pp: 166,1771). We have F(E)=F(N §lc nF(Hc m:(g)cng =£. There-:
fore F(F(E))CF(E)CF(E) and F(E)eh In addition @ £ F(EnB)cF(E)nF(B)c
cEnBv which means (E)e 55 and’ F(E) EY belng maximal.

Lemma 3.11

If (Y,Q) is a weed in the set X and for F: X=2 \{ﬂ} “there exists a
nonempty compact set B in space X such that F(B)CB, then. there exists a
nonempty set ESX for which cQ F(E)=E ' holds. '

"Proof ek R L .

Let &= {A=Ac2®: ol F(A)cA] vamusly & F(X) €& Let E,¥ be defined
as in the proof of ‘Lemma-3.10. (for the *new" R). We can see that ¢l F(E)=
=c0 F(N§)ccl nF(§len§=E (cp. Lemma 1. 3, Prop. 1.8). Thus ‘ol F(cl F(E))
ccQ F(E) and ¢ F(E)A In addition # # F(EAB)CF(E)nF(B)SENB implies
Bé\t;f) F(E) # 8. Thus G0 F(E) ~and in view of the maximality of % we. have
o F(E)=E. L L ="

Deflnltlon 3 12 (cp [17 Def 3. 4 p. 786])

o lLet (Y,Q) be a‘weed in the set X-. A mapping F: X->2 \{ﬂ} ‘is ‘gene- '
rally condensing if X is a space andthe following ‘conditions are satisfied

for each | E <X, ‘if F(E) CE and cacd(E\m)): <1
then F(E) 15 compact ‘ < S e 3)
for each ﬂ ;4 ECX, if . E= cQ F(E), then FlE is _
relat1vely compact : v(-_6)

Lemma 3. 13

Iz (v,Q) is a weed in the set. X and (70 X—-2 \{ﬂ is generally con—:
densing for a space X such that {xg1 = {x } for a Xg € X, then there '
exxsts a set E= Eﬁ F(E‘ such that FiE is _relat_lvely compact

Proof B P K
We ' w111 show that the assumptions of Lemma 3.11 are satlsfled Let
% ={6=6ecx: x, GG “and- F(G)CG}. Clearly, X&§# @. For Ny we have

X €84 B and F(B)= F(N g)cm(g)cn'g 8. Hence F(F(B)u{x = =F(F(B) u
UF(x )cF(B)u{x }.and therefore . B= F(B)u{x} ‘In view of (5) 8 is.com-
pact. Now we apply Lemma 3.11 and (6).
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Theorem 3.14.

Let £ be a- generaily condensing self map on a Ti-space xewztr(x))
(XeW1(£(X)) and: dim. Z<tx> fur a closed set ZCX containing £(X)). Then
f ‘has a f1xed polnt i '

Proof _ : ,

In view of Lemma 3.13. there exlsts a set E cq f(E) such that f|E is
relatively compact. We have " ECW2(£(E)) (EcW1(£(E)) as f(E)CZf(X) Thus
in view of Theorem 3.3 (} 6) £ has a fixed p01nt (see,[? Th. .7.1.8
p. 4a741). : : |

Defihitian 3.15

A mapping b: ZXF'-"(D,‘P“) is _a“‘niea'sui‘é b‘f 'nonco_mpacthess' on a space X
. : : B . , . _
for each EcX. b(E) 0 ift E is relatlvely compact - "(7)
for each C,EcX 1‘:‘ CcE, then b(~C)sh(E)» - ©(8)
Detinition 3.16 (cp. (8, p. 73)-

tet (Y,Q) be a weed in a set X. A mapping F: X-2Y\{ﬁ} is generally
b-condensing if b is a measure of noncompactness on the space X and

for each- B/ECX it F(E)CE and b(E)< b(ZG F(E))

“then F|E - is compaét 9

Lemma 3.17-

Let (Y,Q) be a weed in the set X and yecQ {y}, yeY. If b-is a mea-
sure of noncompactness on X and’

b(Eix}) = B(E), ECX, xeX;’ 10)

then every generally b-condensing mapping is geheraiiy condensing.
“Prool .
Let F: X—2' be Qenerally b-condensing. If F(E)CE # # -and
card(ENF(E)) < 1, then (8), (10) imply B(E)s bCF(E)Uix})=b(F(E)) <
£b(ch F(E)) (see Lemma-1. 3'(d)) Therefore (9) can be applied and we
obtain the compaciness of F(E), i.e. (5) is satisfied. .If # # £ = ¢l F(E),
then b(E) & b(cO F(E)) (see ((8) and (6) follows from .
It is seen that condition (7) of the classical definiton can be dis-
regarded here.
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4. SELECTIONS

Definition 4.1 T1, pp. 114, 1153
~ Let XY be spéces and let F: x =27, Then § -is*lsc if for each open
set VCY FT(V)= {xeX: F(x)nV # @) is open in X. We say that F  is con-
tinuous if it 1sc and usc (see Def. 3.1). Selection means continuous se- |
'Iection in}this paper. First let us recall some properties of the 1sc map-
ings. v . g

Proposition-4.2 {11, Ex. 1.3" p. 362]

It F: ‘X--Z'Y‘ is Isc, C = CcX and 'g: C-=Y is a seléction for F|C,
then mapping G: x-2¥ " - .

g(x), xeC,

Gix)= _ . (1)
F(x), x;X\C-

is lsc.

Proposition 4.3 (cp. [11, Prop. 2.3 p. 3661
A ‘mapping F: x—2' is 1sc itf F is isc..

The two facts below are probably known.

Lemma 4.4

Let X be a space and (Y,d) a metric space. If “F: Xf*ZY\{E} satisfies

for each - p > 0, x€X there exists a Ux such that for

any  zel, F(x) € B(F(2),p) i

then F is lsc. If the values of’ F. 'are compact and F is lsc then (2)
holds. o

Proof

Ltet VCY be open. If &éF'(V), then there exists a point yeF(x)nV.
Thus for a p>0- B(y,p) €V. It follows that for all ‘zeX -such that
F(x)XB(F(z),p) we have  F(z)nV # B and (2) implies F (V) 1is a neigh-
bourhood of x. The secend part of 4.4 follows from [12, Lemma 11.3 p. 578].

Let us recall that &8 is the Hausdorff metric (section 2) in. the family
T(Y)  of all closed nonempty subsets of Y.

Proposition 4.5 (ep. [1, Th. 1 p. 1331)

If (Y,d) is a metric space and F: X+(T(Y),8) is a map, tHen mapping
F is lsc.
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Proof
The set {zeX: F(x)CB(F(z),p)} contains the neighbourhood F 1(Bé(F(x),p))

of x and therefore (2) holds.
R. B1elawsk1 has proved a theorem on selectmns {3, Th. /3. 5/3 The

terminology conneqted with weeds is more precise and we w;ll formulate
a generalization of this theorem for weeds. . ‘

Definition &. 3
L . 1
tet (X,d) be a metric space.’ Then xeua(&) if'J%CZX\{'ﬂ}, and
XeW2{UR) for a Q. such that :

fozr each q>0 there exists a.-p >0 such that for

any A€d cO(B(A,p)nUJL)CB(cQ Asa) ()

1t &= zx\{n} then we write ~XeWs.
One can define LH4(JL) Vllth LWZ(UJ!) in place of NZ(U J?.)

Lemma 4.7

Let X be a space and (Y,d) a metric space YeWA({F(x) xeX}).. 1t
F: X-2 \[ﬂ} satisfies (2), then @ cQoF is lsc:

Proof ‘ ‘ _

For ahy q>0 theré exists a. p >0 such that ca[F(xnB(F(z);p)] ©
cB(cl F(z),q), zeX whlch means . (2) ‘holds. for cQofF . and in view of
'Lemma 4.4 cQoF “is lsc - ‘

Corollary 4.8 . _ : i v » : :

Let X be a space and let (v,d) be: a metric space Ye_vM({F(x): xeX1).
If the values of F X‘->2Y_‘are compact and F is’ lvsvc, then _Eﬁof ‘is 139- _

Proaf ' ' ’ = h

See 4.4, 4 7, 4. } : .

We will say that a partition of umty ljhas a property whlch is suitable

for ‘covers if u {g ((0,1>):. g€ §lhas the respectlve ptoperty
The followmg (knovm) fact w111 be helpful

Theorem 4, 9

Every open cover ot any paracompact space  (see f9 p. 156]) has a star
ref;nement being a locally finite partition of unity.
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Proof

Any ;opevn cover ‘W‘ of a paracompact space X has a closed locally fin'ite
reflnement [9, Lemma 29 p. 1571 X being normal [9, Corol. 32°p. 1591,
Thus W has an open star refinement U L7, Lemmas 5,1.13, 5.1.15 p. 37171,
The cover ¥ has an open locally finite: reflnement and there exists a lo-
cally.finite partition of unity § which retines VL9, wp. 1711, Thus %
is a locally finite partltion of unlty belng a star refinement of W. )

‘If Y is a uniform space and (D Q) is-a weed in 'Y, -then C(D) means a
famlly of all nonempty, complete and Q ~gonvex subsets of D

Theorem 4.10 ° (cp. ~[3 Tho /3. 5/])

Let X be a paracompact space and (Y d) a metric space Yewa(ﬂ%x) xeX}U'
u{{y] yeF(X)}) for F: X —.C(D) belng ‘1sc. Then F admits a selection.’

Pro of {cp. 11] proof of Thnm3 2 Y [19] proof of Th.-l)

From the fact that V= {F (B(y,pl))} eF(X) is an open cover of X it
follows that there exists a locally finite partition .of unity § being a
barycentric refinemnt of ¥, Let Ug=(u)g e for a well ordered set T.

Fer each xeX there exists a W, such that T = {seT: U nw # ﬂ} is flnlte,
say T -{sl,...,sm},'sla<.. -(sm (m=m(x)). Let yseF(x) fot an xel_,
s€T, g(x),(g (x),...,g (x)), x€X. Then

f (x) Q, (y,g(x)), x€X (&)

defiries a map 'fl‘_x -Y (see (I.1), Def. 1.6)- and f'(x)ccQ[F(XMm(F(x)
pl)] cB(cQ F(x),a;) = B(F(x),q1)~F(x) being Q-convex. Let F (x) =

= F(x)nB(fl(x),ql);'vWe“have Fl(x) # B, xeX and F (V) F (V)nf (B(V;h))
is.open if VCY 1is open which meane F1 is 1sc. Now we repeat the above 1
reasoning for p,= pz(qz) _and Fy in-order to define - f (x)echF(X)n ‘
AB(F;(x),p, )} cB(cl F 1$x);85)eB(F(x),q,), xeX (see (I. 3)) Afterwards we
define F (x) F(x)n B(f (X)’q2)= xeX. By induction we obtain

fn(x‘)EcQ[F(X)nB(F [G0,p ] €8 F l(x) 95 >) <
‘ ' (5)
CB(F(x),q,), x€X

and

Fr(x)=F(x)nB(E (x),q,), xeX (6)

From (6) follow dia F_(x) < 2q_, d(f (x),F (x))<q. In view of (5) we get
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dCE(x), 20, () € 92 (x),F Ox)+dia FOO+d(F (), £ 1 (0)) <

<'g,+2q +dia cQ Fn-(x)+qn+ls 3q,+sup{dia [cQ 8(y,2q )aF(X)):

yeF(X)} +qn+l =V3g it +qn+1

From (3) it follows thet,we-may write Q5= 4, (r ), neN. and ZKq +T ) <
<o as a, (r )~0 if r, ~+0. Thus we have d(f (x) £ (x))-< d(f (x)

m+1(x))+.. +d(f 1(x) £ ('x))<€, xeX if 'n, smsn Hence (fn)ne is
a unxformly convetgent sequence of maps, say to £ and " f£(x)eF(x), x X
(see (5)). < : :

It is interesting to compare the weeds as -in Def. 4. 6 wlth the respec-
tlve condltlons of the convex structure of M1chae1 [14 Def. 1.1 p. SSBJ i
Let us assume that M, = p" and let Q, (x,t)= L (x,t) - (see Remark 1. 4),
then (b) is 1dent1c wlth (I.1): The contlnuxty assumption (d) is identic
with that of Def. 1.6. From (e) it follows that Q, (DnB(A,p))ca(Q (A),q)
AR, D= UR, neN ‘and therefore chDnB(A,p)] CB(cQ A,q), i.e. (3)
seems to be difficult to derlve (e) from (3). Condition (¢) can be disre-
garded.”  In consequence (see cond1t1on 3) of [51) Theorem 4. 10 13 more
general than the Curt1s result [5 Th. 2.23. :

Theorem 4.11 (cp [1,4,- Th. 1.5 p. 559])

. Let X be paracompact and (Y,d) a metr1c space Let F: X-‘C(D) be
isc, " YsH4({F(x)- xcx}(J{{y}- yeF(X)}) and let ‘g be a ‘selection for Fic
where C=C CX Then _g_ can be extended to a selection f for F.

Proof“@._ A . R v -

Let us consider . 6 ~as in (1). It is clear that 8(X)CF(X), 6: X-»C(D)
(see Prop 1.8) and G 1s 1sc (Prop. 4.2). Thus in view of- Theorem 4.10
G admits a selectlon f and obv1ously fIC =g. -

Remark 4. 12 i

If - F(X) . is compact then 1t is enough to assume Yer({F(x). xeX}) in
4.10,‘4.11”35 then sup{dla [bQB(y,Zq MﬁF(X)] yeF(X)} tends to zero as -
q, 0 (the:standard proof of this fact based on (I.6) is left to the
reader).. It is possible to assume that (I.6€) holds uniformly on F(X) to
simplify, in the same way, the type of the weed (cp.[3, Corol. /3.6/]).

Theorem 4.13 (cp. [13, Th. 8.1 p. 388D

Let X be paracompact, (Y,d) a metric space Yewa({F(x); xeXju{iy}:
yeF(X)1y, F::X =+ (C(D),8) being a map, Then if C-= £ CX and: g is a
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selection for FIC,‘ g can be extended to 'a selection for F.

P.r oof " : . e -
-The mapping Fr X-°C(D) is 1sc (Corollary 4.B) and 4.13 follows from
'Theo_rem 4.11.

Theorem &.14 (cp. [2, Corol. 7.5 p. 921)

Let C be a.'closéd-s’ubsef‘bf a paracompact space X, (Y,d) a complete
metric space YeWa({{y}: ye¥}). Then any map g: C-Y can be extended to
a map £ XY,

Proof v L .

In view of Proposition 4.2 G: X-+C(Y) defined by (1) for F(x)=Y,
xeX\C is 1-scfandee apply Theorem 4.11.

Let us modify the B'artle;Grave‘s theorem.

Theorem 8.15 (cp. (11, p. 3641)

Let f: Y-»X be an open mapping of a metric space (Y,d) YeW4 in a
paracompact space X. If- £ 1(x) =cf f_l(x)eC(Y), xeX, then there exists
a map - g: X-Y such that fog= 1dx, i.e. g(x)ef'l(x), xsX

Proof

In view of Theorem 4.10 it is enough to prove that F=f -1 is 1sc. 'If

VCY 'is open, then F7(V)={xeX: £~ Lixnv # g} = £(V)  is open.
Now let_ us consider the finite dmens;onal_case.

Definition 4.16

Let (X,d) be a metric space. Then XeWk3(A) (XeW3@R) if Rc2X\{#} ,
and XeWk1(u Jb) (XeWl(UeR)) for a O such that

for each q >0 +there-exists a p >0 such that for
sy Aek QBAPNUR) CBA, K,a). e
It & =25\ {8}, then we write XEWK3 (XeW3).

One can define LWKk3GR), LW3(R) with LWk1(URA) or LWI(UA) respec-
tively in place of Wk1(UeR), WI(UR) (see Def. 1.7).

It is convenient to extend the definition of the covering dimension
{7, p. 472] as follows.

Definition 4.17

.Let X be a ‘paracompact space [9, p. 156]. Then dim X<k If for each
open cover W of X there exists- a partition of unity of order <k which
refines 0.
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" The above detinltmn is proper. as for any paracompact Tl- space (normall
and T, {7, Th. 5.1.5 p. 3731) from dim X < k follows the existence of the
respect1ve partition of unity [7, Th. 7.2.4 p. 4841, [9 Wop.1713).
If Y is a uniform space and (D,Q) is a k- ueed in Y, then Cy (U) -means
the fam11y of all nonempty, complete subsets A of D for whlch Qk(A) A.
Now we can state the "f1n1te d1mens1onal" versmn ‘of Theorem 4 .10.

Theorem 4.18v

Let X be a: baracompact épacé, dim }X.s k-1 - and. (Y,d) a metric space
YeWk3({F(x): asX}U{{y};_yeF(X)}) for F: X~C (D) being 1sc. Then F
admits a selection.

‘Proof

We follow the proof ‘of Theorem 4.10 by wrltlng Qk, “in place of cQ,C
respectlvely for Zly being of order k- ST

To obtain the "finite-dimensional™. versions of 4.7, 4.8,°4.10 - 4.15
we write 0, in place of cQ we additionally assume dim X Sk-1.

It is possible to state a ‘general version of the Browder theorem [4,
Th. 1.3 p. 285].

Theorem 4.19 (cp. 3, P'rop.'/3;9/3)

Let X be a paracompact space [9, p. 156] (and dim X< k- 1) 12
F: X=2 \{B} is such that. for each xeX (F(x),Q) - is a weed (k-weed) in
Y, cQ F(x) CF(x) (Q (F(x))cF(x)), and F (y) is open for each yeY, then
F' admits a selection. ‘

Proof

It is enough to consider Zf:{F'(y')}yeF(x) in the proof of Theorem 4.10

(4.18) and then £, defined by (4) is a selection for F.
We conclude this section with two tixed point theorems.

Theorem 4,20

Let X be 3 (flnzte dimensional) paracompact space Xewz(F(X)) ORWL(FOO))
for F: X ~2 \{ﬂ} If the values of F are Q- -convex, F(X) is compact and
F7(y) is open for each yeX, then F has a flxed point.

Proof:

Every. paracompact épécé is normal {9, Corol. 32 p. 1593 and in view of
Theorem 4.19 F has a selection f. From Theorem 3.3 (3.6) it follows that
f has a fixed point as f(X)CF(X).
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Theorem 4.21
=====

It (X,d) is a (finite-dimensional) metric space XeW4({F(x): xeX}u {{x}:
xeF (X)}) (XeW3(. )) “Fz.X —C(D) is 1sc and F(X) is compact then F
has a ‘fixed- p01nt ‘

P roof

In view of Theorem 4.10 .(4. 18) F admlts s selection f. "From Thedrem
3.3 (3.6) it follows that f has a fixed point as £(X) cF(X).
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Streszczenie
ZastOsowania_chyéstdw.

Praca zawiera twierdzenia o retrakcjach, punktach stalych i ciggiych
selekcjach dla pewnego rodzaju struktury wypukiej zwanej chwastem. Twier~
dzenia 2.2, 2.3, 2.5 . wzmacniajg klasyczne dla teorii retraktéw wyniki
Dungundji i Himmelberge. Znane twierdzenie Hukuhary uzyskuje sig bezpo-
érednio z Tw. 3.5, ktére jest wnioskiem z 3.3. Jesli chodzi o selekcje,
to najwazniejsze Tw. 4.11 uogélnia odpowiedni rezultst z pracy Michaela

f14].



