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Lach Pasicki
A FIXED POINT THEORY AND SOME OTHER APPLICATIONS OF WEEDS

S ummar y. The present paper is devoted ‘to studying of a convex
structuze called weed. The idea is to replace convex combindlions
which are natural for linear spaces, by a seguence of mappings for
topological spaces (see Def. 1.2.7, p. 18). The convex sets are
replaced by overhulls (Def. 1.2.2, p. 1i6}.

We are mainly interested in the fixed point theory, and the results
we obtain extend the well known classical theorems even for the case
of locally convex spaces. Two final chapters are more complicated as
regards the assumptions on weeds under consideration and they are
devoted to retractions and continuous selections, respectively.



-COMMENTS

The aim of this paper is to present some applications of ‘a convex
structure called weed. The idea in brief is to replace the convex
combinations ) {tieiz i-= I,...,n} which are proper for lineazr
spaces, by ‘Qn(e,t),b e e’En, t e Pnfl "(simplex)1‘£oz‘ topological
spaces. The "algebraic" assumptions are very natural (see (1.1), p.
16) and we:requize’the continuity of Qn only on t (see Def. 1.2.7,
p. 18). W i Ry bl o :

A convex structure w;th such.. a - weak continuity assumptibn' has
appeared in print in [3]. Prof. :Blelawski and the author ' of thé
present paper have defined similar structures at the same time though
“the idea itself yés»present in the proofs of [(P1, P2, P3]. .
_ It should bé.streSSed that ﬁuﬁetous mathematicians. ‘(e.g.  Keimel,
Wieczorek) developed an abstractttheory'bf convexity with épplicatioﬁs
to the fixed point theory and other items where the ~ildea - of -convex
sets in usual sense is present. The difference is that convex hulls
cQ - (see Def. 1.2.2, p. 16) need not be  members of - convexity, the
definitions are ﬂotinumerous,'andhye are interested in the . classical
consequences. _ ":_' v ] g ” P B

The main subject here .is the fixed " point “theory and . .its
applications. The proofs are simple and elementary and Ehe results are
fairly general (e.g. the spaces are ﬁsually not Tl). The situation is
especially interesting  for weeds being convex subsets  of linear
topological spaces (with conv in place of cQ). The generél
theorems lead in particular to natural generalizations of well known
facts (locally convex spaces need not be Hausdorff), they are Nos
2.2.4, 2.2.10, 2.2.13. 2.2.19, 2.2.21, 4.2.1, 4.2.3, 4.2.5, 4.3.2,
4.3.5, 4.3.8, 4,3.9, 4.3.10, and probably completely new 3.1.4, 3.1.8.
The two f£inal chapters are devoted to some results in the theory of
retracts and continuous selections. They are more advanced as regards
the structures under consideration. .

The first chapter gathers the £fundamental facts which will be
applied in the remaining parts of this paper.  In  particular Section
1.2 is devoted to the definition of a weed and simple properties of
hulls; 1.4 contains some basic facts concerning  KKM mappings and
c-compactness which axe useful in proving £ixed point theorems and
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other results. As regards 1.3, we develop there an example of a weed
defined by S-contractibility which is a generalization of
eguiconnectedness. ‘

The second chapter contains general theorems which are fundamental
for the fixed point results of the chapters to follow. In the €first
section we extend the classical definition of usc mapping te the
set-to-set case being of natural interest in this paper.

The main subject of the third chapter are the fixed point theorems
for composition of functions. They are equivalent to fixed point
theorems for the Cartesian preduct of functions - the so-called cross
theorems. The two element cross theorems can be identified with
coincidence results. Sections 3.2, 3.3 apply to 4.1.

The first section of Chapter 4 is devoted to minimax results, the
two other ones are "classical®™ as they concern linear topological
spaces. In section two we consider the problem of nearest points, and
the third one consists of a fixed point and coincidence theorems for
upper hemicontinuous mappings (Def. 4.3.1, p. 61) including the
inward and outward mappings. .

The fifth chapter <contains specialized theorems. 1In the first
section we extend the results on convex sections and related topics,
the subsequent one is devoted to nonempty intersections of families of
sets with measures of noncompactness involved. The third section
concerns fixed point theorems for maps which are "almost" compact.

In Section 6.1 the original definition of a weed is specialized to
enable us to obtain fairly general results on zretractions. Some
theorems have a stronger form for finite dimensional spaces. The last
section of this chapter is devoted to comparing the various concepts
of spaces equipped with structure functions.

Chapter 7 contains theorems on continuous selections and extensions
for a weed with more restrictive assumptions than in Chapter 6.

The contents of the paper can be described in a more detailed way
as follows.

1. Basic definitions and properties

1.1. Terminology. In this paper we are interested mainly 1in the
set-to-set functions. The notations are somewhat specific though they
agree in general with [2}1. For F: zx-»zy, H: ZY—+ZZ HeF is
defined by (HeF)(A) = H(F(A)), 2 < X; on £the other hand we have
F(BY = U{F (y): yeB}, B < Y. We adopt Kelley's terminology
concerning the separation axioms. In place of 1linear topological
space we write linear space whereas the term linear space itself 1is
replaced by linear structure (it appears incidentally). The notation
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Oix which is presented in the first part of this secticen 1is applied
in the crucial Definition 1.2.1. . The 1list of all abbreviations
employed in the text 1s the last point of this section.

1.2. Weeds. The two basic definitions are 1.2.1 and 1.2.7. The
notion of a convex hull which is proper for linear space is replaced
by overhulls and underhulls (Def. 1.2.2). Their properties can  be
found in Lemmas 1.2.4, 1.2.6. In view of Remark 1.2.5 overhull-is
a natural extensiaon of the notion of convex hull in xclassical  sense.
As regards the examples, the most important one for the proofs of this
paper is No 1.2.12. 1In conseguence we note that Def. 1.2.7 extends
{P6. Def. 1.6]. Example’ 1.2:11 is interesting as in particular we
state that every,equiconnected space (see Def. 6.3.1) can be treated
as a weed. . ‘ .

1.3. Weeds and S—contractible spaces. This section is devoted to
the investigationv of the problem when a mapping 8: X xI xX —X
defines a structure of a weed on X. The most important .result |is
Lemma 1.3.4 (see Def. 1.3.1).

1.4. KKM mappings. Definition ‘1.4.2 of KRM mapping extends the
respective . idea of Dugundji and Granas [13] and of Bielawski (3],
The main résults of this section are Theorems 1.4.7 and  1.4.9. They
are related to the notilon of" c-compactness (Def. 1.4.6) which
generalizes Lassonde's Def.3 ‘{36, p. 154].

2.  General fixed point theorems

2.1. Upper semicontinuity. 'The notion of the upper semicontinuous

g

(usc) mappings is extended to increasing (Def. 2.1.1) set-to-set
functions. Some well-known properties of- usual wusc mappings are
preserved in the general case. In the final part of this section we
present two lemmas (2.1.14, 2.1.15)> which are of importance for the
upper semicontinuity of cQeF; it is convenient to think in texms of
linear spaces for.- conv in place of cQ. In particular, if 7 |is
a convex set in a locally convex space, F: X —» 22 is usc and
Tonv F(x) is compact, xeX, then ConveF. is usc (Corol. 2.1.16).

2.2. Fixed point theorems. The theorems presented here seem to be
abstract. Yet it sufficas to treat X as being a convex set in
a linear gpace, and E as a subset of X, and Qn to be convex
combinations (see (1.2), p. 17), then the results become "classical™.
The most important theorems here are 2.2.3, 2.2.8 and 2.2.11. &s
consequences we obtain generalizations of some important results:
2.2.4 (Browder), 2.2.10 (Fan, Glicksberg), 2.2.13 (Lassonde).. In the
final part of this section we present a theorem (2.2.20) which leads
to a natural extension of one of Hukuhara's results (2.2.21).



3.. Cross theorems, coincidences

3.1. Cross theorems. In order to prove fixed point theorems for
composition we use a Cartesian product of mappings. This enables us
to avoid the problem of non-convex values. The most illustrative are
classical Theorems 3.1.5 and 3.1.8. Theorem 7.2 enables us to connect
these cases (Remark 3.1.6).

3.2. Coincidences, case T,H: X —» ZY. The two element cross
theorems are related to coincidences. Our main aim in this section is
to prove more specialized theozems (3.2.2, 3.2.4) which enable us to
avoid an approximation technique in proofs of Chapter 4.

3.3. Coincidences, case h: X—Y, H: x-»z’. In order to obtain
the results on coincidences we apply Theorems 1.4.5, 1.4.7 which give
better effects than cross theorems. Our - main . interest here are
theorems 3.3.4 and 3.3.5 as they are applied in Chapter 4. The
remaining results can be divided in two parts: £for mappings H with
open values (Theorems 3.3.1, 3.3.2), for cQeH being usc (3.3.7 and
subsequent thecrems). ’

4. Examples of applications

4.1. Inegualities. This section is devoted to minimax results.
The most important are generalizations of some well known theorems
4.1.7 (Sion), 4.1.10 (Fan), 4.1.11 (Fan), 4.1.12 (Allen). All of them
extend the respective results of Lassonde.

4.2. Special inequalities for linear spaces. At first we extend
a fixed point theorem of Browder (cp. 2.2.5). - As regards - the other
results of this section, we are interested mainly in theorems on
nearest points (4.2.5, 4.2.6) which are conseqguences of Th. 4.2.3.

4.3. Fixed point theorems. This section concerns fixed point and
coincidence theorems for uhc mappings (Def. 4.3.1). Theorem 3.2.2
enables us to prove an elegant generalization of Lassonde's theorem
(here Th. 4.3.2). Further —results concern theorems. with boundary
conditions. They generalize the well known results of Fan (e.g.
4.3.5), Browder and Halpern for the “inward and outward mappings
{4.3.10). oOur guite clear proofs are based om Th. 4.2.8.

5. Nonempty intersections, measures of noncompactness

5.1. On a theorem of Fan. We extend theorems of Fan and Lassonde
on convex sections {(Th. 5.1.1) for subsets of the Cartesian product
of spaces. In consequence some other generalizations of classical
results are obtained 5.1.2 (Fan, Lassonde), 5.1.3 (Nash), 5.1.4 (Fan)
and 5.1.5 (Browder).

5.2. On a theorem of Cellina. We extend results of Kuratowski
(5.2.2) and Cellina (5.2.3) concerning a nonempty intersection of
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family of sets, with measures of noncompactness involved.

5.3. céndensing mépplngs. We define compacting (Def. 5.3.3) and
b-condensing mappings (Def. 5.3.6) - in view of Lemma 5.3.7 this last
notion seems to be of less interest. These definitions extend some
ideas of Danes (a-generalized ‘concentrative mapping, « = cQ) and
Hahn ((¥)-kondensirend Abbildung). Our main result in this section is
Theorem 5.3.5.

6. Retractions

6.1. General thdorems. This section beglins with Theorem 6.1.1
which can be of general interest for metric spaces. Main definitions
are 6.1.2 andyS.l.S. Por weeds satisfying these more restrictive
conditions we.btove'Theofems 6.1.3 and 6.1.6 on retractions, and their
immediate consequences are Theorems 6.1.4 and 6.1.7 on continuous
extensions. It seems that Theorem 6.1.10 is of interest Ffor the
general theory of retracts. As a consequence of 6.1.6 and 2.2.20 we
obtain a Eixed‘point theorem 6.1.12.

6.2. Finite dimensional case. . It appears that we can relax the
assumptions on. the structure of a weed, il the  space under
consideration 1is finite dimensional. The respective analogs of
Theorems 6.1.4 and 6.1.7 are Theorems 6.2.3 and 6.2.5. Th. 6.2.7 is
a finite dimensional version of Th. 6.1.10. Theorem 6.2.8 provides
information about the dependences between some specializations of
weeds and AR(M) (ANR{(M)). The final part is devoted to comparing
various types of weeds. :

6.3. The notions introduced in 6.1, 6.2 and the general definition
of weed are compared  here with some concepts of Dugundii, Fox.
(equiconnecting function) and Himmelberg '(CS spaces).

7. Selections
Theorem 7.2 extends a little the respective result of Bielawski as
paracompact space need not be T2.- ng'maln result of this chapter Iis
Theorem 7.11. The convex . structure wunder consideration (Def. 7.8)
is more general than those of Michael {40} and Curtis (8] (see the
comment f£ollowing Remark = 7.12) and ‘a . little more general than
Bielawski's one [3, Th. (3.5)). .Theorem 7.18 is a finité dimensional
version of - Th. 7.11. We obtain some results on extensions of
selections (7.13, 7.14) and a generalization of Bartle-Graves theorem
{7.15).



1. Basic definitions and properties

1.1. TERMINOLOGY

First we present the most specific conventions of this paper. The
dom::n of each mapping is assumed to be nonempty. The term linear
space is replaced by the notion of linear structure. The veryb word
"space” means a "topoldgical space™. Thus a linear space is a  linear
topological spacef Sets Ux,vx,wx are neighbourhodds of x in
a fixed space.

In the present paper the composition of functions is of importance.
We dJefine . it by the eguality (He«F)(A) = H(F(A)). The notation
H(F(A}) should be fairly general as ﬁ, F may be . point-to-point,
point-to-set and set-to-set. 1In this connection we should also avoid
the symbol F.'1 which concerns the 1inverse relation  and is
inconvenient, e.g. for point-to-set function F. Therefore, we prefer
the following concepts.. The notation - F: #—8, where s, B are
nonempty families of sets, means that for each Aest <“F(A} is a member
of ©. The family of all subsets of a set X is written 2X. 18 F:
2*—»!, then F({x}), xeX are called values of F. The notation F:
X—8 replaces F: 2x-»9 if for each A cX we have F(A) =
= U{F(i{x}): xeA}; in particulazr. F(®) = €. This way of introducing
F: X—2% is, roughly speaking, the same as in (2, p. 22)  (F(®) =@
was not a part of the definition in [2]). If F: X—»ZY.*;and;ﬁA"c;X,-

then we will use the notations F: A—»ZY, FiA or 'FI;;A—+2Y.

For F: x—-rzY the domain of F is the set DF = {xeX: F(ix}) = B} (2,
p. 21}; F is a mapping if @ = DF =.X. 1In turn, f: X - Y _means
that £: X—2° and for each xeDg, £({x}) is a singleton. Fot’;gpe'
simiplicity of notations we assume all the sets in this paper 'tb.-be
disjoint with the families of their subsets. Then we write F(x) = B,
F(A) = y or F(x) = y in place of F(A) = B if A = {x} or
B = {y}, respectively. In particular, for £: X—Y -we obtain the
classical notation f£{(x) = y though its sense is different.

For F: A—2Y and B ¢ Y we define BnF: A—2' by (BnF)(A) =
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=B nF(A), AcX; 1f F: X—2Y, B cy¥, then B\F: X—2¥ is

defined by (B\F){(A) = B\[{F(x): xeA}, A c X. If for each FeP we
have F: X—2', then ((}®)(x) = (}%(x), xeX; if F,G e %, then
F ¢ 6 means that F({x) < G(x), xeX.

The composition HeF: 4—122' for F: A~a2Y, H: 3—»22 is defined by
(HeF)(A) = H(F(A))}, Aed if the right side has sense for each Aed,.
It is evident that the difference between H:'Y—»Zz and H: ZY—->2z
is meaningless if we consider H(y), ieY, and it is of great
importance £for the composition HeF. . We will apply the following
natural notations s = {FeA: Fe¥, Red}, F(4) = {F(A): FeF, Aed} if
the right side of the respective equality has sense.

Symbol F ({2, p. 25]  is extended to F: 2x--+2Y as follows: if
B cY, then F (B) = {xeX: B n F(x)=B}, i.e. x e F (y) if and only

if y e F(x). Clearly, F (#) =6 and F (B) = U{F (y): yeB}, B ¢
< ¥ which means that F : i-»zx.' It can be easily verified that for
F: X—2Y, H: Y—>2% we have (F)7 = F and (HeF) = FeH . If f£:
X—Y 1is a mapping in the traditional sense, then £ may be
identified with £ 1 (£™1[B] = £7(B)). 1In other cases it is moze

convenient to use . f. For example, if £: C—»Zc, £(z) = zl/z,

then £ (z) = z? while ffl(z) has no sense.

zeT,

In this paper space means a topological space; subsets of a space
will be considered subspaces if topology is needed. The terminology
concerning general topology is adopted from Kelley's book (311, e.qg.
compact space need not be Tz(some special notations are the same as in
[18}1). If A ¢ X or AeX, then UA'VA’WA are neighbourhoods of A&,
i.e. they contain A in their interiors (X must be a space). For
¥ is definea by F(a) = F(&J,
Aed. If X,Y are spaces, then C(X,Y) 1is the set of all maps (i.e.

F: ﬂ—azy, where Y 1is a space, F: 42

continuous mappings) h: X-—Y.

As regards uniform spaceé, we assume the uniformities to comnsist of
symmetric entourages. Each member U of a uniformity in X may be
treated as a mapping U: x—+2x, where U(x) = {yeX: (x,y) € U}.
Composition of n-times U is written nU.

The Cartesian product X = p{xs: seS} of a family of spaces (S =
x @) is a space eguipped with the Tychonoff topology; if xe€X, then
8,x € 8,X = P{X_: geS\{i}} is defined by p_(9;x) = p_(x), 5 € S\ii}
(ps is the projection into the s-th coordinate set). For any A <X
we write ‘aiA = {oix: xeA}; on the other hand, z = <yi,8ix> {zeX)
means that pi(z) = Y ps(z) = ps(x), s #1, 1i,s € 8.

iet R denote the real numbers (with the natural topology if

necessary). We use the notations R = [-w,w), I = [0,1] and Pn-l =
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= {ta: ¢ t, =1} neN=1,12 ...
. As regards the special abbreviations, they are listed _below, with

reference to the respective definitions

KKM - G: E—»2°, Def. 1.4.2, p. 23,

usc - F: zx—-»zY upper semicontinuous, Def. 2.1.3, p. 26,

lsc - F: 2x—->2Y lower. semicontinuous, Def. 2.2.15, p. 35,

uhc - F: x—-vzY upper hemicontinuous, Def. 4.3.1, p. 61,

scs - £: X—R upper semicontinuous, Def. 4.1.5, p. 52,

sci - £: X—R lower semicontinuous, Def. 4.1.5, p. 52.
The notion of c-compactness appears in Def. 1.4.6, p. 24. For compact
functions see Def. 2.1.11, p. . 28. We will often apply guasiconvekx
(Def. 4.1.1, p. 51) and convex mappings (Def. 4.1.3, p. 51).

1.2. WEEDS

In the proofs of many classical fixed point theorems. the ' convex
combinations play the crucial role. We develop this idea by replacing
tx ='2_{t1x1: i=1, ..., n} by - Qp(x,t), . n eN, where Q  are
mappings and x  belong to an abstract set  E.

1.2.4. Dpefinition (cp. Def. 1.2.7). 4 pair (E,Q) is a weed ih
a set X, if E is a C(nonempty? set, Q = (Qn)neﬂ is a seguence

1,—. X satisfying -

of mappings Qn: ED x p"7
(1.1) -if t; =0, then Q (e,t) =Q  ,(de,dt), e E®, 1=

=1, «..p n
For eocch neN.

Az 1t is seen, each of Qn directs the "growth" of E (which is
not necessarily a subset of X) in X.

i.2.2. Dpefinition. 'If (E,Q) is a weed in a set X, then cQ A =
= Udg le,t): e « (AE)", t € P""L, neN}; A is an underhull if A<
c el A and A is an overhull, if cQ A < A. A4 set A s convex

whensver A = cQ A.

To avoid ambiguities we will sometimes use the terms Q-underhull,
Q-overhull, Q-convex set. :

If A 15 a fixed set, then for Q, X as in 1.2.2 we have cQ:
22% core) =0, .c <)
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1.2.3. Example. Llet (M,+) be a semigroup such that tx € M,
tel, xeM ‘and 0x = ®, xeM (® is the neutral element in M). Then
for any nonempty set E ¢ M. the formula

(1.2) Q_(e,t) = E {t,e,: i=1 Rt oepnl
: aler —E{iei. =1, ..., n}, e € E, t €bP ..
neN

defines a sequence (Q as to salisfy ‘the assumptions of Def. 1.2.1
for conv E ¢ X ¢ M. In particular, if X is a set in a linear
‘structure JC(over a field conteining 1> and conv E < X, then (E,Q)
is a weed in the set X. What is more we have cQ A = conv(AnE).

‘ ‘In order tc shorten the notations we adopt the following (Qn is-
as in Def. 1.2.1)

- ' A b
(1.3) g (e) =g (e,p" ), ‘e <E”, @/_e)’¢/ e¢c&”,
(1.4) 0 (a) = U4 (e): e e (al"}.

From (1.1) we obtain the following two properties
(1.5) @, (A) < Q_(B) < c0 B, ‘A<¢B, m<n,

(1.6) cQAccQB, AcB.

1.2.4. Lemma. Let (E,Q) be a weed in a set X and ltet A be
a nonempty family of sels. Trwn the following inclusions are
satisfied

3

(1.7) U{co 4} <.co U4,
(1.8) c0 4 < N{co 4}.

In particular, the sum of undsrhulls is an underhull. the intersection
of overhulls is an overhull. If the set (|4 is an  underhull and

4 consists of overhulls, then (4 s convex.

Proof. From A < {JA4 and (1.6) we obtain ¢Q & ccQ U and
{1.7). On the other hand, (1.6) implies that c0 NA < cQ 2, Aed
and (1.8) is established. If # consists of underhulls, then Us <
c U{cQ 4} and (1.7) lead to Ua < co U, i.e. U#A is an
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underhull. Similarly, if +#A is a family of overhulls, then we obtain
N{ce A} ¢ A which, considering (1.8) implies that cOo{A} < N«
and consequently, ()£ 1is an overhull. The last part of our lemma
follows from the preceding inclusion. O

1.2.5. Remazk. If x € cQ i{x}, xeE (e.g. if xeollx), xeE),
then each set. A ¢ E is an underhull; - in such a case overhulls in

E are identical with the convex sets.

The above remark explaiﬁs why the intuitions which are .good for
linear sttuctures are not suitable for weeds. As regards the . general
case, it is more natuzal to consider overhulls. - For example, let
Qn(e,t) = X, € X, e € o PR S - pi” 1, nell. . while X, € E. Thgn every
set containing X, is-an overhull.

It should be noted that in view of Lemma 1.2.4 (the intersection
property), if X is an overhull, then the family of all overhulls in
X is a convexity in the sense of {44]. We however prefer to avoid
this terminology as being too  close to the intuitions piopez for
linear structures. It must be emphasized that the equality cQ A =
= ¢cQ{cQ A) usually does not hold.

As a supplement of 1.2.4 we prove the following

1.2.6. Lempa. Let (E,Q) be a weed tn a set. X. If a family
A afuﬁd‘prhulls is directed by > C(inclusiond, then: B = UA is an
underhull.

Proof. It suffices to consider A < 2° (see Def. 1.2.2). If
e is an element of B", then e € A® for an Aed [31, p. 65].
Hence, Qn(e) c'Qn(A) ¢ ¢QA <A CcCcB and cQ B ¢ B, e, n being~
arbltrary. ©O i

Now we define a weed in a space.

1.2.7. Definition. 4 pair (E,Q) is a weed in. X, if X 1is
a space, (BE,Q) is a weed in the set. X and for each e € E®. neN
Qn(e,~): Pnii - X 1is continuous. (X,0) is a wveed if (X,0Q) is
a weed in X.

1.2.8. Example. lLet X be a set in a linear structure over
a field containing I. (or X c M for  (M,+) as in Ex. 1.2.3). Let
conv E be a nonempty subset of X which is eqguipped with a topology

for which Qn(e,i)': "l t L tje 1 € X is continuous, e € E°, neN.
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Then (E,Q) is a weed in X. IR particular, each convex space (36,
Def. 2 p. 153], with the sequence of convex combinations, is a weed.

1.2.9. Example. If (E,Q) 1is a weed in X. Y is a space, then
PC(X,Y) is the family of mappings h: XY = which are finitely
continuwous, t.e. such that for each e € Ex,‘,. neN h: Qn(e) — Y is
car';ttm.m:s.’ ‘Than for -ary’ Ayh € FCIX,Y). (E,heQ) is a weed in Y,
where  (heQ) (e,t) = h(g (e,t)). e € E". t e P" L. neN. Clearty.
we have c(heQ)A = h(cQ A).

1.2.10. Example: 4ssume that £ € FC(X,Y) and let g: Y—X be
the r:‘.ght'» ’in:verse of £ (g need not be continuous>, E < Y and
(g(E),0) « weed in X. Then (E,0%) is a weed in. Y for @
defined as follows e e

(1.9) Qn(e,t) = f(Qn(g(e),t)), gle) = (g(el), m g(en)),»
— n-1 . R
e e En,v t. € P s DEN,
What is more chA' = E(c0 g(A)). ‘Thus. in particular, if £ is an
r-map on X .to Y, then m,o')__ is @ weed in. Y.  If additionaily
(X,0) is a weed, then (1,0°) is a weed. .

. -1.2.11.  Example. . Let t’;’r{sx;-‘ xeX} be a family of homotopies,
where S joins Tyl - with the constant .map egual to}ﬁ) (}.’,\’A‘X/
x€X. Then in view of Lemma 1.3.4 X can be eguipped with a Q such

that, (X,0) is a weed Csee (1.13)3¢f €4dh cSrpred 3tk KX o, gpnter:

1.2.12. Example. Let (E,Q) bdea weed in X. We will define Q!
deptmdtngon {el, Y en} Cthe order in ey, «oes en) becomes
meaningless> and such that (E,Q') is a weed in X. We may assune
that E is linsarly ordered. Let us consider Qk(e,t) for e € Ek.
t € X such that *e., i®3, 1,3=1, ..., k and <

1 3 €1
< ... < ey k < card E. k e N. For e = (el, “ ol & en) e " let
e' = (ei, es ey e'k) be an increasing seguence such that we have 1 €
€ {1, ..., n} iff there exists a 3 € {1, ..., k} for which . e;

= e:',. Then for 't:" =% {tiz e; = e:’i}. j =1, .., k we define Qf

as follows

(1.10) Ql(e,t) = Qle',t"), e € g, t ep™l.
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1.2.13. Remark. 7The above construction shows that Def. 1.2.7
extends [P6, Def. 1.61]. Clearly we have Qé(e) < Qn(e). nel and
cQ’A c cQ A for Q' defined as above. What s wmore cQ'A is
campa;t for each finite set A as being egual teo .On(e) for an neN.

1.3. WEEDS AND S=CONTRACTIBLE SPACES

Weed (as in Def. 1.2.7) is a kind of a convex structure. The
comparison with some other concepts introduced by Fox (241, Dugundii
{12], Himmelberg (28] and Curtis (7] will be shown in Chapter 6. As
regards more complicated definitions of Michael {40] and Curtis (81},
they will be presented in Chapter 7. Now we point out that the
assumption of continuity for weeds is less restrictive tham in the
above mentioned structures. ‘It accords with the concept of Bielawski
{3, p. 158] we but do not require eithex Qn({xl) = {x} or E =  X.
This section is devoted to S-contractible spaces (see Ex. 1.2.11,
6.3).

If f: T x X — Y is a mapping, then it defines an exponenziai
mapping ef: T — F(X,¥Y) on T into the set F(X,¥Y) of all mappings
on X to Y; it is defined by the equality. (pE(E) ) (x) = £(E,x},
teT, xeX. 1f X,Y are spaces, then F(X,Y) can be equipped with
the compact open topology - a subbase for this topciogy consists of
sets M(K,U) = {g € F(X,¥): g(K) < U}, where K < X is compact and
U <Y open. This space is written = F_(X,Y). The family of all
mappings on X to Y which are continuous on compacta is cC(X,Y).
Hence CE(X,Y) < FC(X,Y) consists of mappings which are continuous on
compacta and the topology of this space is compact open.

1.3.1. Definition. 4 space X is S-contractidble if for each x€X
mapping p-Sx: I — cg(x,x)‘ is continuous and the following s

satisfied
(1.11) Sx(D,y) =y, Sx(l,y) = g{x), X%,y € X.

The above definition differs from (P1, Def. 1] where we assumed
g = idx, X a Tz—space and Sx a homotopy (i.e. psx: I — CC(X,Y)
is continuous) joining the identity with the constant map eqgual to x.

If X 1is an S-contractible space, then

(t_q-8)..0)

n _
(1.12) S (e,t) = Sel(tl,se (tz, cees se
n-3

n-1
e = (el,...,en) e X, t= (tl,...,tn_l) eI
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defines a mapping 8% x™ x In-1—¢ X, neN. We will show that Qn:

x® x p* 1, ¥ defined by

n n
(1.13) Qn(zii). = 8 (e,ont/max{tl, ooy tn}), e € E, t e
€ P s DeN

satisfy condition (1.1) of Def. 1.2.1. Indeed, Iif ti = 0 for an
i < n, then in view of (1.11) Se» in'(l.lz)‘can be omitted; 1if i =
i :

=n, then - uy-= tjlmax{tl, ey tn} =1 for a 3 < n, which means

that Se (uj,y) = g(ej), yeX. In both cases we have Qn(e,t) =

= Q. ,(2e,0,t) 1f t = 0.

1.3.2. Remark. The above reasoning suggests that Ql; Q2 E as in
Def. 1.2.1 suffice to define sx(t,y) = QQ((x,y),(t,l—t)) and - then
Q' (as in (1.13)) satisfies (1.1). Unfortunately the assumption of
continuity Csee Def. 1.2.7> may fail to dbe satisfied for such a Q'.

Let us present the requirements which guaiantee 0 as in (1.13) to
satisfy the continuity assumptions of Def. 1.2.7.

The family of compactv‘subsets of a space under consideration is
denoted by c. A mapping f£I"X—Y. is continuous on T x ¢ if for
each XK € ¢ ¢ 2x, £: T x K — Y is continuous.

1.3.3. Lemma. Let . T, X, Y be spaces. If E: T xX — Y is
continuous on T x c, then epf: T — Cg(X,Y) is continuwous; tf ef:
T — Cg(X,Y) " is continuous and compacta in X are regular Ce.g. if

X is regular or Iép. then £ is continuous on T x C,

Prooyf. Suppose that ef(t) e M(K,V}, where teT, K e€c ¢ 2x and
Ve¥ is open. .If £ is continuous on T x K, then £(t,K) < V
¥ ¢ 1 of
t and Gx c K of x, respecectively, such that f(Fx x Gx) < VvV

{3i, Th. 12 p. 142]. Let ‘Gi = Gx , i=1, ..., n cover K. Then
i

for F_ = JF' we obtain £(F, x K) €V, i.e. pE(F) < M(KV).
A similar inclusion holds for any element B of a base of the compact

means that for each xeK there exist neighbourhoods F

open topology in CC(X;Y). Hence,  ef: T — cﬁ(x,y) is continuous.
Conve:sely,' if epf: T — CE(X,Y) is continuous and f£(t,x) « V for
an open set V < Y, then for each compact set K cX there exists
a neighbourhood G such that £(t,6, nK) < V (f(t,*) s
continuous on compacta). It follows from the regularity of K that
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Gx AKX may be considered closed {31, p. 113] and therefore compact.

In view of the continuity of [ 23 there exists an Ft such that
f(Ft'x [Gx n K}) < V which means that £  is continuous on T x K. O

1.3.4. Lemma. If X is an S-contractible space, and each compact
set K c X is regular, then (X,0) is a weed for Q as in (1.13).

Proof. From the second part of Lemma 1.3.3, by induction we obtain
the compactness of Qn(e), ceB® (see (1.13), (1.3)),;a/as\ continuous’
image of any compact set {fs compact. Assume Qn(e,t) € U £for an open
set: U ¢ X. In view of the continuity of Sx on I x ¢ there exist

neighbourhoods F;, < I, U; < Q le) of tllmax{tl,...v'.,tn},

sn-;((ez'""en)’(tZ"i"tn-l))' respectively, such that le(Fl *
xvul) c U. In turn, we £ind neiqhbouzhoods Fz < I, Uz'c Qn(e) of
t2/max{t1"f'*tn}" ‘ sn-z((93'f'"en)"tB""'tn—l)’. such  that

sx (F2 x Uz) < Ul, etc. By induction we define a neighbourhood o=
2

=F xFyx ...xF _;, of &t/max{t),...,t } for which s™(e,F) <
c U. Clearly, F defines a neighbourhood-of ¢ e p* 1 ana,
consequently, the assumption of continuity (Ss in Def. 1.2.7.)
holds. O ) i N

In view of the above (see Remark 1.3.2) it seems that CQntinﬂity
assumptions® {as in Def. 1.3.1) are the weakest ones which, under the
reasonable hypothesis on X, lead from (1.11) to the reguirements of
Def. 1.2.7.

We recall that X 1is a k-space provided that any set A in. X is
open if and only if AnK 1is open 1n each compact set K < X.

1.3.5. Remark. If X is a k-space, then CS(X,X) = C(X,X) and
mappings S, as in Def. 1.3.1 bdecome homotopies. It is known I[15,
Th. 3.3.20 p. 201] that any Teéspace X satisfying the first axiom
of countability C(e.g. metrizable) tis a k-space; what s more 1 x X
is then a k-space (15, Th. 3.3.27 p. 2031.. Now, in wiew of Lemma
1.3.3, continuity of psx: I — Cg(X,X) implies then continuity of

St I x X — X. On the other hand, if S, tis continuous on I x¢C.
then psx: I — cg(x,x) ‘is a map Cfirst part of 1.3.3>; in
particular, Lf sx is continuous, then psx: I — CC(X,X) is

continuous loo.

1.4. KKM MAPPINGS
The proofs of the fixed point theorems presented in this paper are
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in fact based on the Eolloving theorem of Knaster-Kuratowski- -Mazurkie~
wicz - [33, p. 1341. Ve present it in a shorter form. Theorems 1.4. 7,
1.4.9 are useful tools in provinq many results of this papet.

:'1.4{1. '1hgg;gn,-iLot My, ;..,'H be closed subsets of p" i
n-

If for each t € P we have teU{H‘tiso}. then n{nlzls

= 1, ey D} is nonempty.. g } '

A sinple pzoof of the above can he found, e. q. in [14, P 102}. :
: The: subsequent ‘definition’ extends the ldea of KKM' mappings of
Dugundji and Granas (131.p 3 i - : g

tedee mj,_nm_qn Let ' (E,Q)  be a weed in X, then G: E—2%
is ‘KKM € for Q> if the followihg is satisfied Csee (1.10)> i

(1;14) o'(e) < lJ{G(e TR 1, iias n}, . e'g“, neN.

,‘ It follous fzom Def 1. 2 1 that G is a mapping. It ‘is wbzth
not ing: that 1f 6: E—‘»zx 15 KKM for a 0 and . h .e FC(X,Y) = (ses
1.2. 9), then heG: E—oz +is KKM for  heQ: = : :
“A similar definition of Bielawski (2, Def. (4:131 -is’ much more.
restrictive as in place of Q'(e) Biélawski'useg the least convex set
containing {ey, ..., e }.. - i e i
The following is a natuzal generallzation of {13, Th. 1.2}.

_1-“‘-3-[ Theorem. let (E,Q) be"a‘ugpd in X and G: E—2¥ KKH
such that G(e;) n Ql(e) is closed tn Ql(e), e e E”, neN. Then the
faau‘.tyi_:{G(x»): er} has the'fini‘.te intersection property. g

‘Prbof;-‘Let {el, cvsr. € } ¢ E be arbitrary. Ve may assume (see
Ex. 1.2.12) that e, LSRN S en. In view of Def. 1.2.7 ..g = Q. (e,°):
g 1—» X is a nap'and.thezefore, ‘Mi g (G(e 1) = g (G(e )on Q (e))
is a closed set. What is more, g(t) = Q, (e,t) = Q'(e t) e lJ{G(e )3
t, * 0} ° (see (1.10), (1.1)) which means hat St eg(U{ele: b, =
= 0} = U{M;: t, = 0}. Now in view of Th. 1.4.1 ’ng_-(G(ei))_ =8,
s0 in consequence we obtain f]G(el)'S #g. O )

The definition to follow is natural for X being.not a k-space.

1.4.4. Definition (36, Def. 4 p. 154]. 4 subset A of a space
X is compactly closed Copend if A nC is closed Copen> in each
compact set C < X.



24

1.4.5. Theorem. Let (E,Q) be a weed in X and let L: BE—2Y,
h: X—Y satisfy the following
(i) all values of L are compactly closed,
(i1) G = h sL is KKHM.
If X is compact and h € C(X,Y) or if Y is- compact and h e
e FC(X,Y), then ({L(x): xeE} = B.

Proof. According to Ex. 1.2.9, if h e FC(X,Y) and (E,Q) is
a weed in X, then (E,heQ) is a weed in Y. If G: E—2" is KKM
then heG = L (see (ii)) is KKM for each h € PFC(cQ E,Y) and
compactness of - ¥ together with condition (i) imply the assumptions
of Th. 1.4.3 for (E,heQ), L in place of (E,Q), G, respectively. If
X is compact and h e C(X,¥), then h(X) is compact and it can be
identified with Y as heG = L. ' In both cases the £inite
intersection property of {L(x): x€E} means that (L(x) = &. D

On the analogy of ([36, Def. 3 p. 154]) we present the following

1.4.6. . Definition. LlLet (E,Q) be a weed in X. A nonempty set
K c E is c-compact, 1if for each finite set Z < B there exists
a compact set Kz € X such that c0Q'(Rul) < FZ Csee (1.10)0, t.e.
cQ’(KuZ) is relatively compact.

1.4.7. Theorem. Let (E,Q) be o weed in X and let L: E — 2°
and an h € C(X,Y) satisfy the following conditions
(i) all values of L are compactly closed,
(il) G = h™eL is KKNM,
(111) B = J{L{x): xeK} ¢ ¥ is compact for a c—compact set
K < E. S
Then B n (J{L{x): x<E} is nonempty.

Proof. Let 2, Kz be as in Def. 1.4.6. Clearly, (KuZ,Q'} is
a-weed in KZ and hence Kzn(h oL} is KKM on  KuZ. 1In view of Th.
1.4.5, when applied to E=Xul@Z, X = Kz ané h: Kz —» ¥ set
N{L(x): x € KuZ} = {B n L(x): xeZ} is nonempty. Thus, {B 0 L{(x):
er} is a family of closed (in B) cpmpact sets which has the finite
intersection property. G

Theorem 1.4.7 extends [36, Th. 1 p. 154) which, in turn, 1is more

general than {23, Th. 1 p. 1511 (see [36, 2° p. 1541).
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1.4.8. Remark. In view of Rem. 1.2.13 each finite set Z cE is

e—compact. Hence Th. 1.4.7 contains (18, Lemma 11. If Y is

a compact space, then (11l) ts clearly éa.tt:sfied. The sane is when
X  is compact as then we consider Y = h(X).

The above comment informs us that Th. 1.4.7 becomes interesting if
neither X nor Y is compact (see Th. 1.4.5) and Iif K- is not
finite (this case follows from Th. 1.4.3).

Below we present .a stronger fozm'of {38, Th. III p. 156}.

Bvery uniform space and consequently each linear space is regular.
Therefore, the relative: compactness of conv (K u Z) - means - the
compactness of . conv(RuZ) 131, B (b) .'p.vlﬁll which can be considered
equal to K, (Def: 1.4.6). -y

1.4.0. T_hg_qm lLet B be a nonempty subset of a convex set

X in @ linsar space Cor E,X .as in 1.2.8  and X regular>. If L:
B—2Y and an h € C(X,Y) satisfy the following

(1) all valuses of L are compactly closed,

{i1) G = h™sL is KKM,

(111} ¢ = {yeX: if x-€ E n conv(Kuiyl),  thern y € (h™ L) (x)}

is relatively compact for a c—compact set K ¢ E.

:m h(C) n n{L(x)- xez} 9.

 Proof.  First we will show that = {C n (h °L}(x): xeE} has . the
finite intersection property. If zeX and 17 = {z ';...,z } < E, then
fo; K-Kl = conv(K ] z v {z}) . wh'ich‘ is compact Ky n(h™ -L). E nKy; —
- 2 i is KKM, Kl be:lng convex. The values of K n(h L) are
compact closed, and in view of Th. 1.4.3 _ there exists a y € n{Kl n
n (h«L)(x): X €« En !{1} < N{(hTeL)(x): x € E n' K, }. From the fact
that y € Kl follows' the inclusion conv{K U Z u {y}) c conv(K u 2 U
uiz}), and hence y € ({thTeL)(x): x €K} < b Lix): x «
elyconvik v Z U iy}} < ATl (x):  x € Z v [E 0 conviK U {yhit.
Thus we obtain y € Cn ﬂ{(h eL){x): xez} It follows from the
compactness of C that T n G(x) = T n(heL)lx) = € nh (hC) n
n L(x)) 1is closed, xe€E (see (i)). This fact "and the finite
intersection property mean that €Cnh (n{L(x)' er}} = ® and,
consequntly h(T) n N{L(x): xeE} = B. o

Let us .compare sets B (Th. 1.4.7) and C {(Th. 1.4.9) for Y = X,
h = idy. We have C = {yeX: if x € E n conv(Kuiy}), then vyeL(x)} ¢
¢ B = {yeX: if xeK, then yeL(x)}. Thus, for linear spaces, 1.4.9 is
more effective than 1.4.7.



2. General fixed point theorems

2.1. UPPER SEMICONTINUITY

Set-to-set functions are of natural interest in this paper amd
there 1is the need of extending the classical definition of upper
semicontinuity to suit this case. The initial part of this section is
devoted to the properties of usc mappings and in the £final one we
obtain some dependencies between the wupper semicontinuity of F and
of F, cQe-F. 1In consequence, we obtain an important property of usc

functions in linear spaces (Corol. .2.1.16).

2.1.1. Defipition. We say that F: 2x—->2Y is increasing Cueahly)

if for each A,B <« X from A c B follows F(A) c F(B).

As it is seen, each F: x—->2Y is increasing; for topological
spaces operations of closure and interior are increasing. It £follows
from (1.6) that if (E,0) is a weed in X, then for any set Z cQ:

2z—azx is increasing.

2.1.2. Lemma. If F: 2x—¢2y, H: 2"’-->2z are increasing, then

HeF is increasing.

Proof. From A cBcX follows F(A) < F{(B) which, in turn,
implies (HeF)}{(A) = H{F{(A)) < H(F(B)) = (HeF)(B). D

2.1.3. Definition. ‘4n increasing F: 2%—2% is use Cupper
semicontinuous>, if X, ¥ are spaces and for each xe€X and any
netghbourhwod W of F(x) there exists a neighbourhood U of
x ‘such that PF(U) < V.

Clearly, for F: X—-»2Y the inclusion F(U) ¢ ¥W is equivalent to
F(z) < W, zeU. Hence in such a case 2.1.3 agrees with the classical
definition [2, p. 114}. If h e C{X,Y¥) holds, then h is usc.
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Let us present some properties.

2.1.4. Lemma. If F: 2x—+2y, H: !—-»2z are usc, then HeF ig
usc. " If h. e C(X,Y) and H: oY 22 15 usc, then Heh is usc.

Proof. 1In view of Lemma 2.1.2, it suffices to consider the second
zeduitement of Def. 2.1.3. If we have ~H(F(x)) < W for an open set
W < 2, then each element .y of F(x)" ‘has a - neighbourhood Vy such
that - H(V,) < ¥ holds. ~For 'V = lj{vy: y € F(x)} there exists
a neighbourhood U of x such that F(U) < V.  “Hence we obtain
H(F(U)) < H(V) = lJ{a(vy): y € F(x)} ¢¥W. "If F =h eC(XY), then
we have .V_= VY ’foz b4 = f(x). O i

2.1.8. Lg‘_mm.' If ¥ 2x-—vZY~'is usc and C is a closed subset of
Y. then F(C) is closed. . L

Proof. MAssume x ¢ F (C). Then we have F(x) n.C = @ and "Fix) ¢

Y\C.  The set Y\C is open and, therefore, F(U) < ¥/C for a U=

Ux" F . being usc. From the fact that " Flz) < F(US, zZ€U follows

U n P (C) =6 which means that F (C) 1is closed. O )
For F:yzx—»zg'-letAus write Gp = {(x,¥) € X x ¥: "y € F{x)}}.

n

3

2.1.6. Lemma. ‘Let F: 2x—>2Y be usc with closed wvalues. If
Y tis a regular space or if Y is a ‘Tz—space and F(x) 1is compact,

xeX, then Gp is a closed subset of X x Y.

Proof. I1f (x,y) € GF;  then there exist disjoint neighbourhoods
Vv = Vy, ¥ = wF(x)' For a .U = vx' we have F(U) < W, F being usc.
The fact that- F is increasing implies that F(z) ¢ W, 2z € U and

hence . (U x V) n GF =@ holds. O

2.1.7. Lemma. Under the hypothesis of Lemma 2.1.6 the set Fix F
(= {xeX: x € F(x)}) is closed.

Proof. If x ¢ Fix F, then. (x,x) ¢ GF ~ and for a U =1U we
have (U x U) n GF =8 {see 2.1.6). Hence, F(z) nUu =8, zeU
which implies that U < X\(Fix F}). O

2.1.8. Lemma [36, Lemma 1 p. 1571. If for F: X—2' F(X) is
relatively compact and GF is closed, then F is usc with closed
compact values.
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Proof. For the sake of simplicity let us assume that Y is
compact. Suppose v = wF(x) to be such that for each U = ~Ux we
have F(U) &« W. Hence, there exists a net ((xs,ys))ses' for which
X, — X, Y, € F(xs), Yg ¢ W, seS. It follows from the compactness
of Y that (ys) has a convergent subnet {31,"1'}1.2 p.136]. The
respective subnet of ((xs,ys)) is convergent to an element (x,y) €
€ GF' this last set being closed. Hence, (xs,ys) e Ux W for an
s€s, and a contradiction results. Thus, for each wF(x) therxe
exists a Ux < wF(x)’ which means that F 1s usc. In particular,

by considering ((x,ys)) we assert that  F(x) is closed. O

2.1.9. Legma [36, Lemma 1 p. 1571. If F: X—2¥ is usc with
compact values, then for each compact set A < X, F(A) {s compact.

Proof. Let # e an open cover of F(A). For each xeA we can
find a finite cover b‘x» of F(x) by members of #¥. For a Ux we
have F(U ) < W .= U¥,. The cover {u,: =xeA} has a finite

subcover {le,...,an}. Hence vxlu ees U Vxn is a finite cover of

F(A). O
X Y 4 - R
2.1.10. Corollary. If F: 2°—2", H: Y2 are usc with compact
values, then HeF is usc with compact values (see 2.1.4D.
2.1.11. Refinition. Let F: 2*‘—4 2Y be wusc. Then F is
relatively compact provided that F(X) is relatively compact Ci.e.

contained in a compact subset of Y>; F is .compact if F(X) is

a compact set.

2.1.12. Remark. In each regular space Y the closure of any
compact set is compact (31, B (b) p. 161]. In each T,~space
Y every compact set is closed. Therefore, in these cases compactness
and retative compactness of F: Zx—-?2Y coincide.

For the sake of " further applications we are interestedv in the
dependency between the upper semicontinuity of F: x—»zE and of CQoF
when E is a uniformizable space (see, e.g. Th. 2.2.12). We recall
that a space is uniformizable if and only if it is completely regular
{31, Corol. 17 p. 188]. For the sake of simplicity we will just
require (E,?) to be a uniform space.
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2.1.13. Lemma. Let X be a space, (E,V) a unt form space, F:
ZX—DZE inéreasing and such that all vatues of F are compact. Under
these assumptions F is usc if and only if the following is satisfied

(2.1)  for every xeX, VeV there exists a neighbourhood
U of x such that F(U) < V(F(x)).

<

T
‘In particular, if F is usc with reldtively compart values, <then

F is wusc.

Proof. Assume (2.1) is satisfied. For each Ve¥, A < E. we have
E < V(d) (31, Th. 7 p. 1791 - and hence F(U) < V(F(x)) implies that
F(U) < 2V(F(x)) ‘c 2V(F(x)). 1In view of Lemma 2.1.2 .F |is
increasing. Every neighbourhood of the compact set Fix) contains
a uniform neighbourhood [31,‘ Th. 33 p. 18%] and, therefore, the-
above inclusion means that F is -usc. Conversely, Iif F(U) <
e V(F(x)) holds, then F(U) c F(U) < W(F(x)) < 2V(F(x)) and
consequently (2.1) is satisfied. O

2.1.14. Lemma. Let X be a space. (E,¥), (Z,¥) uniform spaces
and’ let an increasing F: 2% _,2F satisfy (2.1) Ce.g. F is wuscd>. If
(E,0) is a weed in %, all values of <cQoF are compact and the
following is satisfied '

(2.2) for every VeV there exists a Ve¥ such that for each
A e {F(x): xeX} we have cQ V(A) < W(cQ A),

then ‘ﬁ-!‘ is usc.

Proof. 1In view of Lemma  2.1.2 and condition (1.6) «cQ<F |is
increasing. Let U,V,¥W be as in (2.1), (2.2). We have . cQ F(U) <«
< cQ V(F{x)) < W(cQ F(xj)., i.e. (2.1) for cQe¢F in place of F. Now
we apply Lemma 2.1.13. O

2.1.15. Lemma. Let (E.¥), (2,¥)  be wuniform spaces, . (E,Q)
a weed in I and F: 2x-—>2E. If all wvalues of F are overhulls,
then from {2.2) follows

(2.3) for each WeWN there exists a Ve¥ such that for every
A € {F(x): xe€X} we have cQ V(A) < W(A).
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1f (2.3) holds and all values of F are underhulls, then (2.2) is
satisfied. In particular, if all values of F are convex, then (2.2)
and (2.3) are eguivalent. By (2.3) F(x) is an overhull, xe€X.

Proof. From (2.2) and Def. 1.2.2 we obtain cQ V(A) < W{cQ A) <
c W(a), i.e. (2.3). If (2.3) holds and A < cQ A, then cQ V(A) <
< W(A) < W{cQ A} . implies (2.2). In view of R = N{win): wev} [31,
Th. 7 p, 1791 (2.3) means that cQ AcX i.e. A is an overhull. D

It is worth noting that Lemmas 1.14, 1.15 remain valid foz»;(2.2),
(2.3) modified as follows: for each WeW, A € {F(x): xeX} . there
exists a Ve¥, etc. Nevertheless the "unifozm" vers!ons presented
above are of greater interest in this paper. S

If M is a locally convex space (every neighbourhood .V of zero
contains a convex neighbourhood V of zero), then for each A c M
we obtain (see Ex. 1.2.3.) cQ(A+V) = convI(A+VInE]l < [V {,conv(AnE)l n
nXc(W+cad nX. - o B

2.1.16.  Corollary. If Z +is a convex set in a locally . convex
space, then every mapping F: X — 2% satisfies (2.2) for - c0 = conv
and it satisfies (2.3) whenever all values of F_",a.ré convex. Hence
if F satisfies (2.1) Ce.g. ' F is uscd, then . ConveF . Cclosure in

7> is usc whenever its wvalues are compact.

2.2.  FIXED POINT THEOREMS

This section contains fairly generalb theorems on fixed points;
Though being abstract, they can be easily applied to 1linear spaces
(see, e.g. Th. 2.2.4). As a conseguence of the main theorem of this
section (2.2.11) we obtain a very clear Th. 2.2.13. Some other
classical results are Theorems 2.2.10, 2.2.17, 2.2.1%, 2.2.21. Two
jnitial lemmas play the crucial role in this paper.

2.2.1. Lemma. let (E,Q) be aweed in X and F: x—28. 1y
G = X\F : E— 2x is not KKM, thern there exists a set ¥4
{zl, = et zm} c E and a point X € Qm(z) < Qm(F(x)) < cQ F(x) (z

= (zl, Y zm)).

i

Proof. Since G is not KKM (see Def. 1.4.2), then for a set 2
{24, ovr Zpb < B 12c1usion Qitz) = Qu(z) ¢ U{X\F (z;): &
=1, ..., m} = X\Q4{F (zg): i=1, ..., m} does -_not hold.
Hence there exists a point x € Qm(z) suach that x € F (zi), i=1,
ceey M which means z; € F(x), i=1, ..., m. This last implies
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Qm(z) < OA(F(x)) < Qm(F(x)) (Remark 1.2.13) and thus our lemma is
established (see (1.5). O
The subseguent lemma is a speciéiization of 2.2.1.

2.2.2. Lemma. Let (E,Q) be a weed in X, F: X — 2° and tet
Qn(e) n F (y) be open in Qn(e) for each yeE., while E =
= {el yesas en} and F (E) = X. Then there exists a set 7z =
= {zl, . zm} cE and e poini x f}x such that x €Q (z)
< Qm(F(x)); in particular, X € Qn(e) n Qn(F(x)) < Qn(e) n e F(x)
c o Fix) for e = (el, cees en).

N

4

Proof. Let 'us consider 6 = X\F . Clearly, the values of
Q,(e) n G are closed and = (J{Gly): yeE} = X\F (E) = @. In view of
Th. 1.4.3 G cannot be KKM. Now it suffices to recall Lemma 2.2.1
and to take into account the inclusion Qm(z) < Qn(e). |m]

Directly from 2.2.2 foliows

2.2.3. Theorem. Let X be a compact space, (E,Q) a weed 1in
X and F: x—2F a mapping such that all values of F  are open.
Ther cQsF has a fixed point. If, in addition, all values of F are
overhulls, then F has a fﬁxad point.

Proof. There exists a finite set El‘c F(X) such that F_(El) =
= X, X belng compact and DF = X. Now Lemma 2.2.2 applies to
(EI,Q) in place ¢f (E,Q) and E1 nF in place of F as we have
F (y) = (ElnF) {(y), y € Elf o

If in the .above all values of F are overhulls, then from
cQ F(x) ¢ X it follows that ~cQ F(x) ¢ X n F(x), xeX and one may
assuame F:'X—»zx.’ )

. A8 a very particular consequence of 2.2.3 we obtain the following
generalization of a Browder's theorem [S, Th. 1 p. 285}

2.2.4. Theorem. Let X be a compact convex set in a Linear
space, F: x—»ZX a mapping and let all values of F  be open. Then
there exists a point x € vonv Fix). 1If, in addition, all values of
F are convex, then F has a fixed point.

The theorem to follow is a consequence of Th. 1.4.7.

2.2.5. Theorem. Let (E,Q} be a weed in X and F: X - ZE

a mapping satisfying
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(i} eall values of F  are compactly opem

(ii) X\P (K) is compact for a c—compact set K < E.
Then cQeF has a fixed point. If in addition all values of F are
overhulls, ‘then F has @ Fixed point.

Proof. Let us adopt X =Y, h =1d; and L = X\F~ in Theorem
1.4.7. 1t is seen that all values of L: E—*Zx are compactly closed
and [}{L(x): xeR} =_‘X\F'(E) = ®. In view of Th. 1.4.7 L 1is not REKM
and Lemma 2.2.1 appliés. o

Now we are going to prove some results for usc mappings.

2.2.6. Lemma. Let (X,¥) be a uniform precompact sSpace, (E,Q)
a weed in X and F: 'l{—.ZE a mapping. Then for ecch Uell there
exists a finite set E; = {el, . olaly en} c F(X) -emd a point X €
€ Q. (e} n On((F-U)(x)) < cQ F(U(x)).

Proof. We may require U to be open and symmetric (31, Th. 6 p.
179]. There exists a finite cover {U(x;): i =1, ..., n} of X as
X is precompact. Then for e; € F(xi), i=1, ..., n and E1 =
= {eys oo e,} we have X = Uuixy) = (UsF (B} - = (U™-F ) (E,)
(F. » U) (E,) (U = U - symmetry). Clearly, - all values of
(FeU)™ = UsF~ -are open and we may apply Lemma 2.2.2 to E, and
Eln(F-U) in place of E and F, respectively. O

A simpler version of the above lemma is the following

2.2.7. Corolliarv. If X 1is e precompaci convex set in a linear
space 1, and F: x-—»zx isdmpp:‘.ng, then for each neighbourhood

U of zero in 2 there is an xe€X such that x € conv&(x-&U) n X,

2.2.8. Theorem. Let (X,4) be a compact unti form space, (E,Q)
a weed in X and let F: x——b2s}‘ T: X—-»Zx be mappings satisfying

(2.4) for each xeX, Well there ..existsa Uelt such that
cQ(FeU){x) < (W-T)(x).

Then T has a fixed point.

Proof. Suppose T has no fixed point. Then £for each xeX there
exist U, W e U such that UX(x) n (WSeT)(x) = 8. Assume 2U"(x) n
n cQ(F-ZUxHx) = B, xe€X. There exists a finite set Z < X such that
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x.= U{u(z): zez}. Léf_' f]{Uz' zeZ}.  For each xeX theze
exists a z€Z such that x e v* (z) -~ and hence U(x} n cQ(FU)(x} <
< (UeU%)(2) n cQl(FU)(U*(2))] < - 20%(z) n cQ(F+20%)(z). = B. Thus

cQeF-U has no fixed point which contradicts Lemma 2.2.6. o
In conseguence we obtain .

Y Theorem. " Let (X,) be a uniform space. (E,Q)  a weed -in
X ‘and - E:._X—-oZg a mapping such that ~CQeF  is compact. Then cQ-F
has  a  fixed point. If in addition all. values of F are "'clos‘e'd‘
overhulls, then F has a fixed point. I

. Proof. The sef €a F(x)~ ls_compact'v(bef.j 2.1.11) and;;ﬁee heVe
CO<F: - c0 F(X) — 269 F(X) g Theo:em 2.2.8 applles tef'vxi Ly
= cd F(X), E = P(X,) ‘and T = cQeF. O [
Corollary 2. 1.16 and Th. 2.2.9 imply the iollowing genetalization
oi a theorem o£ Ky Fan (16 Th. 1 ' p. 1221 and Glicksbezg (25 Theorem

p. 1711 (we do not require X to be’ T )

2.2.10. . ],‘_hgg_;_g_m Let X be a convex set ina locdlly convex
spacé. - Af P X—bZ ‘is an usc mapping with. ‘closed: convex 'ualues and

conv‘F(x)' ‘is coﬁpact. then “F ha.s a fixed point.

" The subsequent theorem is more 1ntezestinq from the point of View
of locally convex spaces (for convex: F(x) “V(F(x)) . may be consxdered
‘convex. in (2.5)) - :

2.2.11. Theorem. Let (X,u), ('E,-'r.)_ be uniform spaces, (E,Q)
a weed in X and F: X—2%, T: x—2X mappings. 15 F satisfies
(2.1) Ce.g. if F is wuscd, F(X) ‘is precompact C' = T(X) is
a compact set and . v ’

{(2.5) for each VeV  there exists a VeV such that for every
xeX  we have cQ{VeF)(x) < (WeT)(x),

holds, then T has a fixed point.

Proof. Let Uell, Ve¥ be symmetric, U - open and let: 'El'c FOD
be a finite set for which ~F(X) < V(E;) holds. We have (VeF-U) =
= Ue(F V), i.e, all values of (VeFoU)~ are open. What isvmore¢
X = (F eV)(E;) = (UsF V)(E Thus ZVeF-U satisfies the assumptions
of Lemma 2.2. 2 and consequently A(U) = {xeX: x e cO(VeF=U)(x)} = @.
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Cleaxly, inclusion Ul < Uz, U1'“2 e U implies UA(U1) < A(uz) and
for Ul' O Un € ¥ there exists a Uel! such that. U c Ul, =l Un’
Thus {A(U): Uell} has the finite intersection property. What is moxe
;1 does not depend on 4] and therefore the' family - {AiU)vﬂ'Dn(e):
peu} "has the finite intersection property (see 2.2.2). "in turn,
Qn(e) is compact as being a continuous image of Pn-l and therefore
there exists an x € A = 4RO n Q,le): Uell}. If xeA then we
have U(x) n U(A(0)) = O, Uel, as  A{U) < U(a(®)) -[31, Th. 7 p.
1791. Now it is seen that 6 = U(x) »n cOQ(VsF-U)(U(x)) = UVix) n
n CQ(VeF+2U)(x) and (2.1) implies x € U(cQ(V-F)(x)), Uell, iie. x &
€ cO(V-F)(x). MNow from (2.5 ) we find out that B(V) = {xeX: x e
€ cO(VeF)(x)} c 2W(C) £for "small® V. We have B(V) n W(C) = 8§, Ver,
Vet .as V1 c~V2, Vl,v2 e ¥  imply B{Vl) < V(vzl. Therefore, C 0
n W(B(V)) = 8, Ve¥, Well. The family {C n W(B(V))}} has the finite
intersection property and in view of the compactness of [od there
exists an x € C n (J{W(B(VI): Ve¥, Well} c Cn {J{2W(BIV)): Ve¥, Veil}.
Hence @ » U(x) n SG(VeFU)(x) c W(x) n CO(ZV-F)(x) < Wix) n WT(x))
for each Well and the respective. Uell, Ve¥ (see (2.1), (2.5)).
This means that x € T(x). D )
Theorem 2.2.11 can be specialized as follows

2.2.12. Thegrem. Llet (X, W),  (E,7) be uniform spaces {(E,Q)
a weed in X .and F: x—+2E a mapping sucﬁ that F(X) s precompact.
Assume  that F satisfies (2.1) Ce. 8. F is wusc) and € =
= [J{ca Fix): xeX} is compact. If (2.2) is satisfied for (I,¥) =
= (X,U), then GTQ+F is usc and has & fixed point. If in addition
Ca F(x) < Fix), x€X C(e.g. all values of F are overhullsd, then
F has a fixed point. If F or F is compact “ahd (2.3) holds for
(2,¥) = (X,&), then F satisfies {2.1), € is compact and F  has

a fixed point.

Proof. By replacing T by cQeF in 2.2.11 we - obtain the £first
part of 2.2.12 (the fact that cQe-F is usc follows £from Lemma
2.1.14). If F  is compact and (2.3) is satisfied, then we obtain
(2.1} (see Lemma 2.1.13), and € < F(X) as all values of F are
overhulls (Lemma 2.1.15). In view of Def. 2.1.11 C is compact. HNow
we may apply 2.2.11 to T = F. ©O

In place of F(X) being precompact, in 2.2.11, 2.2.12 it suffices
to assume that there exists a precompact set D < F{(X) such that
F (D) = X. In the respective proofs one considers E < D.

From the last part of Th. 2.2.12 we derive a more genezél version
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of ‘[35, Corol. 1.18 p. 1731 (we do not require X to be Tz)

2.2.13. Theorem. Llet X,C be convex sets in a Llocally convex
space and F: X — 2x+c a compact mapping with closed convex wvalues.
1f one of the following conditions is satisfied .

Ca> ¢ = {8}, N _
(b) X tis compact and C closed,

) (c) X is closed and ' C éompaéf. )
then there exists a point x € F(xf-c,. i.e. such that (x+C) a F(x) =
= 8.

Proo}L The case (a) is a particular version of Th. 2.2.12 (see
Corol. 2.1.16). Let us consider H{x) = X n (F(x)}-C), xeX. Clearly,
H: x—+2x is a mapping with convex vélues which are closed (32, 13.1
(iv) p. 11l]l. Therefore, for (b} H satisfies hypothesis (a}. Let
us consldei case (¢).  In view oi_[32; 13.1 {(iii)}] F{x)-C  is compact
as being  closed (F(x); ¢ - are  compact convex). What - is more,
F(X)-C is compéct i32, 5.2 (iv) é. 35]1. The closure of a compact
set " in - a regular space is compact {31, B (b) p. 161} - and,
therefore, for (c) H satisfles (a). If F(U ) <V + F(x), then
F(Ux) ~ ¢ <« V 4+ F(x) - C helds, which means that H 1is usc as it
suffices to consider uniform neighbourhoods of H{x} (31, Th. 33 P
1991. © ' ' '

The above proof is much simpler than = Lassonde's especially if we
consider only locally convex spaces in Th. 2.2.11 and Lemma z2.2.2.

In. particular, if F: X —Q (X+C) is a map and- X is a Tz-space,
then 2.2.13 (a} becomes a theorem of Hukuhara [88, Th. 2]}. ‘In the
final part of this section we present a. simple direct proof of an
extension of this theorem.

The theorem to follow seems to be of less interest than 2.2.11.

2.2.14.  Theorem (cp. Th. 2.2.8). Let (X,U) be a uniform space,
{(E,Q) a weed in X and F: x—»zE, T: X—s2X mappings. If € = T{X)
is compact and for each Vel there exists a finité set E, < F(X)

such that ¥ = (UoF—)(El) and the following is satisfied

1

{2.6) for each Well there exists a Uell such that jor each
x€X we have cO{FsU}(x) < (WeT)(x],

then T has a fixed point.
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?noof. Similarly as in the proof of Lemma 2.2.6 we assert that
Eln(Fou) satisfies the hypothesis of Lemma 2.2.2 which means that
A(U) = {xeX : x € cQ F{U(x))} ~is nonempty, Uell. For each Vel
there exists a Uell such that A(U) < W(C) {see (2.6)) and - hence
C nW(A(U)) #®, U, € ¥ Then for an x € C n (){A{U): Ued} and
U "small™ we have B = U(x) ncQ F(2U(x)) < W(x) n W(T(x)). Hence
x € T(x) holds. O

Now we present some elementary results for lower semicontinuous
mappings. First let us extend the classical definition.

2.2.15. Definition (cp. [2, Th. 1 p. 1151). Let X,Y be spaces.
Then F: 252 is 1sc if F (V) - is open for each open V c Y.

. L ] ) ,

2.2.16. Lemma. Let (E,Q) be a weed in. X and F: x—2%  an tsec
mapping. 1f (E,¥) is a precompact uniform space, then for each VeV
and B = {el,i..,en} < F(X) .such that F(X) ¢ V(E) there exists an
x € Q (e) nQ (VIF(x))) c cQ VIF(x)). )

Proof. Let V be open and symmetric {31, Th. 6 p. 1791. From
the fact that F is lsc it follows that for each y € F(X) . the set
(VeF) (y) = (F =V)(y) is open. There exists a finite set E; < F(X)
such that F(X) < V(El) and, therefore, (VoF) (El) = F (V(El)) =
= F (F(X)) = X holds, F being a mapping. Now we apply Lemma 2.2.2
to Elq(V-F). o v v '

Lemma 2.2.16 is a generalization of a Lassonde's theoren {14,
(13.16) " p. 104], as from the above follows

2.2.17. Theorem. Let X be a convex set iIn a Llinear space
M and F: x—»zx an lsc mapping such that F(X) is precompact. Then
for each neiéhbourhood V of zero in M there exists a point X €
€ conv (V + F(x)); <if in addition Vv, F(x) are convex, then x €
e -V+F(x) and (x+V) n Fix) = 8 hold.

From Lemma 2.2.2 one can obtain
2.2.18. Lemma. Let X be a precompact set in a uni form space
(E,7) and H: x—*zE an lsc mapping such that for an open VeV we

have H(X) < V(X) and (X n {V-H)(X),Q) is a weed in X. Then there

exists an X € cQ(FeH)(x).

Proof. From H(X) < V(X) we obtain (VeH){x) n X =&, xeX. Now
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F = Eln(V-H); for a finite set El < X, satisfies the assumptions of
Lemma 2.2.2. Thus, there exists a point x € c¢Q F(x) < cQ(V-H)(x}). O

In particular, from 2.2.18 we obtain the following more general
version of (14, (13.15) p. 104}

2.2.19. Theorem. let X bde « convex precompact set -in a Llinear
space M and_ F: X—*ZM an lsc mapping such thai for an open
neighbourhood V of sero in M we have F(X) <c X+V. Then there
exists an x € conv(V+F({x)). - If in. -addition V, F(x) are convex,

then there exisis an X € —V+F(x);.i{é{'such that {(x+V) n F(x) = 8.

Now we pzesent a fixed point theorem which generalizes a Hukuhara's
result {29, Th. 2 -p. 2}

2.2.20. Theorem. Let f£:',¥v;+»x - be a fé—compaét map while
(E£(X),Q) is e weed in X.. - If the following is satisfied Cep. {6.3)>

1 {2.7) for each y € £(X) and each W = 'wy there exists
e v=v, such that cQ V < W, :

then £ has a fixed point. .

~ Proof. Leg Z be a Tz—compaét- subspace of X such that £(X) <
< Z, Suppose £ has no fixed point. Then by (2.7) therxe exists an
open. cover v = {Wy: yeZl} of Z  such that the following is
satisfied .
(*) £7(W) ncQ V=8, Ve
There exists anvopen’¢6ver u = {Ul, ceep Un} being a barycentzip
refinement of & [15, Th. 5.1.12 p. 377). Then for e, € Ui we
adopt- G(ei) = X\f (Ui). Clearly, G(el) is closed €£or each i-é
=1,...,n and (G(e;) = X\f (U;) = @. Hence in view of Th. 1.4.3
G is not KKM. We have G(e;) = X\F (e;) for F(x) = {e;: £(x) « u t
and by Lemma 2.2.1 there exists a point x .such that x € cQ F({x) <
< cO St({f(x),4) <« cQ W for a VeV. From the fact that cQ {y} = {y}[
y € £(X) we obtain. x € £ (W) and, consequently, X € £F(W) nco W
which contradicts (*). O

Let us quote an extended version of Hukuhara's theorem which

foilous from 2.2.20

2.2.21. Ihgg;gm. Let X be a convex set .In a locally convex
space and f: X — X a Tz—compact map. Then f has a fixed point.
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In connection - with Theorems 2.2.20, 2.2.12 it is interesting to

compare conditions (2.7) and (2.3).

2. 2. 220 Lemma. Let (X, i) be a uniform space and ) (E,Q)
a Tz-'-compact weed in X, B < X. Then the following condi t ions are
eqguivalent ) - N )
{a) for each Well, xeE there exists a v€u _ such - that
cQ V(x) < W(x),
(b) for each VWeld there exists a .. Vel such that for each
x€E cQ V(x) < Wix)  holds.

Proof. There exists a finite set Z ¢ E such that E < Uviiz;)
and cQ 2Vl(zi) < V(_zi). Fc_n: V__= nvl and every x€E  there exists
a point z; such that xev_l(zi),_' i.e. z; € vi(x). Hence we obtain
V(x) < 2V(z;) amd cQ V(x) < W(z ). Condition (a) ‘implies 6 =
# cQ {x} < {x}, xeE and, therefore, x € cQ V(x) < W(zi). Now we
have c0 V(x) < W(zi) < 2W(x), xe<B, 1i.e. from (a) follows (b). O

2.2.23. Remark. From the proofs of ~Theorems. 2.2.8, 2.2.11 and
2.2.14 it follows that we may assume Q ir (2.4), (2.5}, (2.6} to
depend on W, t.e. there exists a family {Qw: Well} ' such - that for
each Wel - (F(X),Qw) is a weed in X and the respective inclusion
holds for 'QW in place of Q. Similarly, Q@ in (2.7} may depend on
W = {wy: y € £(X)}.



3. Cross theorems, coincidences

3.1.  CROSS THEOREMS ~ .

‘This section 1s bdet‘mted 'to the fixed point  theorems for the
composition of mappings. The main resluts are  3.1.3, - 3.1.5. Thé’ix
versions for linear spaces, Theorems 3.1.4, 3.1.8 and Remark 3.1.6
seem to be of importance. . . SO

It appears that composition of two mappings with convex values may
fail to have a convex value. This 'is. the case, e.g. for HeF:

. 2 .
8% — 28, where F(x) = [-1,1]1 ¢ R, x «R’, H(0) = {0}'x R and

B(x) = (x,0) " for x =0, . x€R. To avold these difficulties we

use-the Cartesian product of ‘mappings.

E

For Pi X, —2 *L, 4 =1, Lo, @1, FiiX,—» 21  we define
the cross function : F: X '— ZE‘.‘ -as Eollows
CRx) = (FooXFyox oue X Fp 0%y, 0ee, X)) = Foalx) x

13.1)  x Fy(xy) x ... x P o (x 1) < B =P{E: 1 =131, ...
mp, o X = (X5, e..p X)) €X =P{X;: 1 =1, ..., m}. .

s it is seen F oF ,c ... °F;

if .there exist xibe‘xi, i=1, ..., m such that X, € chx'm;, X €

€ Fm—l(xm-l)' Xy X, € Fll(xl)’ i.e. if and only if F as in . (3.1)
has a fixed point in X.

has a f£ixed point in X, 'if and only

3.1.1. Remark. We have proved some fixed point theorems for weeds
and therefore it is convenient to dejimlh,é respective structure for
the Cartesian product. If '(ES,QS) is a weed in Xs, seS, then for

E = P{ES: ses},. X = p{xs: s€5} sequence Q is defined as follows:

if e = (el, 0000 en§ € En, then we write e, = (ps(el), eses ps(en))
. ) . - s, =
(pg - projection into ES:,-IM e, = P-{Qn. seSt, n::i;ere Q,le,t)

= p{aS(e,t): ses}, t € PPTU. Clearly. Qi E' x PP — X fulfil
all reguirements of Def. 1.2.7 <Cthe Tychonoff topology in X2, i.e.
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(E,Q) és a weed in X. What is more, for A = P{As: seS} < X we
S . Sa .
have Q (A) = P{Qn(As): seS} and cO A = P{cQ A_: seS}. The last

two egualities are very useful for cross mappings.

Let us present an assumption which will appear ‘here in each of
general cross theorems (i.e. fixed point theorems for cross mappings)

3.1.2. Happing F: X—2° is defined by (3.1), (E; al)- is a weed
N r . N
in xi' i=1, c.o, m oand Qn = Qi X ees X Q:,4 neN. = N

Theorem 1.4.5 and Lemma 2.2.1 enable us to prove the'foliowing

3.1.3. Theorem. If 3.1.2 holds, all values of . F1 IRy F are
compactly open and for at least one index i we hnoe R

(3.2) Xi\F;(K) - is compact fér a c-compact sgt K < Ej (i =1
if m=1) o
and  cO'F (x;) < T,(x;) Cfor the respective 3. x; €X;, i-
=1, cosp M, then there ex;sts a point x € X such that - (xl, ceny
xpd € Tplxp) x T(xg) x cee X T (xm_l). JIf I addttton E =X
all values of F1 are Q —overhulls Cthe respective j). i=1, ...;
m, then Fm- cei® Fl has a fixed point.
Proof. Assume that K c¢ El is c-compact (Def. 1.4.6). Then the
set Xm\Fm(K) is compact and all values of Fm are compactly open
{(Def. 1.4.4). - In conseguence there exists a finite set’ z1 < El such

that for Ei = KuZ we have X = F_(Ei). The compactness of KZ < xl
implies that there exists a finite set EZ < E2 for which Axi = KZ <
1(E2 . The set Xi = cQ 'E' is compact  (Remark i.2.13) and

therefore there exists a finite set Eé < EB‘ with Xé < F;(Eé). By
induction we define a £inite set E'm < Ep for which X&_l =

-1 : = ——

@™ igr ¢ FZ (B, Clearly, X1 = cQ™E] < X =TF_(E])
holds. Let us adopt E' = Ei X ... X E' X = xi»x Yo =R X x& and
Qile,t) = QF((Byleg), «.op Pyfe ) E) X ... x QRTUR leg), ...,
pm(en)),t) for e = (el, ceep © ) € (E’) t e P s, D €N (see

{1.10)). As it is seen (E',Q') “is a weed in X' (Remark 3.1.1)
and, in addition, X' is compact. TFor F(x) = Fm(xm) x Fyl(x;) x ...
x Fm—l(xm-l)' x € X' let us adopt G{x) = X'\F (y), y € E'. All
values of G are compact, closed and [}{G(x): x€E'} = X'\F (E') = 8.
In view of Th. 1.4.5 G is not KKM. By Lemma 2{2.1 there exists an
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X € cQ'F(x) and consequently x € ¢Q F(x) < T(x) (Remark 1.2.13).
If cQ F(i) < F(x), e.g. if all values of Fi are overhulls, i =
i, ..., m, then Xy € (Fm° o -Fl)(xl). 0 ;

In particular, fzom»Th. 3.1.3. (x1 ='E1, i=1, ..., m) we obtain

3.1.4. Theorem. - Ix.et Xl, . X.‘ be conwvex sets in linear
spaces, F1= Xi — 2 “'1,' sz xm—» 2 1, i=1, ..., m-1 maAppings
with convex values and such that all values of F; are compactly
open, 1 =1, ..., m. If for an index i {3.2) is satisfied (E
= Xj). then Fn' sss oF has a fixed point.

3
1

Let us prove a theorem which brings' together 2.2.8, '2.2.11 and
2.2.14. ’

3.1.5. Theorem. Assume 3.1.2. Let (X U
and let mappings T, satisfy (3.1) for E = X. If T (X5) are
compact and for each 1 =1, ..., m- separately, one of the following
ig satisfied :

) be uniform spaces

fa) Xi ‘ is compaci and for eacl“w. xiexi, Vellj there exists

' a’ Uelt;  such that cQ’(F «U)(x;) < (WT)(x;) (cp.
2.2.8), : T -

(b} F-l_ is usc (Ej,‘V‘j) is a ‘tm.ifom space, Fi(xi) DE
precompact and for each weuj there exists a VeV]. such
that for each X e€X; we have coj(V-Fi)(xi) € (WeT ) (x,)
{ep. 2.2.110,

{c) for oach. Ue!l1 there exists a finite set Ej < F(Xi)
such that X, = (u.t.';)(zj) ond for each Well; there
exists @ Uell, such that cQ’(F *U)(x;) < (VWT;)(x,},
Xy € xi Cep. 2.2.14).

then T has a fixed point. i.e. there exists an x, € X

1 1 such ‘that

% € (Tm- oo -Tl)(xl).

Proof. Let us write H
(c) and Hi = Vj‘Fi'U
x Ho 4 fulfils the requirements cf Lemma 2.2.2 (see the proofs of
Theorems 2.2.11, 2.2.14). Hence A(U) = {xeX: x e cQ H(x)} = '@,
Ueld (o= P{lli: i=1, ..., m}). Now we state that - (}{ATU): Ueli} =
» 8 which is a little more complicated foxr (b), where one should
remember that W n Qg(pj(e)) is a compact set (cp. the proof of
2.2.11). How we consider the sets B(V) of fixed points of <cQ-H

' Fi-Ui whenever F‘i satisfies (a} ox
1 in case (b). Mapping H = Hm x Hl X oee X
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for ‘U, = id, , i =1, ..., m and then we follow the remaining part
i X

of the proof of Th. 2.2.11. O

3.1.6. Remark. 7f (Xi{ﬂi) is a paracompaclt space, a{l values of
F] are open and (’Fi(xi),o’) is a weed in X, then cQ:’oFi admi ts
a selection (Th. 7.2). it enables us to wmix up Theorems 3.1.3 and
3.1.5 if such selections satisfy the assumptions of Th. 3.1.5.

Since the case (c¢) in 3.1.5 seems to be of less importance, it will
be disregarded in further consideratioms.
Theorems 2.2.8, 2.2.11 were followed by some special results. Let

us formulate the respective cross theorems for overhulls.

3.1.7. Theorem. Aésume 3.1.2‘vfor X =E and iet {Xi,ui} be
uni form spaces, Fi(xi‘) compact sets and all values of - lf‘i closefi
overhulls, i =1, ..., m. If for each i separately one of the
following conditions is saitisfied '

{a) X, 1is compact and cQj-Fi is usc Cep. 2.2.92,
(b) F; is usc and for each Weuj there exists a Vell, such
3 3
that for each x, € X; cO (Y Fiix;) < (W Fodlxg) holds
Cep. 2.2.120, .
then Fm- ‘e ‘°F1 has a fixed point.

From 3.1.7 we obtain {(cp. Corol. 2.1.16)

3.1.8. Theorem. Let Xl, N, 8 Xm ' be convex sets in locally

Xie1 X

convex spaces and F: X, — 2 » Fpt X, — 2 -, i=1, ..., m-1
compact mappings with closed convex wvalues. Then Fm- s -Fl has

a fixed point.

The éase m =2 is of particular interest. The notion "cross
function" is then motivated by F(xl,xz) = Fi(xz) x Fl(xl) and the
formula (xl,xz) € Fz(xz) X Fl(xl) explains the sense of "cross

theorems".

3.2 COINCIDENCES, CASE T,H: X—2'

3.2.2 which enables us to prove, e.g. Theorems 4.1.7, 4.3.2 is
probably the main theorem of this section.. As it is seen, condition
(x,y) € H (y) x T(x) is satisfied if and only if y € T{(x) n H(x).

Therefore cross theorems for m = 2 are eguivalent to theorems on
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coincidences. We will profit from this dependence in what follows,
without explicit mentioning it. ] ' '
In particular, from Th. 3.1.3 we obtain
. 3.2.1. Ihgq_;_e_m; Let X.I "be spaces, T x—=2Y, J=H: ¥ — 2*
mappings and (J(Y),Q), (T(X),8) weeds, respectively in. X,¥. If the
following conditions are sat a‘.sfiad )
" {i)  all values of T,J are overhulls, '
(ii) all values of T , J  .are compactly open,
(1ii) Y\JT(K) = Y\H(K) s compact for a c—compact set K < X.
Then there exists a point (x,y) € J(y) x T(x), i.e. such that y e
e T(x) n H{x)}. S

It can be seen‘that'3.2;1‘extqnds {36, Th. 1.10° p. 1681, which was
proved in a more sophisticated way. : ‘
- If X or 'Y is compact, then (iii) .is superfluous and 3.2.1
becomes a dizect ‘generalization of:a Fan's theorem ti4, (4.1) p. 771.
The theorem to follow seems to be. very convenient from the point of
view of applications of the ‘fixed point theory. The very formulation
of it employs an appzoximation technigue which usually comes = together
wlth ‘the fixed theory methods in proofs of some advanced results. Oux
théorem is p£41mportance-£or Chapter 4.

3.2.2. Theorem. Assume that (E,Q), (F,8)  are weeds in X,Y,
respectively; Z isa space, G,H: X x Y — 2z are mappings aﬁd"u,v
families of mappings U,V: X x ¥ — 2% such that every VeV contains
a Uell, for each xeE, yeB ¥(x,y) is a filter-base and each
neighbéurhaod of H(k,y) contains @ ka,y) € ¥(x,y). For.each xeX,
yeB let” G(x,y) .be closed or G(x,y) compact and I @ T, -space, or
G(x,y) .- compact H(x,y) closed and 2 regular. If the following
conditions are satisfied

‘ ® = T(x) < {yeF: G(x,y) n U(x,y} = 8}, xeX C(thus for

(3.3) ecch xeX there exists a yeF such that Gix,y) n
n U{x,y) = 8>,

(3.4) all values of T are S-overhulls,

(3.5) T {y) is compactly open, yeF,

(3.6) J(y) = {xe€B: G(x,y) n Vix,y) = 8} is a Q-overhull. yeY,



(3.7) Jd (x) is compactly closed, xe€E,

(3.8) B = {ye¥Y: G(x,y) n Wix,y) = 0, xek} is compact for
a c~compact set K ¢ E and a Ve¥,

then G(x,y} n H{x,y) = ® for a y€B and all xeE.

Proof. <Condition (3.3) means that T: X — 2F is-a mapping.
Conditions (3.4) - (3.7) are -eguivalent to (i), ii) of Th. 3.2.1.
What is mcre, for V < W we have Y\J (K) = {ye¥: G(x,y) n Vix,y) =
= B, xeK} < B, which means that Y¥\J (K) is compact as being
a closed subset of B which is compact  (see {3.8)). Hence, (iii)
of Th. 3.2.1 holds. For U < V 1let us suppose that J: Y — 2F is
a mapping. Hence, by 3.2.1 there exists a point (x,y) € J(y) x T(x),
i.e. such that 8 = G(x,y) n U(x,y) < OG(x,y) n V(x,y) = #. Thus,
J cannot be a mapping and for a y € Y we have Jly) =- 8.
consequence, Cy = {ye¥: G(x,y) n V(x,y}.? 8, x€E} is nonempty for
each Vev. By assuming V <« W we state that Cv < B - and,
consequently, Cv which is closed (see (3.7)) is compact. What is
more, the family {Cv: Vel’} has the finite intersection property,
7{x,y) being a filter base [15, p. 76], x€B, yeB. Hence, C = f]{cvz
v€1'} is a nonempty set and obviously  C < B. 1If Y, € .C, then
G(x,yo) n V(x,yo) = B, Ve?, x € E.-. Let G(x,yo) be closed and
suppose G(x,yo) n H(x,yo) = @, Then Z\G(x,yo) is a neighbourhood
of H(x,yo) and hence for a V € ¥ we have & = G(x,yo) n V(x,yo) <
< G(x,yo) n (Z\G(x,yo)) =0 which is a contradiction. If 2 is
a Tl—space, then for each 2z ¢ A = H(x,yo), Z\{z} 1is a neighbourhood
of A and, thexefore, f]VTX,yO) < H(x,yo). The same results for
closed H(x,yo) and regular Z (31, p. 113]. Assume zZy € G(x,yo) n
n V(x,yo), Vervr and let G(x,yo) be compact.: Then G(x,yo)
contains a cluster point of net ‘zV)Ver‘ {31, Th. 2 p. 136]. Every
neighbourhood of H(x,yo) contains point 2z and, therefore, =z €

€ H(x,yo). =}

3.2.3. Remazk. Theorem 3.2.2 remains valid, e.g. for U = {U}
¥V = {V,W} while U cV cH, VcW. Insuchacase I need not be
a space and in the respective proof we do not consider the

intersection of CV.

Let us quote a simplified version of 3.2.2
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3. 2. 4o ‘Ihgp_m._l.et {E,Q), (F,8) be weeds in X,Y respectively
and G,H: X x Y — 2z mappings satisfying

(3.3') 8 = T(x) < {yePF: Gix,y) n Hix,y) = 8}, xeX,
(3.4') all values o';f T are s_—oberhulls,
(3.5') . all values of T ate compactly open,

(3.6") J(y) = {xeE: G(x,y) n H(x,y) = 8} is a Q-overhull
“yer, _ :

(3.7') .all values of J = are compactly open,

(3.8') B = {ye¥: G(x,y) n H(x,y) = 8, xek} is compact for
a c-compact set K c E.

Then G(x,¥) n H(x,y) = B for a yeB and all xeE.

‘Theorem 3.2.1 is a consequénce of 3.1.3 and we derive the following
in a similar way from Th. 3.1.7.

3.2.8. Theorem. Let (X,U), (Y,¥) be uniform spaces, T: x—)ZY,
3 = H: ¥ —> 2% mappings and  (3(Y),0), (T(X),8) weeds in X,
Y, respectiuvely. If  T(X), TN are compact, all values of T,
J are closed overhulis and T, J separately satisfy at least one of

the following conditions Cwith the respective substitutionsd

{a) Xl is compact and conFl is usc,
(b) Fl is wsc - and for each Vel
that for each x
< (V-Fi)(xl),
then there exists a point (x,y) € J(y) x T(x), i.e. for an xeX
T(x) n H(x) = 8 holds.

2 there exists a Vellz such

e X we have cQz(V e Fl)(xl) <

1 1

Theorem 3.2.5 leads to

3.2.86. Theorem. Let x,uy, ((¥,¥) be uniform spaces, G,H:
A x¥Y — 2z ma-ppings and let T: X — 2Y be a mapping such that
T(x) c {ye¥: Gix,y) n H(x,y) = B}, If we require T,J, where J(y) =
= {xeX: G(x,y) n H(x,y) = 8}, ye¥Y, to satisfy all assumptions of Th.
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3.2.5 but J being <o mapping., then there exists a point y€Y
(y € NI (X)) such that  Glx,y) n H(x,y) = 8, xeX.

The above theorem contains strong requireménts, relative to the
continuity of J, T. It is easier to vezify that values of J , T
are compactly open (see 3.2. 4). ' »

As regards the coincidence theorems, the assumptions on J -can be
formulated in another way. In  place pf J_='H—: Y — 2x ‘being
a mapping and " {J(Y),0} a weed cne may assume _(E,Q) to be a weed in
X and H: X—2' such that H(E) = Y (H need not be a mapping).

3.3. COINCIDEWCES, CASE h: X—Y, He e , L

In order to abtain doincidence'resuits'ﬁo: h,H as above, we apply
more effective- Theozeﬁs 1.4.5, 1ﬂ4;7. The theorems of the preceding
section contain the case T = h: X — ¥, nevertheless they are not
sufficienfly general. Theozem 3.3. 4 can be a useful tool in proving
inequalities (see e.g. Th. 4.1. 11). ' it |

3.3.1. corem. Let (E,Q) be a weed in X» Y a space and J =
= H:Y— £ a mapping such that all values of " 37 ‘are compactly
open. If X is a compact space and h € C(X,Y) voi jf‘ Y ’is‘cbmpact
and h € FC(X,Y), them G = h « (Z\.J7) - is not KM and,
conseguently, ¢QeJh ~has a fixed point. . If, in- addition, J(y)  is
an overhull for each 'y € h(X), then Jeh has a fixed point, i.e.
h(x) € B(x) for an xeE. k

Proof. Let us adopt L = YAJ . As it is seen all values of
L  are compactly closed. What is more, . —[]{L(x):»er} = I\J (E) = B.
By Th. 1.4.5 G = h L = hT(¥)\(h7=J") = X\(Jeh)” is not KKM. Now in
view of Lemma 2.2.1 cQeJeh has a fixed point. D )

Let us point out that if all valuqs‘of . J ‘are overhulls, i.e.
cQ Jly) < Jly), er; then J{Y) < X and we may assume E c X. The
same concerns the theorem to follow which extends 136, Th. 1.1 p.
1581].

3.3.2. Theorem. Let (E,Q) be a weed in X, Y a space and J =
= H : Y—»ZE a mapping, satisfying v '
(i) all ﬁalues of J° are compactly open
{i1) Y\J(K) is compact for a c—compact set K < E.
Then for each h € C(X,Y) € = h =(¥Y\J)) is not KKM  and,
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¢on$equantly. cQeJeh has a fixed point. If, in addition, for each
y € hi{X) Jly) 1is an overhull, then Jeh has a fixed point in E.

Proof. This time we apply Th. 1.4.7 to L = ¥Y\J . 2As it is seen
N{Lix): xek} = AT (R) and (ii) 1is equivalent to (iii) of Th.
1.4.7. ©O

3.3.3. Rgma;&. Theo:ems 3.3.1, 3.3.2 are eguivalent to Theorems
1.4.5, 1l.4.7, respectively. meel&, from the assumption that G =
= h={(¥Y\J") is KKM and 3.3.1 or 3.3.2 it may follow that J is
not. a mapping, i.e.. @ = Y\J (E) = [}{L{x): xe€E}.

in accordance with Remark 1.4.8, cpndition {(ii) of Th. 3.3.2 is
superfluous, if X or Y is compact.
Now let us present an analog‘of Th. 3.2.2.

3.3.4. Theorem. Let (E,Q) be a weed in X. Y a space and for
2,6,H,U,V  as in. 3.2.2 let (3.6), (3.7), (3.8) and the following be
satisfied

for each : Uell. there exists an h € Ci{X,¥) <¢h e FC(X,Y)
(3.9) if Y is compact) such that G{x,h{x})) n U(x,h(x)) = @,
xeX. o '

Then ~ Gix,y) n H(x,y) # B for a yeB and all xeE.

Proof. 1f J(y) = 8, ye¥Y, then in view of Th. 3.3.2 (3.3.1) Eox
UecV  and h as in {3.9) there exists an xekE with Gi{x,h{x)) n
n Vix,h(x)) =8 which contradicts (3.9}). Now we follow the remaining
part of the proof of Th. 3.2.2. D

_According to Remark 3.2.2 the above theorem has simpler versions.
Let us guote the following (cp. Th. 3.2.4)

3.3.5. Theorem. Llet (E,Q) be a weed in X, Y a space and for
G,H as in Th. 3.2.4 1let (3.6'), (3.7'), (3.8') and ths following be

satisfied

{3.9') there exists a h € C{X,¥Y) ¢h € FC(X,Y) if Y s
compact> such that G(x,h{x})} n H{(x,h{(x}) = &, xeX.

Then G{(x,y)} n Hi(x,y) » @ for a yeB and all xeE.
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Por H(x,y) = Z\A, xeX, yeY vwhere A c¢Z is a £fixed set and
G =g: XxY — 2, the above theorem extends [356, Ph. 1.1' p. 159].
We do not gquote this theorem explicitely. In Lassonde's paper it was
used as a tool in proving some other results. We will apply Theorems
3.2.2, 3.2.4, 3.3.4 and 3.3.5.

3.3.6. Remark. According to the technigue of the proof of Th.
3.2.2 (,‘3.2.4) and of 3.3.4 (3.3.5), conditions (3.3) - (3.3) can be
replaced by the following system

(3.3"') 8 = T(x) c {yeF: G(x,y) n U, (x,y) = B}, xeX,
(3.4'') all values of T. are S-owverhulls,
(3.5'') T (y) is compactly open., yeF,
(3.6"") J(y) = {xeE: G(x,y) n Vy(x,y) = 8} is a Q-overhull,
YeY, ’
(3.7'") J (X) is compactly open, xeE,
(3.8'') B = {ye¥: G(x,y) n ¥,(x,y) = &, xek} is compact for a
c-compact set K c E and a Qle‘rl,
(3.9'') for each Ul € Rl there exists a h € C(X,Y) th
€ FC(X,Y) if Y 1is compact) such that Gi(x,h{(x)) n
n Ul(x,h(x)) =8, xeX.
The families U,,¥, consist of moppings in the form ul‘ =\, Vv, =
= Z\V, Uell, VeV and Wl = ZI\W, wvhere .7,V are as in Th. 3.2.2.
The respective proof, e.g. of Th. 3.2.2 ieads to  the following
contradiction @ = G(x,y) n Vl(x,y) c Gix,y) n Ul(x,y) = 8.

The above remark is trivial Iif ¢ = g: X x Y —» 2. For 6:
Xx Y — 22 conditions (3.3'') - (3.9'') are not the complements of
(3.3) - (3.9).

Now we present some theorems for usc wmappings

3.3.7. Theorem. Let (X,U) bde ¢ uniform space, (E,Q) a weed in
X, ¥ a spdce and 3 = H: 1—2F a mapping  such that all values of
J are closed overhulls. If one of the following is satisfied

(i) X is compocl and Th+J 1is wusc,
(ii) J is compact and for each Vel there exists a Vel
such that for each ye€¥ cQ(VeJ)}(y) < (WsI)(y),
then for each h € C(X,Y) Jeh has a fixed point, i.e. there exists
an x€E with h(x) € H(x).
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Proof. In place of F in 2.2.9 or 2.2.12 we consider J-h (see
Lemma 2.1.4). O
In particular (see 2.2.13) 3.3.7 implies

3.3.8. Theogrem. Let X be a convex set in a locally convex space
and ‘Y a space. If J: y-—.zx is compact with closed convex wvalues,
then for each h € C(X,Y) Jeh has a fixed point.

From 3.3.8 we obtain the following generalization of (36, Corol.
1.1% p. 1737 and [30, Th. 1 p. 501)] for X being a convex subset
of a locally convex space ®

3.3.8. Theorem:. Let (E,Q) be a relatively compact weed in
a uniform space (X, M), Y, Z spaces and C c 2 a closed set. If
mapping G: Ex Y — 2° is wusc, JI(y) = {xeB: G(x,y) n C = B} is
nonempty for each ye€Y and the following is satisfio&

(3.10)  for each Well there exists a Vel such that for every
ye¥ cQ({VeI)(y) < (WeI)(y),

then for each h e C(X,¥) there exists an x € E for which
Gix,h(x})) nC = & :
{ :

Proof. The set G (C) is closed (Lemma 2.1.5), G being usc and
C closed. BHence, Gy = {ty,x) € ¥ x X: G(x,y) nC = B} is a closed
set and in view of Lemma 2.1.8 (E is relatively compact} J is
compact with closed compact values. What is more, by Lemma 2.1.15 all
values of J are overhulls. Now in view of Th. 3.3.7 (ii) J<h has
a fixed point. O

Theorem 3.3.9, in turn, leads to an extension of (36, Prop. 1.7 p.
1641 and of {20, Th. 10 p. 197] {(cf. Bx. 1.2.8, Corol. 2.1.16)

3.3.10. Theorem. Llet (E,Q) dbe a relatively compact weed in
a uniform space (X, d), Y,2 spaces, ZI normal and C ¢ I a closed
set. If G: Ex Y —#22 is an usc mapping with closed values which
satisfies (3.10) and such that for a base ¥ of neighbourhoods of
C the set. 'Jv(y) = {xeB: Gi{x,y) n V = 8} s a nonempty overhull,
ye¥, then for each h € C(X,Y) there exists an x €k such that
S(x,h(x)) n C.= 8.

Proof. It suffices to show that J(y) = {xeBE: G(x,y) n C = 8} 1is
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nonempty for each yeY and to apply Th. 3.3.9. The intersection of
overhulls n{JV(y): Ve¥} 'is an overhull, yeY (see Lemma 1.2.4). In
addition nJv(y) is nonempty as being an intersection of closed
compact sets. If x ¢ Jv(y), then G(x,y) n V = ® and there exists

a neighbourhood of the closed set Gix,y} which is disjoint with
a We¥ (Z 1is normal). As G(-°,y) is usc, there exists a Ux such
that G(U_,y) n V=2 i.e. x ¢ Jglyi. Hence Jly) = Ndgly) =

= Niyty) =8, yer. D

3.3.11. Remark. I¥ G = g« C(E x ¥,2) in 3.3.10, then it
suffices to assume I to be regular in place of being normal, the
values of g need not be closed. In this connection the assumption
of Y being Hau.sdarff in {36, Corol. 1.8 p. 165] is superfiuous.

From 3.3.7 we obtain (cp. Th. 3.2.6)

3.3.12. Theorem. Let (E,Q) be a weed in a uniform space (X, i),
Y a space and G,H: X x Y — 2z mappings. If we require J: Y—»Z‘E,
J{y) = {xeE: G(x,y) n H(x,y) = 8}, ye¥ to sat'isfy;all assumptions of
Th. 3.3.7 but J being a mapping, and there exists an h € C{X,Y)
such that for every xe€X G(x,h(x)) n H(x,h{x)) = @, then there exists
a yeY such that G(x,y) n H(x,y) = @, xeE.



4. Examples of applications

4.1. INEQUALITIES

This section is devoted to inequalities for numeric functions. The
main results are 4.1.7, 4.1.11, 4.1.12 (see Remark 4.1.13). First we
present some properties of numeric functions which are related to the
requirements 6£ Chapter 3.

4.1.4. Definition. let (X,Q) bde a weed. Then g: X - R s
guasiconvex Uf 'At = {xeX: g(x) S:} is  an overhull, reR; g tis

gquasiconcave tf  ~-g s guasticonvex.

4.1.2. Lemma. Let '(X,Q) be a weed. Then g: X —> R is
guasiconvex tf and only if Bz = {xex: gi{x) < t} " is an overhull,
reR. If g is guasiconcave, then A—dw' Bu" are overhulls.

Proof. It can be seen that A = n{BH_p: p> 0} If Br+p is an
overhull, p > 0, then AI is an overhull (Lemma 1.2.4). Similarly,
from- B = U{Az'_‘_p: p > 0} and by the fact that ‘{Ar_p: p>0} is
directed by inclusion > it follows (see Lemma 1.2.6) that Bz is an
overhull. What is more, A__ = ({3 : reR}, B = U{B,: rer} and

similar reasonings prove that these sets are overhulls. O

4.1.3. Definition. let (X,Q) bde a weed. Then g: X — R is
convex if gl (x,t)) S E tyglx;), x e ¥, te Pn‘l, neN; g is
concave whenever -g is convex Cconsidering Def. 1.2.1 we adopt

O = 0).

4.1.4. Lemma. Each convex mapping Ls guasiconvex. Nonnegative
combination of convex mappings Con X> is convex. The least upper

bound of convex Cguasiconvexd mappings is convex (guasiconvex>.

Proof. Let g: X — R be convex and let X;, ..., X, €A be

arbitrary. Then we have g(Qn(x,t)) =¥ tig(xi) =Yy tir =x, which
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means. that Qn(At) < AI and cQ Az < Az, neN being arbitrary. The
second part of our lemma is obvious. If each q €8 is/ﬁénvex, g3
X — K, then sup §(Q,(x,t)) < sup {E t;g9(x;): ge} < L' t;sup &(x;).
Similarly, {xeX: sup &(x) < r} = [}{xeX: gix) =1, geG} and Lemma
1.2.4 show that sup § 1is quasiconvex, all geg being guasiconvex. O

The requirement of J (x) to be open (see (3.7i) associates with
semicontinuity. Now we recall the respective definitions and some of

the properties.

4.1.5. Definition. let X be a space. Then f: X — R is ses
¢ semi-continue ~_supe’t~ieu.remenc) whenever . {xeX: £{x) < T} is gn cpen
set for each reR; £ 1is sci (semi-continue inférieurement> if -f

is scs.

4.1.6. Properties (cp. [15, p. 871). lLet § be a family of scs
mappings of the form g: X — R. Then inf § is scs and for each
f, e f+9g isscs. If £, €8 and £,9: X — (0, or f,gi
X — 10,w], then £f+g is scs. If, in addition, X is compact, then

each ge§ attains its minimun in a point of X.

Let us present some applications of the theorems of Chapter 3.
If X,Y are sets and £: X x ¥ — B is a mapping then, clearly,

inf £(x,Y) < £(x,¥y) and, hence, sup inf £(x,Y) = sup £(X,y) which,
x€X
in turn, implies 4

(4.1) sup inf £{x,¥Y) =< inf sup £(X,y).
x€X yeY

The theorem to follow is a generalization of (35, Th. 1.11 p. 168}

4.1.7. Theorem LlLet (X,Q), (¥,§) be weeds and £: X xY — R
a mapping satisfying
(i) £(x,*) is guasiconvex and sci on compacta, XeX,
(ii) £(-,y) is guasiconcave and scs on compacta., ye€¥,
{iiti} B8 = {&ef: sup £(K,y) = q} i compact for a c-compacl

set K e¢X and o q suh that b = sup inf f{ix,¥Y) < q.
x€X -
Then the following holds

(4.1) min sup £(x,y) = sup inf £(x,y).
y€B xeX xeX yeY
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Proof. 1In view of (4.1) it suffices to show that min sup £(X,y) <
. . . y<B
< b. ' while b < e ({the case of b =o is trivial, anyway). In

Theorem 3.2.2 we adopt 2 = K, ' G(x,y) = £(x,y), H(x,y) = [-w,bl,
U(x,y) = [~e,pl, Vix,y) = l~o,pl, p>b, Wx,yl = Il-»,g} and
T(x) = {ye¥: £(x,y} < p}. Clearly, for each xeX there exists a yeY
such that  £(x,y) < ﬁ and so condition (3.3) 1is satisfied. In view
of Lemma 4.1.2 conditions - (i), (ii) ' are equivalent to (3.4) - (3.7).
in addition, {ye¥: G(x,y) n ¥ix,y) =8, xe K} =Yyey: £ix,y) < q,
xeK} = {ye¥: sup £(K,y) =< g}, i.e. (iii) is eguivalent to (3.8). Now
by Theorem 3.2.2 = f£(x,y) < b holds for a yeB and all xeX ‘which

means that min sup £(X,y) < b (see 4.1.6}. O
yeB

4.1.8. Remark.- In view of the semiconiinuity assumptions, in the
above we may replace  inf, sup by min, max, respectively whenever
the space under consideration is compact. In particular, from 4.1.7
for compact X,Y follows a generalisation of Sion's theorem [43, Th.
3.4 p. 1741.

4.1.9. Remark. If b =0 in 4.1.7 Ci.e. if for each xe€X, p > 0
there exists a . y € Y such that £(x,y) < po. then we obtain the
inegualtity £(x,y) £ 0 jfor a yeB and all xeX.

Theorem 4.1.7 1leads in a natural way to the following extension of
[17, Th. 1. p. 2051 (cp. (36, Corol. 1.12 p. 1691}

4.1.310. Theorem Let (Y,5) be a weed and {fj: JeJ} a family
of mappings fj: Y - R, 3jeJ which are convex and sci on compacta.
Assume that for @ q > 0 there exists a finite set Kl c J such that
B={y €¥: fj(y) £q, J e Kl} is compact. Then there exists a Yye€B
such that for each je&J we have fj(y) =0 if and only if for each
Py Eftyfy =L .. nh, teP™l, {5, ..., 5 }c3 nen,

there exists a z€Y such that Fn(z) < C.

Proof. Let X be a space of finite convex combinations of fj,
jeJ, while each set {E tifj : t e Pn-l} is topologically isomorphic
i ) )

with Pn‘l. It is seen that X with the seguence of convex

combinations is a weed and for f(x,y) = x(y), x €X, y €Y - the
requirements of Th. 4.1.7 are satisfied (K = {fj: 3 evkl} lg
c-compact, see 1.4.8). If for each xeX there exists a zeY such
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that . x(z) < 0, i.e. sup inf £(x,Y) < 0, then (see (4.2))
x€X

min sup £(X,y) £ 0 and, in particular, fj(y) =0 for a ye€B and

yeB

all JjeJ. The converse is obvious. O

Now we will prove some thecorems on inequalities. IE f£: X x ¥ — R
is a mapping, then considering constant mappings we note that

inf sup £(x,h(x)) < sup £(¥X,y) holds. Therefore, the following
heF(X,Y) xeX
is satisfied -

(4.3) inf sup £(x,h(x)) < inf sup £(X,y).
heP(X,Y) xeX yeY

4.1.11. Theorem (cp. (36, Th. 1.2 p. 160]). Llet (X,Q) be
a weed, Y a space and £: X x ¥ — R a mapping satisfying

(4.4) £(°,y) 1is guasiconcave, Ye€I,
-

(4.5) f£(x,*) is sci on compacta, xe€X,

(1) B = {yeY: sup £(K,y) = sup E(x,h (x}) = a} is compact for

xeX .
a c~compact set K c¢ X and an hO e C(X,Y).
Then we have min sup £(x,y) = inf sup f(x,h({x)) (= b).
yeB xeX heC(X,Y) xeX

Proof (Th. 3.3.4). 1In view of (4.3) it. suffices to show that

min sup £(X,y) £ b, where b < ®. Let us consider Z =R, Gix,y) =
ye€B .
= f(x,y), H(x,y) = [-o,bl, U= V= [-w,p]l, ¥W=I-w,gq], b<p=gcK

< w. From the way b was defined it follows that there exists an

h € C(X,Y) such that sup £{x,h{x)) < p, i.e. (3.9) holds. For
x€X
Jy) = {x e X: p < E£(x,y)} (4.4) implies (3.6), and (3.7) is

a consequence of (4.5). Condition (i) is equivalent te (3.8). Hence
in view of Th. 3.3.4 sup £(X,y) <b for a yeB. D

It is worth noting that for h = idx, Yy =X the above extends
a well known inequality of Fan [22, Th. 1 p. 103] which generalizes
{18, Lemma 4 p. 3091.

4.1.12. Theorem. Let (X,Q0) be e weed, Y a space and £f: X x
x Y — R a mapping satisfying (4.4), (4.5) and

(i) inf sup £{x,h(x)) = 0,
heC(X,¥) xeX
{i1) B = {ye¥: sup £(K,y) = 0} is compact for a c-—compact set

K < X.
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Then £(x,y) <0 for a ye€B and all xeX.
Proof#. Condition (i) means that b £ 0 (see Th. 4.1.11). ©

4.1.13. RBemagk. Condition (ii} of Th. 4.1.12 can be formulated as
follows
‘there exists a nonempty compact set B < Y and
{(1i') a c-compact set K eX ‘such that for each y € Y\B
there exists an xeK  with £(x,y) > 0.
Hence Th. 4.1.12 extends {1, Th. 2 p. 3}.

From 4.1.12, Lemma 4.1.4 and 4.1.6 we obtain

4.1.34. Theorem (cp. (36, Prop. 1.4 p. 1621). Let {X,Q) be
> weed, Y a space, g: X x ¥ — R a mapping satisfying (4.5} and
such that g(+*,y) is concave, yeY. 1If ] l1: X — R is a convex sci
Rapping satisfying

(1) inf sup Ig{x,h{x))+1(h(x})-1(x)] < ©,
heC{X,Y) xeX
{i1) B = {ye¥: sup [g(x,y)+1(y)-1(x}] < 8} is compact for
o xe€X -
a c~compact set K < X,

then the ineguality gi{x,y) + 1l{y) £ 1(x) holds for a yeB and all
xe€X.

Let us iecail (see Remark 1.4.8) that condition concerning B in
Théo;ems 4.1.11,  4.1.12, 4.1.14, is superfluous if X or Y is
a compact space {(if only X is compact then we must write inf in

: yeY
place of min).
yeB
Two theorems to £follow are generalizations of some auxiliary

results in ‘the approximation theory (for £(x,y) = inf p(x-F(y)))
and monotone operators, respectively.

4.1.15. xhgg:gm. Let (E,Q) b0 aweed in X. and f: E x X — R
a mapping satisfying
{i} £(*,y): E— R s qQuasiconvex, yeX,
{ii) y » £(y,y)-f(x,y) is sci on compocta, x<E,
(1117 B = {yeX: £(y,y) < inf £(K,y)} & compact for
a c-compact set K c E.
Thern. there exists a ye€B such that f(y,y) = min £(E,y).
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Proof. Suppose that for each yeX 1inequality inf £(E,y) < f£(y,y)
holds. Let us write F(y) = {xeB: £(x,y) < £(y,¥)}, yeX. As it is
seen, (ii) 1s egquivalent to condition (i) of Th. 2.2.5. "On the other
hand, we have B = X\F (K). What is more, all wvalues of F arxe
overhulls. Now, in view of Th. 2.2.5 F has a fixed polnt, i.e. we
have £{y,y} < £ly,y) for 2 y € X. This contraéiction proves that
£(y,y) = inf £(E,y) holds for a yeX and by (iii) yeB. O

4.1.16. Definition (cp. (36, Def. 2.1 p. 1751). Let (X,0) be
aweed and E ¢ X. A mapping £: X X BE x X —» R is semi-monotone if
the following are satisfied

(i)  £(z,x,y)+E(z,y,x) 2 0, zeX, x,y €E,
(i3) £(z,x,*) is concaue, ze€X, ek,
(ii1) y » £ly,x,¥) is scs on compacta, xeX.

4.1.17. Theoxem (cp. (38, Th. 2.2 p. 1761). Let (xX,0) be
aweed, EcX ond f: XXEXX - R e semi-monotons mapping. If
in addition the following is satisfied

(iv) {ye¥: £ly,x,¥y) 2 0, x&K} is compact for a c—compact s&t
K <E, '
then there exists a - Y, c_x such thatv f(yo,x,yo) z 8, xsE.

Proof (cp. [368, p. 1761). Let G(x) = {yeX: £(y,x,y) 2 0}, xeBE.
It suffices to show that (}{G(x): xeE} = &. We are going to apply
Theorem 1.4.7 for h= idy. First let us show that G: E—2* is EKM.
F?z {el, o en} < B I?t us consider. ¥y =‘Qn(e(t) {e =-(e1, S o00
en)). It follows from (i) that £(y,e1,e5) + f!y,ej,ei) z 0, i,j =
=1, ..., n. Therefore, ) {tltjlf(y,ei,ej) +'£(y,ej,ei)dﬁ_ i,3 =1,
«eep, n} Z 0 holds. In view of (1i) we abtain § {[tif(y,ei.Y) +
+ tjf(y,ej,y)l: i,j =1, ..., n} 20, i.e. Yy € Gle;) and G is
KKM. Condition (iii) means that all values of [ are compactly
closed, and (iv) implies condition tiii)Aof Th. 1.4.7. O

4.2. SPECIAL INEQUALITIES FOR LINEAR SPACES

Theorem 1.4.9 enables us to obtain some results which for linear
spaces are stronger than the respectivé theorems of Section 4.1. We
are mainly interested in the theorems pn'the nearest points (see, e.g.
4.2.5). The final theoxem (4.2.8) 1is a tool in proving fixed point
theorems for inward mappings of Section 4.3. Let us point out that
space Y = X in Theorems 4.2.1, 4.2.3, 4.2.4 and 4.2.8 may be such as
in Bxample 1.2.8, if X 1is regular.
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First let us state an auxiliary result. It is related to Th. 2.2.5
{see the final comment of Section 1.4).

4.2.1. Theorem. -Let E be a subset of a convex set Y in
a linear space and F: Y—»ZE a mapping such that
(1) all values of F are convex.

(ii) all vaiues of F are cthly oper.

{4.6] C = {ye¥: Fly) @m® n conv(Kuiyl) = B} 1is relatively
compact for a c—compact set K < E.

Then F has a fixed point.

Proof. Let L{y) = Y\F (y), yeE. As it is seen all values of
F are compactly closed and what is more c = {y e ¥: if x € En
n conv{Kui{y}), then x ¢ F{y)} = {ye¥: if x € E n conv(Ruiylj, then
y € (\F)(x)},  i.e. (iii) of Th. 1.4.9 is satisfied. We have
I{L(y): yeE} = YI\F (E) = @ -and, therefore, (Th. 1.4.9) L: E—2° ‘is
not KKM. Now it suffices to apply Lemma 2.2.1. O

| 4.2.2. - Remark. In the above we could reguire K to be a closed
convex and nonempty subset of Y such that K n. E =2 6§ . Indeed,
according to Def 1.4.2 - conv K isb reiatively compact. . being
c-compact. From the fact that Y 1is a regular space it follows that
SoAV K is compact - [31, B (b) p. 1611 and in view o/ (32, 13.1
(iis) p. ,111']‘ c_cm_i [Z v conv K} is compact for each . finite set
2 ¢ Y. Hence - Tonv K . is c—gompacz;"' P

The subseguent theorem is a specialization of Th. 4.1.15

4.2.3. Ihm_e_m Let E be a subsel of a convex sel Y in
2 linear space and f£: ¥ x Y —» R a mapping satisfying

{4.7) £(-,y): E — R is quasiconvex. yeY,
(4.8) y » fly,y)-f(x,y) 1is sci orn compacia, xek,

(4.9) € = {ye¥: £(y,y) S inf £(E n conv(Kuiyll,y)} s
relatively compact for a c-compact set K < E.

Then there exists @ yeC such that £(y,y) = min £(E,y}.
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Proof. Suppose that for each ye¥Y inequality inf £(E,y) < f(y,y)
holds. Let us write F(y) = {xeE: £(x,y) < £ly,¥)}, vyeY. As it is
seen, conditions (i), (ii) of Th. 4.2.1 are satisfied. What is moze,
{ye¥: F(y) n E n conv(Kuiy}) = 8} = C . (see (4.9)). Hence F has
a fixed point, i.e. £(y,y) < £(y,y) ~holds for a point .y e€¥
- a contradiction. O '

Theorems 4.2.1, 4.2.3 can be modified by transferring the negation
of (4.6), (4.9) ‘to the respective propositions which become
alternatives. For example, the negation of (4.9) is of the form (cp.
4.2.2)

for each compact closed convex set K < ¥ such that
(i) RKnE =68 the set C as in (4.9) is not relatively
compact.
In particular, (i) means that C < K cannot be satisfied. Hence, (i)
implies
for each compact closed convex set Kc¥X such that
(ii) K N E # @ there exists @ 'y € Y\K such that f(y,y) <
< inf £(E n conv (Ruiyl),y).
For E = Y the following is a conseguence of 4.2.3.

4.2.4. Theorem. Let Y be a convex set in a Llinear space and
£: X x Y = R - a mopping satisfying (4.7), (4.8) (E = Y). Then for
each compact closed convex and nonempty set KcY at least one of
the following conditions is satisfied

(4.10) there exists a y € Y\K such that £f(y,y) =
= min f£(conv{Kniyl,y),

(4.11) there exists a yeK such that £(y,y) = inf £(Y,y).

The proof of the above lies in the negation of (4.10), which by the
earlier reasoning, implies (4.9) andb we ~apply 4.2.3. From the
negation of (4.10) it additionally €£follows that y such that
f(y,y) = inf £(¥,y) 1is an element of K. )

In view of the preceding considerations the theorem ¢to £follow is
a generalization of [36, Prop. 3.4 p. 189]. A simpler version can be
obtained from 4.2.4 for £(x,y) = inf p(x-F(y)).

For quasiconvex mapping p: ¥ — R (Y - convex) 1let us write
dp(A,B) = inf {p(x-y): xeA, yeB}, A,B c ¥, A,B = 0.
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4.2.5. Theorem Let Y be a convex set in a linear space M,
F: Y—»ZH a mdppz‘.ng which is usc and léc on compacta ari with compact
values, ‘p: Y — .R a continuous quasiconvex mapping. Then for each
compa.ct closed convex and nonempty set ‘ K <Y at least one of  the
following is satisfied ‘

(4.12). € = {ye¥: d_(y,F(y)) = & (conviKuly}],F(y))} is not
relatively compact, T » g

(4.13) there exists a 'y € C ‘such - that d'p(y,F(y')) =
= dp(Y,F(y)).n : '

_Proof. Let us conside: £(x,y) = d (x—F(y)), x,y € Y. - Suppose
(4.12) is not satisfied, i.e. (4.9) holds. In view of Th. '4.2!3,»1#
suffices to verify conditions (4.7), (4.8).. If £{x,y) =« ;_and
£(z,y) £ r - hold, then by- the compactness of Fly)  and in view: of
p -being sci there “exist. u,v € F{y) such' that = pix- w) S "and
p(z-v) <r. Hence, : p(tx+(1—t]z-tu—t1~tlv) = pltix-ul+{1l- t)[z~v))
< x, ~tel vp being quaszconvex. . ‘fact -‘that . tu+(i-t)v. e Fly)
means that d (Ex+(1- t)z,F(y)) = x, tel, ‘i.e. (4.7). ‘If f£(y,vy)
=b ¥, then there exists an u.e€ F(y) such that inf ply-F(y))
=b. The set’ {ye!..p(y-z) > (b+r)/2} . is open (p is sci) and in
view of the way dp(Y,F(y)) was defined, it contains F(y). Hencé;
there exists a neighbourhood: U .of zero in M such  that p(U +.y -
- F((U+y)nY))’c 1(b+r)/2,m1; . . F(y) . being’coﬁpact. “This means that
£((UnY) x (Un¥)) < Ir,®], »and  Yy f(y,y) -is - sei. .If we . have
£(x,y) = b <. r, then for a v e F(y) such that b= p(x-v}. the set

= {ze¥: p(x-2) < (b+:)/2} . is a neighbouzhood'of v .as p ‘is ses .
For a neighbourhood U of zero in M we have F(y+z) nW =8, z e
€U nY, F being lsc. Now it is clear that. f(x, (y+U)nY) < [~oo,x,
i.e. f(x,*) 1is scs. Thus we have proved that y v fly,y) - £(x,¥)
satisfies (4.8). O )

Theorem 4.2.5 .enables us to obtain the following (cp. {4.2, Th. 1
p. 1081 i

L}

#

4.2.6. Theorem. Let Y be a convex set in a locally convex space
(M,7) a:nd £: (Y,w) — (M.7) a . mapping  which is continuous on
compacta (W - t.heweak topology>. If p is continuous pseudq—nbrm
and there exists a nonempty closed convex and compact. Cin wd set K c
c Y such that
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(1) € = {ye¥: p(y-£{y)) = min p(conv(Ku{y})-£(y))} tis
relatively weakly compact.
then there exists a yeC Cin w> such that pl(y-f(y)) = min p(Y-£(y)).

If in 4.2.5 we consider (¥,w), then the only tzouble is to prove
that y » g(y) = pl{y-£(y)) - p(x-£f(y)) 1is sci on weak compacta (cp.
Th. 4.2.3). To obtain this result we extend a little {42, Lemma 1 p.
1091

4.2.7. Lemma. If the reguirements of Th., 4.2.6 are satisfied,
then g: ¥ — R is sci on weak compacta.

Proof {(cp. [42,.Ap. 1091). It suffices to show that A =iy € ¥:
is compactly closed (in w). Let D < Y be a weakly compact set and
let (yj)jeJ be a ngt of points of A nD which converges weak1¥ to
a yeD. Clearly, we have p(x—i(yj)) — p{x-£(y)). Let x e€ M b?
such that Ix(y-£(y))i = pl{y-f(y)) and Ix(z)}| = p(z), zeA (32, 14.1
(ii) p. 1171. As yj—f(yj) -» y~-f(y) 1in the weak topology, then we
have ply - £(y)) - p(x - £{y)) = lim [Ix(yj)—i(yj))! - p(x-f(yj))l <
< lim lp(yj-f(yj)) - p(x—f(yj))] £ r. Hence follows yeA. O

The subsequent theorem will be applied in 4.3. 1Its proof is based
on Browder's idea of the proof of (5, Th. 3 p. 2861].

4.2.8.  Theorem. Let Y be a paracompaci convex sel in a linear
space and ¥ a convex family of convex mappings £: Y —» R which are
sci on compacta. Assume that for each yeY there exists a Uy and
a fe¥ such that £ has property A on Uy' and A is such that
for any nel if fl’ ‘N -5 fn € ¥ have property A in a point yveY,
then h=¢§ tifi satisfies A in .y for each t e Pn—l. . If o in
addi tion, théere exists a closed compact convex and nonempty set K c Y
such that

D = {yeY: there exists an fe¥ such that fly) =
<€ inf flconv(Ruiyl)) and f satisfies A in y}.
is relatively compact Cin YO

(4.14)
holds, then.there exists an £, «% anda y & D such thar £ (y) =
= min EO(Y)' and fo has property A In y.

Proof. There exists a locally finite partition of unity G = {gs:
seS}, being a refinement of U = {Uy: ye¥} [31, W p. 171, Corol. 32
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P- 159]. Let £(x,y) = L {gs(y)fs(x): seS}, X,y € ¥ where f_ e %
is such that qs(lo,ll) cU el and fs has property . A on u.
Clearly, £(-,y) € ¥, yeY as % 1is convex. With the help of Th,
4.2.3 we will prove that there exists a y € Y such that f(y,y) =
= min £(Y,y). Condition (4.7) holds as £(,y) is a convex
combination of convex mappings (Lemma 4.1.4). The mapping £i(x,+) |is
continuous, x €Y and y v+ £(y,y} - is sci on compacta being
a positive combination of sci mappings on compacta (see 4.1.6}. Thus
we obtain (4.8). According to the way £ was defined, f(+,y) has
property A iIn Yy as gs(y) = 0 means that fS satisfies A in
y. Therefore, we have C cbh (see (4.9)). In view of Th. 4.2.3
there exists a y € D such that  £(y,y) = min £(¥,y), i.e. £ W=
= £(,y) is the desired mapping. D

4.3. FIXED POINT THEOREMS

In this section we present some fixed point and coincidence results
for upper hemicontinuous mappings. They extend important theorems of
Lassonde (Th. 4.3.2), Fan, Browder and Halpern.

As regards the notion of cdnvexity, it is meaningless if a lineax
space under consideration-is real or complex. On the other hand, the
properties of continuous functionals we need, can be derived from the
respective properties of their real parts (see {31, pp. 3, 7, Th. 5.4
{vi) p. 371). For the simplicity of the notations we "restrict" oux
considerations to the real linear spaces, and in view of  the above
information the "general" complex results can be obtained by writing
rx (the real part of functional x)} in place of .x.

First, let. us guote a little modified definition of uhc mapping due
to Lasry and Robert (35, p. 1435]

4.3.4. Definition. Let Y be a subset of a real locally convex
space M. Then F: Y—»Z" is whe Cupper hemicontinuousd tf for each
continuous linear jfunctional x C(i.e. xcn*) mapping sup x{(F{+)):
Y —+ R is scs CDef. 4.1.5 p. 525,

Let us recall Fan's definition (21, p. 236]l: F: ¥ — 2M is upper
demi-continuous if  Fly)) < H= {yeM: x{y) < p} (H is an open

hal f~space in a real space M) iImblies F‘UY 1 €W for a"Uy ¢ Y.
o o
Let us .compare the above notions and the concept of . usc mappings.

If F: ¥ — 2H is usc and M is a real locally convex space, then
F is upper demi-continuous as every open half-space containing F(yo)
is a neighbourhood of F(yQ). Assume, in turn, that F is upper
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demi-~continuous and sup x(F(yo)) = b < p. Then we have: F(yo) c H =

= {yeM: x{y) < (b + p)/2}, . F(Uy } cH and hence sup x(F(UY )y
° o

< (b + p)/2 < p. Thus, if F is upper demi-continuous, then F is
vhc.  The converse does not usually hold. For example, let us
consider F: R\{0} — 2®  defined as follows

{ }=1,1t, for rationals,

Fly) =
{-1,1), for irrationals.

Clearly,. F is uhc but  there is no neigbourhood 02 .such that
F(Uz) < l-a,1{ though F(2) < J-oeo,1l. Thus F is not upper

demi-continuous.

4.3.2. Theorem Let Y be a bounded convex set in a real locally
convex space M and F: ¥ — 2“514 mapping with closed convex values
which is uhc on cogpacta. If the following conditions are satisfied

(4.15) inf x(Y) < sup x(F(y)), x € X = H*; yeY, i

(4.16) B = {ye¥: x(y) = sup x(F(y)) + q, xek} is éompact for
) a finite set K c X and a g > o, '

then F has a fixéd point in B.

Proof (Th. 3.2.2). First we will show that there exists a yeyY
such thatrfdr each . .xeX we have x(y) = sup xtF(y)iﬁ' Let us consider
zZ =R, . 6G(x,y}) = I[-w,sup x{F(y))1, H{x,y) = [x(y), o], U(x,y) =
= Ix(y) - p,®), p >0, Vix,y) = Ulx,y), Wix,y) = Ix(y) - q,®] and
T(x) = {ye¥: x(y) - p < inf x(Y)}. We have -0 < inf x(¥), ¥ being
bounded, and, therefore, for each xeX T(x) 1is nonempty. 1In view of
(4.15) T(x) < {ye¥: x(y) - p < sup x{F(y))} = {ye¥: G(x,y) n U(x,y) =
= G}, Thus, condition (3.3) is satisfied. The values of T are
clearly convex. In order to show that T (y) is open, 'ye€Y, we must
equip ){ with the respective topology. Let every simplex in X be
topologically isomorphic with Pn-l for an neN. Mapping x + x(y)-
-inf x(Y) |is convek for fixed y {2, Th. 5 p. 1991 and, therefore,
it is continuous in each simplex ({2, Th. 7 p. 2011. Thus, T (y) =
= {xeX: x(y) - inf x(Y) < p} . 'is an open set and ({3.5) holds. all
values of J, Iy) = {x € X: sup x(F(y)) < xly) - p} are . convex.
Namely, from the fact that (tx+[1-tlz)(u) £ tx(u) + (1-t)sup z(F(y))
for u € Fly), follows sup (tx + [1-t1z)(F(y)) =. sup tx(F(y)) +
+ sup (1-t)2(F(y)), x,z € X, tel. Hence, if x,z € J(y), then txt



63

+(1-t)z e J(y). Condition (3.7) follows directly from the fact that
F is uhc on compacta. Each finite set in X 1is c-compact (Remark
1.4.8) and from (4.16) follows (3.8). Now in view of Th. 3.2.2 there
exists a  yeB such that for each xeX x(y) < sup x(F(y))‘, holds.
In particular, we obtain -x(y) = subl-x(F(y)) and, consequently,
inf x(F(y)) < x(y) < sup x{(F(y)), xeX. This means that y and F(y)
cannot be strongly separated by a linear functional. RKow, in view of
{32, Corol. 14.4 p. 1191, we obtain y e F(y}. O

) Theorem 4.3.2 is more general than (36, Th. 1.16 p. 1711. We do
not requlire Y to be Tz; if Y nF(y) = Q, yeY [36, (18) p. 1711,
then clearly {(4.15) is satisfied.

In connection with (4.15) let us present the following

4.3.3. Lemma. Let Y be a closed convex set in a real 1ocdlly
convex space M and F: ¥ — 2% o mapping. If conv FIY) or Y 1ts
a compact set and the following is satisfied

, (1) . inf x(¥) < sup x(F(Y)), . xeM , B
then Y n Conv F(Y) = 8. If all values of F are compact convex and
(4.15) holds, then Y n F(y) = 8, yeY. If Conv F(Y) is compoct and
the follwing is satisfied’ ' ) ‘

(11) x(y) S sup x(F(Y)), xeX, ye¥ (X = M},
then y € conv F(Y), ye¥. ‘

..

Proof. As it is seen, for each x € X and B *D < M we have
conv D < {y € M: inf x(D) = x(y) = sup i(D)} =: p¥. This last set is
closed and, . therefore, D ¢ Sonv D < D Thus, _Dx:=~{y e_M:
inf x(Sonv D) < *(y) < sup x(conv D)}. Assume (i) and suppose that
Y, conv F(Y) are disjoint. The initial part of this proof and (32,
Corovl. 14.4 p. 1191 mean that there exists -an x € X such that
{inf x(Y),sup x(¥)) n [inf x(F(Y)),sup x(F{¥))) = @. In view of (i)
this is the case when sup x(Y) < inf x{(F(Y)). By considering -x we
obtain sup x{F(Y)) < inf x(Y) which contradicts (i). The zremaining

parts of our lemma can be proved in a similar way. ©

4.3.4. Remark. If Y is @ compact set. then (4.16) in 4.3.2 is
superfluous. If conv F(Y) is compact, then in view of 4.3.3 it
suffices to consider F: Yl — 2”, - where Yl = ¥ n Gonv P(Y).

In connection with the remarks pteceding Th: 4.2.3 the theorem to
follow is a generalization of (23, Th. S p. 153]. Its proof is based
on Th. 4.2.8.



64

4.3.5. Theorem. Let Y be a paracompact convex set in a real
tocally convex space M. Assume F,H: ¥ — ZM are uhc mappings with
convex values and such that for each ye€Y one of the sets F(y), By}
is compact and another one is closed. If there exists a c—compactl set
K ¢ ¥ such that the following are satisfied

D = {yeY: there exists an x € X = M such that
(4.17) x(y) < inf x(K) and sup x(F(y)) < inf x(H(y))}
is relatively compact,
(4.18) for each xeX, yeb if x(y) = min x(Y), then
inf x{H(y)) =< sup x{F(y)),

then there exists a yeY such that Hly) n Fly) = 8.

Proof. Let us .prove that there exists a y €Y such that
inf x(H{y) < sup x(F(y)), x&X. Suppose that this condition is not
satisfied. Hence, for each y € Y there exists an x € X such that
sup x(F(y)) < inf x(H(y)) {property A). From the fact that F,H
are uhc it follows that for each x € X the set {y'e ¥: sup x{(Fly) <
< inf x(H(y))} is open and the family of such sets covers ‘Y. What
is more, if sup xi(F(y))' < inf x (H(y)), i=1, «.., n, - then
for each t € PP™*  we have sup E tx;F(y)) = E tjsup x; (F(y)) <
< T tiinf xi(H(y)) < inf ¢ tixi(H(y)). Thus, "property A kis as in
Th. 4.2.8 (clearly, X 1is a convex family of convex maps). What is
more, we note that the ineguality x(y) = inf x(K) - 'is equivalent to
x(y) = min x{convi{Kuiy}ll}. Now, by Th. 4.2.8 there exists an xeX
and a yeD such that x{(y) = min x(¥) and sup x{Fly}} < inf x(H{y))
which contradicts (4.18). Thus, there exists a y € Y such that for
each =xeX inf x{H{y)) < sup x(F(y)) = holds. In particular, for -x
we obtain. inf x(F(y)) < sup x(H(y)). These two inequalities imply
[inf x(H(&)), sup x(H(¥)}1 o [inf x(F(y)), sup x(F(yh] = # which
means that H{(y) n F(y) = & (32, Corol. 14.4° p. 119]1. ©

4.3.6. Remark. By considering property A as in the above proof
for F in place of H and vice versa, and the Ffamily S o= {-x:
xex}, we state that conditions in Th. 4.3.5 can be replaced by

D = {ye€¥: there exists an x € X = M*  such that
(4.17') sup x(K) < x(y) and sup x(F(y)) < inf x(H(yM}
is relatively compect,
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(4.;8') for eéach xeX, yeD if x(y) = max x{(Y), then
inf x(H(y)) S sup x(F(y)).

We have (see (4.17)) Y\D = {y € ¥: for each x € X If x(y) =
< inf x(K), then inf x(H(y)) = su§ x(F(y))}. Let us recall (see
Remark 4.2.2)  that it 'is natural to assume K to be closed cbmpact
and convex. By assuming that D < K,  from Th. 4.3.5 we obtain the
following uhich is closer to (23, Th. 5 p. 153] .but still stronger

(clearly, we may use (4.17°), (4.18') in place of (4.17), (4.18))

4.3.7. Theorem. Let Y be a paracompact convex set in. a rédl
locally convex space M, and K a nonempty closed compact and convex
set in Y. Assume” FP,H: Y — 2m to be uhc mappigs with convex values
and such that for each - yeY one of the sets F(y), H(y) is compact
and another one closed. 1f the following are satisfied

(1) for sach xeM', yek if x(y} = min x(Y), then
inf x(H(y)) = sup x(F(y)),
(11): for each y € Y\K, xeM if x(y) < inf x(K), then
inf x(H(y)) S sup x(F(y)), .
then there exists a  ye¥Y ‘such that H(y) n Fly) = 8.

Pox H(y) = ¥, ye¥ the above become fixed point theorems, e.q.
from 4.3.5 (Remark 4.3.6) we obtain

1;3;8. Theorem. Llet Y be a éaracompﬁct.conpex set In a real
locally convex space M. Assume that F: Y—»ZH is a uvhe maéping with
closed convex values. If for a c-compact set K ¢ Y we have .

D = {y € Y: there exists an X € M'  such that x(y) <
(1) < inf x(K) (sup x(K) < x(y)) and sup x(F(y)) = x(y)}
is relatively compact.,
(11) for each x € H’, yeD if =x(y) = min x(Y) (max x(Y)),
“then x{y). =< sup x(F(y)),
then P has a fixed point.

Every compact sﬁbset of a linear space M is paracompact as M is
regular. In addition, if we considexr K = ¥, then by (4.17), (4.18)
we note that D = 8. Then condition (4.18) is superfluous and (4.17)
{(4.17')) for y € Y\D =.Y has the following form

(4.19) for each xeM , ye¥ if x(y) = min x(¥) (max x(¥)),
then inf x(H(y)) =< sup x(Fly)).
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Therefore, Th. 4.3.5 implies the following generalization of (22, Th.
5 p. 108]

4.3.9. Theorem Let Y be a compact convex set in a real locally
convex space M and F, H: Y—»Z" whe mappings with convex values such
that for each y € ¥ one of the sets Fl(y), H(y) is compact and
another one is closed. If (4.19) 1is satisfied, then there exists
a yeY such that F(y) n H(y) = 8.

As it will be shown befow, the theorem to follow extends [27, Th.
2 p. 88, Th. 3 p. 891. It is clear that this theorem is a natural

generalization of {22, Th. 6 p. 109].

4.3.10. Theorem Let Y be a compact convex set in a real
localty convex space M. If F: ¥ — 2H is a uhc mapping with closed

.
convex values which satisfies

(4.20) for each xeM , ye¥ if x(y) = min x(¥) (max x(Y)),
then x(y) < sup x(F(y)),

then F has a fixed point.

Let us point out that in place of (4.19) one may assume that
F satisfies (4.20) and H (4.20) with wmax °‘in place of wmin. By
writing -X in place of x £for ‘H we obtain then (4.1%) and
a generalization of [21, Th. 8 p. 2391.

Let us compare (4.1%9) and {21, (10) p. 237]. If for each ye€Y
there exist zeY and u € Hyl), veFly), t>¢0 such that z-y =
= t(v-u) (cp. [211), then from x{y) = min x(Y) it follows that
x(y} = x(z) and x(u) = x(v) as t > 0. In consequence, we obtain
inf x{H(y)) < sup x{(F(y)). Hence, (4.19) 1is much more general than
(21, (10)1. '

The above reasoning, in the case of H = idY means that (4.20) is
more general than [21, (8) p. 236]. By applying the notation of (&7,
p. 881 which is egqguivalent to (2%, {10)1, we may say that F: Y — 2u
is inward if for each ye¥ F(y) n IY(y) P holds, where IY(y) =
= {zeM: (1l-t)ztty € ¥ for a t e [0,1L}. Hence, if x(y) = min x(Y),
then IY(y) < {z € M: xly) = x{(z) }- This last set is closed and,
therefore, condition F(y) n T;TET # @ is not more general than
(4.20). Thus, 4.3.10 is a generalization of [27, Th. 2 p. &8] as we

consider uhc mappings.
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Let us consider the outwardness condition (27, p. 881 and (4.20)
{the version in brackets). If F(y) n OY(y) = 8, then for a t €
€ [0,1l and a u € Fly) we have [1-t){2y-u)+tu € Y. 1If in addition
x(y) = max x(Y), then the above implies x{y+[(1-t}(y-u)) =< x{y),
i.e. x(y-u) £ 0 and x{(y) =< sup x(F(y)). 1In consequence, Th. 4.3.10
extends [27, Th. 2 p. 89].



5. Nonempty intersections, measures of noncompactness

S5.1. ON A THEOREM OF FAN

First we generalize a theorem of Lassende ({36, Th. 1.9 p. 166]
which extends one of the well known theorems of Pan (on convex
sections) {19, Th. 1 p. 3925). Some applications of this theorem are
included. The notationé are as in the final part of 1.1.

S5.1.1. Theorem. Let (X_I,Qi), i=1, ..., my m22 be weeds
and By, ..., Ag € X = p{xi: i=1, ..., mn} the sets satisfying the
following conditions

{a) Ai(oix) = {yiexiz <yi,dix> € Ai} ts a nonempty  overhull

in xi, i=1, ..., m, xe€X,
{(b) aihl(yi) = {oix e-oix: <y1,0lx> € Ai} is compactly open
in oixi, i =1, coap m, Y; € xl,

{c) 01X\01A1(K1) is compact for a c—compact set Ri < X1 “and
for at least m-1 indices 1.
Then Al n ... 0 Am is nonempty.
Proof (cp. [381). Assume that (c) holds for i =1, ..., m-1. 1In
view of (b), {c) there exist the finlte sets Z; < X4 such that

aix =0131(K1u21),, i =1, ..., m-1. The sets Xi = (Fi)z < x1 (see

Def. 1.4.6) are compact and by (b) there exists a f£inite set .'xm < XB
for which !i X ... x X3 4 < Onhn(xn).l‘ Let us ad:pt = (Kyu2y) x
X ... X (K’uzm) (Zn = @) and Q' =0"'x ... x Q" (see 3.1.1).
Then (E,Q') 15 a weed in X' = xi x| Fr x‘x;_l x co“'xm and X' is
a compact set (Remark 1.1.13). Let us consider F: x'—-»2E defined
by PF{x) = (Altolx) X vee X A‘(Onx)) n B, xe€X'. For each xeX', 1 =
=1, ..., m we have oi: @ ‘;“;“1”’1" i.e. lltéix) (4] (Kiuzi) =@,
Hence, F(x) = 8, xeX'. In view of . (b) F (y) = f}{xeX': x <
€ 01§1(yi)} n X' is open X' being compact. Now by Th. 2.2.3 there
exists a point x € X' such that x € cQ'F(x). From cQ'F(x) <

< cQ P(x) < F(x) (F(x) 1is a Q-overhull) we obtain x € Al for 1 =
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=1, «.o, m. O
Theorem 5.1.1 enables us to extend thée results which were
obtainable from the classical theorem of Pan. We present here oniy
general vez_slons.

" ®.1.2. Theorem (cp. {19, Th. 2 p. 392%;). Let (xi,oiy, i =
= 1, ety = 2 2 be weeds, x ol PIXe: i = ). ..., m}, and let £,:
X —+ R be mappings which for. _f‘l'.:w»d' t, «© (o, of and all 1 =
s 1, Jeep B satisfy the followtag conditions

ta) for each xeX, fi((-,oix>) ‘is Quastc:izave,
(b) for ecch xicxl, fi(<x1,')} ts sel on mpacta in oix,
(c) {xeX: £,(<X;,8,;%>) n It,,®) = B} is ncacsoty, ‘
(d) for atleast m~1 indices .  there exis' ~-compact sets
l(1 3 x1 for which {aix € 01.\: sup £1(<K_J.,a,‘x>) < ti} is
compact.
Then there exists an xq such that £,0x) > tyr 122, oom.

Proof. Let A, = {xeX: £,(x) > t;}, 1 =1, ..., m. v it iv seen
conditions (b) of 5.1.1 and 5.1.2 are equivalent. From (a)  and (¢)
follows 5.1.1 (a) and, what is more, OIX\aiﬂi(Kr) = olx \ {81): e axx:
£1(<s,d,ix>) > .tl for an sexi} = {Oix « elx: sup ﬂ"‘xi"’i"” < ti}'
i.e. 5.1.1 (c) is satisfied. Now by 5.1.1 we have nal =% 0

Theorem 5.1.2 1leads to the following generalized vey:'on of
a theorem of Nash {41, Th. 1 p. 288}

8.1.3. Thaorem. Assume that for each {1 =1, ..., m (Xl,Qi) ‘s
a weed, xl' a compact set, 9y X = [-0o,0l amap and for each x'e
€ X = P{xiz i=1, ..., m} g (<, 9x>) s quasiconcave. Then, tﬂa‘.x\\\

axists an xeX such that g, (x) = max 91“"1"1"”' =1, oo, m, -
Ko ! CRE

Proof. Let us consider fi(x) = gi(x) - max g‘(‘<x1,oix$)a and '

suppose that p < 0 is such that for each x € X - there exists an
1 for which f£,(x) Sp holds. As it 1s seen £,(<*,8%) 18
quasiconcave. On the other hand, max g1(<xi,°>) is sci (4.1.¢).
Let us show that it is scs. Assume that max 91“"1'1’0” =b < g

(yo € alx). Foxr each sexl ghere e;lst Us' Vy such that 91(<IJs x

xV, > a [(b+p)/2,0] = & as g; 1s continuodd; . Ve mychoote
A : :

a finlte subcover {Uj} of {Us: s&Xi | x1 being compact. Then for
y € V= nvj we have 91(<s,y>) < (b+p}/2, 5 € Xl and hence
max gi(al,yﬂ < (b+p)/2 < p, yeV. Thus, £i(<xi,°>) is continuous.
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Clearly, condition (¢) of Th. 5.1.2 1is satisflied. Therefore, by Th.
5.1.2 there exists an xeX such that f (x) > ti, =1, ..., m

- a contradiction. This means that sup min f (x) =0 and in view of
xeX i
the £fact that X is compact and fi continuous, theorem 1is

established. O
Now we extend (186, Th. 2 p. 125].

8.1.4. Theozem. Let (xl,o‘) e weeds and  (X,,U;) uniform
spaces. Assume that {Aj: jel} is a family of closed sets in X =
= P{X,: JeJ} such that for each xeX, el the set Aj(ojx) = {y eh,:
(yj,)ix> € Aj} - i3 a nonempty overhull and (j{ x). xeX} is
relatively compact. 1f for each jeJ (2.3) p. 29 is satisfiad Cfor

A= Aax), W,Velp, then (IA; = 8.

Proof (cp. IS, p. 2971). Let P: X — 2° be defined by P(x) =

= P{Aj(ojxiz jeJ}, xeX. Clearly, all values of F are nonempty and
closed. We will show that G'I (see p. 27) is a closed set. If
(x,y) ¢ Gpr - then there exists a 3jeJ such that <yj,ajx> € Aj. The
set Aj is closed and by (3, Th. 12 p. 142} the:ev exist
neighbourhoods U < Xj of yj and V ¢ 03x of ij such that <U x
x V> n A3 =@, Thus, (KU x ij>) x (<xj x W) n GF =@, .l.e. GF
is closed. MNow in view of Lemma 2.1.8 P 1is usc and the £inal part
of 2.2.12 shows that F has a fixed point, l.e. Ay # 8. O ‘

Now the following (cp. (3, Th. 15 p. 298]) can be derived from
5.1.4

8.1.5. Theorem. 4ssume that for each jeJ, (xj,o’) ts a weed,
(xj,uj) i®s a uniform space, for X = P{X H ij} fj: Xj—ai is ¢ map
such that = {y eX: £,(<y,;,2,x>) = max fj(<xj,ajx>)} = Agoyx) s
a nonempty overhull, xeX. If (j{aj(ajx). xeX} s relatively compact
and (2.3) holds (A = Aj(djx), Vv,% € &j). Then there exists an xeX

such that fj(x) = max f,((Xj,ij>), 3el.

Proof. For Ay = {xex: £5(x) = max fj(<xj,05x>)} the requirements
of 5.1.1 are satisfied. O

Let us recall that 1f xj in 5.1.4 or 5.1.5 are nonempty convex
sets in locally convex spaces, then (2.3) is satisfied (Corol 2.1.16).

B.2. ON A THEOREN OF CELLINA
In the present section we are interested in theorems on nonempty
intersections of famllies of sets which are not compact. These
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results are related to the measures of noncompactness. Main theorem
is 5.2.3 though 5.2.2 - a generalization of a Kuratowski result is
also worth noting.

S.2.1. pefinlition. Let } 4 be a space. A wmeasure of
noncompactness on X tis a mapping b: 2x—»E satisfying the following
condt tions ’ -

(5.1) b(A) = 0 (f and only if A c X is relatively compact,
(5.2) if A,BcX, A cB, then  b(A) < b(B).

Pirst we present a modified version of a theorem of Kuratowski (34,
Th. 1 p. 303].

S.2.2. Theoram. Let b be a measure of noncompactness on
X which satisfies

(5.3) b(avix}) = b(A), A c X, xeX.

If for a family $ of compactly closed sets in X, such that
inf{b(B): BeB} = 0 = we have
(1)  the family A of all compact "sots belonging to 8 has
the finite intersection property,
(11) for each A,B € 8, if bD(A) < b(B), then A c B,
then (8 is nonempiy. .

Proof. 1f there exists a compact set AeS, then in view of (1)
N# is nonempty. What is more, by (i1) b(B) > 0 means that A < B.
Hence we obtain & = 4 c 8. Assume now that b(B) > O, BeB,
There exists a seguence (Bn) of members of B such that

3.‘:: b(Bn) =»0. Then for A = {xn: neKk{, x €B by {(5.3) we obtain
2 =< b(A) = b({xn: n 2z k}) b3 b(Bk" keN. This means that b(A) = 0,

i.e. A is a relatively compact set. Let c be a compact set
containing A. Clearly, {Bnc: Be’} is a family of compact sets which
are closed iIn C. PFor each finite family DcS there exists a set
Bn such that - b(Bn) < min{b(D): Dea®}, and in view of (ii) @ = Bn n
n C c N}{DnC: DeP}. This means that the family {BnC: BeB} has the
finjite intersection property and consequently @ = n{B nC: B e ’} <
< ®. o

The above theorem enables us to prove the £following generalized
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version of a Cellina's theorem (8, Th. 1}

. ®.2.3. Thaorem. Let (B,) be a decreasing seq of empty
gets such that for B = UB , (B,Q) is aweed in X. Assume that
the fol lowing are satisfied

" (5.4) b(AuB) = max{b(A),b(B)}; KB <X,

(5.5) “if cB and 1lm b(A ) =0, then linb(cGA) =90
‘D - A‘ - DD “

s Bn ‘t® a closed overhull, neN, lln(Bn\Bm_l) = @, b(BI) ¢ o and

(5.6) for each . A < Bn' qg €« 10,11 there exist xeh, tel
such that gbl(A) = bmz(lx) x A, t)),

holds, then (B, = 6. .

. Proof. If . inf{b(B ): neli} = 0, then we may apply Th. 5.2.2.
"rhe:efoze, we assume that 0 < 3 =< b(n Y, neli. Without losing the
generality we may demand b(Bn\BM_I) < a to be satisfled for all
n « §. ° Hence, the seguence ta ) defined as follows: a, =
- aup{b(n \Bwl)‘ pell; n S p} + aln. utisﬂes condition " a < b(B Yo

neli. What is more, (a ) is decieaslng and um a, =0. l'..ert x, @

eBy, t €1 and I, =Q(ix}x Bi,t }© be such that biz,) = a,
(b(By) < @), clenﬂ.y, 2, < By and O %, €B,, as By is an
overhull. From - b(Z,) = max {b(Z;nB,}, bcxln(al\nzn} =a, ‘together
with - b(!ln(Bl\Bz)) S h(Bl’\iz) <L al it - follows that (11)""
= _b(z1 2), Let Xy @ 21082, tz € I be such that for z = Qz(txz} x
x (zlnaz),t } we have b(lz) = a, .(az < a, ). Clearly, \n have 22

cc B, cB, and B(Z)) = = m{b(zzr¢3),b(!2ntnz\a3))}. onn tha
ineguality b(!zn(!z\Bs)) < b(Bz\B3) <a, = b(Z,) follows b(!z) =
= bﬂi‘nn3). What is more, we have - taixzi x (zlnaz),n. < taixz! x
x 11,1’) < 02(!'1), " i.e. (4] 22 < cQ ! . - By induction, if !. s
defined, then Xoe1 € zn n Bnﬂ.' Ml e I are such that for lnﬂ.-s
= 02({xn+11 x (lhan"l'),tn'.’l.)‘ the followlng holds a1 ” b(ln+1) =
= max{b(Z . \ B o), DI . -0 (B, \ B ae2)) . From the ineguality
b“nfl n. (B +1 \ B'“zl) < b{(B nel \ *2) < an+I we obtailn b(lﬂl) -

= b2 4 "8n+2” The sequence . (cQ Z.) 13 decreasing. That is

‘more, 1im b(Z) = Iima =0, i.e. Iim D(SG I,) = 0" (see (5.5)).
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Now by, Th. 5.2.2 nﬁ zn is nonempty and, clearly, an * @, 0

If (X,d) is a metric space, then for xeX, P > A cX we write
d(x,A) = d(p,x) = Inf{d(x,y): yeA}, B(A,r) = {xeX: a(A,x) < r}. The
Hausdorff metric in the fanllly c(x) of all closed and nonempty
subsets of X is defined as follows D(A,B) = max{sup{dix,e):
xeA},sup{d(A,y): yeB}}.

With the help of Th. 5.2.3 we prove

5.2.4. Theorem. Let (B,) be a decreasing ssquence of nonempty
sets in a metric space (x,d') and for B = UBn " let (B,Q) be
a weed in X. . Assume that b is a measure of noncompactness on
X satisfying (5.4?,‘ {(5.5) and the following

(5.7) for each seguence (An) of subsets of B, if

lim D(A,A) =0, .then 1lim bIA ) = b(A},
ne® . B §E n-»>00

for each g > 0 tMM exists a p > 0 such that for
(5.8) each x,y e¢R,: s5,t €I with Is-ti| < p, we have
a(0,((x,¥),8),0,((x,¥),t)) < q.

1f the seguence (Bn) ' c'avmtst.sﬂof closed overhulls, b(Bl) < o and

1im B(B\B ) = 0, then (B = 8.

S n

Proof. Condition (5.7) means that b: C(X) — R is a map. From
{5.8) it follows that for each x € B, A € C(E) wmapping 02({x} x
x A,*): I — {C(X),D) is continuous. By considering the composition
of these maps we obtain (5.6) and now 5.2.4 becomes a consequence of
Th. 5.2.3. ©O

S.2.5. Lemma (P2, Prop.]. If a measure of noncompactness b on
X, where (X,d) (s a metric space, satisfies
(1) there exists a mapping £: (0,wl — R such that A ¢ X

implies Db(B(A,r)) < b{A)+£(x), and 1lim £(t) = 0,
t+0
then (5.7) holds.

Proof. Condition D(An,A) < r 1s eguivalent to An ¢ B(A,r) and
A c B(An,z). Hence we obtain B(An) < b(A)+£f(x) and Db(A) = b(An) +
+ £(r) and, conseguently, b(A)-£(x) = b(hn) < b(A)+£f(x). O
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8.3. CONDENSING MAPPIKGE

Ve present here two types of mappings (Def. 5.3.3, 5.3.6) which
are not compact, they have but nice properties as regards the £ixed
point theory (see Th. 5.3.5).

X increasing <(see

8.3.1. Lemma. Let X be a space and F: 2x—>2
bef. 2.1.1 p. 26), P(x) = @, xeX. If for a nonempty compact set
BcX we have F(B) ¢ B, then there exists a nonempty set 2 cX

such that F(Z) = Z.

Proof. Let us consider 4 = {A =1 < X: F(A) < A}. Clearly,
4 is nonempty as Xes. Let § < £ be any maximal chain of sets such
that GnB = @. Then I =2 = ()G 15 nonempty as the fanl'ly {GnB:
GeB} of closed compact sets has the finite intersection property.
tom the fact that P is increasing we obtain r(zZ) = R ey <
< PG < NG, 1.e. F(2Z) c Z. Hence, F(F(I)) < P(2) c F(Z) and
what's more @ = F(ZnB) < F(Z) n F(B) < F(Z) n B. These facts mean
that F(2) € §. Therefore, we have ¥(Z) = 2, € being maximal. D

From the above and Lemma 2.1.2 we obtain

5.3.2. Corollary (P8, Lemma 3.111. If X, is a ‘space, PF: X—s2"
a mapping, (F(X),Q) a weed in }'\H"a:&'/ "if“é'/‘x””éé“ nonempty compact set
such that F(B) < B, then there exists a nonempty set 2 cX with

cQ F(2) = zZ.

The definition to £follow was suggested by the notion of
a-generalized concentrative mapping (6, Def. 3 p. 123). Yet ({t |i=
much more general if a = cQ.

5.3.3. pefinition. 4 mapping F: x--»zx is compacting Cfor QO if
(F(X),Q) is a weed in X and the following are satisfied

{5.9) for each B c X, if PF(B) ¢ B and card(B\F(B)) <1,
then F(B) is a compact set.

for each nonsmpty set T c X, if I = cO F(2), then
(5.10) FIZ is usc, F(Z) is precompact and . [J{cQ F(z): zel}
is a compact set.

The subsequent lemma will help us to prove Th. 5.3.5.
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5.3, 4. Lgm Let | 4] x—»z a ma.pptng and (F(X),0) a weed
oL el il
in X. If F is conpacttn}éfmd {x R is closed for an Xy e X,

then there exists. a nonempty set I ='a F(Z) < X.

‘- Proef. Let § = {G'=g— < X: x  € G and F(G) < G}. Clearly, Xe§

which is thus nonempty. Fox B = I we have X, € B g and

FB)y = F(N < n?tm ¢ ()6 = B. What is more, F(F(B) v ix.}) =

= F(F(B)) u !'(x ) ¢ P(B) ‘c F(B) u ix, Y. Prom (5.9) it follows that
“is-a conpact set and we apply 5.3. 2. o i

.5.3.8. Theorem. Let (x,m bo a unifo: fﬁ {x } <
a closed set and P ' x—.zx a cmttng mappt zm/:;‘a.l‘.ch mttsﬂo W“’éé
(i) for eaaeh‘ Heall there exists a Vell such that for each
xeX we have cQ V(F(x)) < ¥(cQ P(x)).
Then TGP has ‘@ fixed potnt.

‘ Proof;' in view of Lem 5.3. 4 1t sufilées to consider F: 2—»22
for a set % satlsfying (5.10). Clearly, (#(2),Q) ‘is a weed ln
€Q F(2) and in vlev of Lenna 2.1.13 FIZ satisfies condition (2.1)

.for X =12, (E¥) = (Z, um. !ov by (5 10) and Th. 2.2.12 cQ0°*F- has
a fixed point in 2. O . e

_ 8.3.8.  Definition. 4 mapping P X - 2x is b-condensing - f.j_
(P(X),Q) vl'.t caweed in X, b is a measure of noncompactness on
X and the following is satisfied

_ for each nonempty set T < X such that P(Z) < z and
(5.11) b(Z) < b(SA F(2)), FIZ is compact and €0 F(z):
zdf is a compoct set.

The following shows that 5.3.6 has much in common with Def. 5.3.3

8.3.7. Lempa. If P X —» '4.'x is b-condensing, all values. of
F are underhulls and (5.3) holds, then F is compacting.

Proof. 1f P(B) ¢c B = & and card(B\F(B)) =1, then from (5.3)
and P(B) ¢ U{cO F(x): xeB} c cQ F(B) (Lemma 1.2.4) follows b(B) <
< b(F(B)uix}) = b(F(B)} S b(cQ F(B)). By (5.11) set * ¥F(B) is compact
and we obtain (5.9). In turm, if T = cO P(2), then (5.11) implles
(5.10). © ‘ .

Definition 5.3.6 has sonethlng in common - with the notion of
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"{¥)-kondensirend Abbildung” of Hahn (26, p. 7]. Let us recall that
@¥: AR (for 4 ¢ 23) is a measure of noncompactness (in the sense of
Hahn, see (28, p. 6]) if E 1is a locally convex space and
(a) W(conv A) = ¥(A), AeAd,
"(b) WA) < ¥(B), A cB, Bed.

Roughly speaking, an usc mapping P: x—ozx with closed convex values
is "(®)-kondensirend® if ®(A) < ®(F(A)) implies the compactness of
F(a.

As it is seen, by the above conditions from - ®(Z) < 9(conv F(Z))
follows the compactness of ¥F(Z) (see (5.11)). This  fact with the
assumption that F is usc means that PFIZ is compact. Thus  Def.
5.3.6 is more general. Nevertheless, it should be pointed out that
the original definition of Hahn concerns mappings F: XxTI — 2x,

vhere I is a compact space.



‘6. Retractions

8.1. GENERAL THEORENS

¥We present here some existence theorems on retractions and
continuous extensions. Theorems 6.1.3, 6.1.4, 6.1.6," 6.1.12  and
6.2.3 were proved ‘'in (P8} for thé definitions less general than 1.2.1
and 1.2.7 {(cp. Remark 1.2.13). )

Let us recall the notations cohceznlng metric spaces. They will be
applied here and in Chapter 7.  If (X,d) i3 a metric space, A,BE c X
are nonempty sets, xeX "and x> 0, then we write

“dla A = sup {d(x,y): x,¥y e A}, d(x,A) = A(A,x) =
= inf {d(x,y): yeA}, B(A,r) = {yeX: d(A,y) < r},
a(A,B) = inf {d(x,y): x €A, y eB}, D(AR) =
= max {sup{d(x,B): xeA}, sup{d(A,y): veB}}.

T 6.1)

As it is known, D is the Hausdorff metric in the - Eani'ly' C_(XY of
all nonempty closed subsets. of = X (if X is 'bo'unded)‘. h :

The subsequent theorem is an auxilliary result, though it seems - to
be of importance.

B8.1.1. Theorem. Let A bde a closed set in a metric space (X,d)
and p: X\A — 10,of an sci mapping (Def, 4.1.5 p. 52). Then for
a@ach nonempty set Cch there exists a locally finite open cover
U= {Uj: jeJ} of X\A a.nd a set '{yj: jel} <« C such that

(6.2) for each x € X\A, Je&J if x € st(uj,u), then
' a(x,y4) < ptx) + d&(x,C).

Proof. Let us write h(x) = p{x)/10, x € X \ A. Clearly, h:
X\A — 10,0 1is sci and, therefore, Z(q) = h™(1g/2,0f) is an open
set for each qeR. We have Z(h(x)) = {y € X\A: h(x)/2 < h(y)} and
hence x € Z{h(x)), x e X\A. Therefore, 3 = {B(x,h(x)) n Z(h(x)):
x € X\A} is an open cover of X\A. There exists a 1locally f£finite
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star refinement- # of ‘8 ({18, Th. 5.1.12, Lemma 5.1.15 p. 3771 as
(X\A,d) is a paracompact space. FPor jeJ 1let z 3 € X\A be such
that st(Uj,El) c B(zj,h(zjﬂ n z(h(zj)) and for x4 € l.'!j let ¥y €
B(xj,d(xj,cnh(zj)) nC. Then for x < se(u,,u) we have ‘d‘(x,yj) <
d(x,xj)ﬂ!(xj,yj) < dia Bt(Uj,U) + d(xj,c) + h(zj) = 3h(zj)+d(x’,C) <
3h(zj)+d(xj,x)+d(x,6) < Sh(‘zj) + di{x,C). From the fact that x «
z(h(zj)), i.e. h(zj)lz < hix) we obtain d(x,yj) < 10h(x) +
‘d({x,C) = p(x) + d(x,€). ©O -

L7 S T

+ o

8.1.2. pefinition (cp. [PS, Def. 1.9]). We write X e w2(B) if
thore exists a Q swh that (B,0) ig a weed in X and the
following is satisjied

(6.3) for each ’.zd, \7z ¢ X, there exists a Uz c X such
that c@ U, < V,. ’

In place of X & W2{X) we write X € W2,

The sense of X € W2 agrees with the notion of the locai
simplicial convexity (3, Def (1.9) B. 160} as by (6.3) we have {x} ‘=
= cQ i{x}, xeX (see Lemma 6.2.11).

in connection with the subseguent theorem we call reader's
attention to the fact that if Pr A (the boundary of A) 1is emtpy
and A 1is closed and nonempty, then the equalities r(x) = x, Xe€A,
£(X\A} = x < A define a continuous retraction r: X — A.

6.1.3. Theorem If A is a closed set in a metric space (x,4)
and A € W2(Pr A), then A tis a retract of X.

‘Proof. For the notations as in Th. 6.1.1 let C=TFr A, and
p(x) = d(x,Fr A) while J is a linearly ordered set of indices. For
each x € X\A there exists a- ‘Hx such lthat J(x) = {3ed: Uj' n wx ]
# #} is a finite set. Let J(x) = {51, - :In} (m = m(x)) be
orderxed as follows :l1 < ... € j‘. " Then £or tj(x) = d(x,X\Uj),

jeJ let us write t(x) = (tj (X}, eces tj (x)), y= '(}'j s oreee Yy 3,
1 " 1 m

x €« X\A. We will prove that‘ioz Q as in 6.1.2

x, xeX,

(6.4) £(x) s{
Q_(y.t(x)), x € X\A
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defines a retraction. The values of Oh(y,t(x)) depend only on 'Yi
£or which tj(x)‘# ] {see (1.1)) and hence r: X — A is well
defined and it is a mapping as U covers X\A. By the continuity
assumptions of Def; 1.2.7 zlﬁx - is continuous t being continuous on
Vx. Hence follows the continuity of r on X\A. Now it suffices to
show that r is continuous in points of PFr A. Condition (6.2)
implies the inclusion rix) *,Qn(y,t(x)) € cQlB{x,p{x}+d(x,Fr A)) n.
o Fr A), x € X\A. 1If x — 2z €« Fr A ' (x¢A), then by (6.3) and the
fact that p(x} —» 8 1f x —» z, then we have r(x) —» z. DO

The method presented in the above proof enables us to prove the
following generalization of the well known theorem of Dugundjl (10,
Th. 4.1 p. 357).

B.1.4. Theorem Let A Dbe a closed set in a melric space {X,d)
and g: A — Y amap. If Y € W2(g(Fr A)), then g can be extendsd
to a map £f: X — Y in such a way _th&t £(X) < g(A) v cQ g(Fr 1)
(@ es in 6.1.2). '

Proof. Let ¢,y be as in the proof of Th. 6.1.3. Then for
g(y) =<(g(y1),_..., gly_ M) the desired extension 1is defined as
follows - ’

. v g(x), xeA,
(6.5) f£(x) =
r 0. (g(y),t(x)), x e X\A.

The contlnuity of £ on Fr A follows from the inclusion f(x) =
= Q‘(q(y),t(x)) & cQ gl{IB{x,p(x)+d(x,Fr A)) n Fr Al) and from (6.3)
for Y. DO

In particular, if A € W2 then from the above .we obtain [3, Th.
(2.1) p. 1621 as £(X) < g(A) u ¢0 g(Fr A) c cQ g(A).

6.1.5. Definition (cp. I[PB, Def. 1.91). We writs X e LW2(E) if
there exists a Q such that {E,Q) is a weed in the set X (Def.
1.2.1), X tis a space, (6.3) and

Jor each ze€B there exisis a Uz c X such that for

(6.6) every m e N, '{el, ceer e} < U, nE, Q,le,*):

m-1

P - X is continuous (e = (el, veey en))

hold. In place of X € LW2(X) we write X « LW2.
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Condition (6.6) can be expressed in a simpler way: for each =z € &
there exists a uz < X soech that (Uz n E,Q) 1is a weed in X (Def.
1.2.7).

B.i.6. Theoxem. Let A be a closed set in a metric space (X,d)
and A € LW2(Fr A) for a Q. Then A is a retract of tits

neighbourhood W L A, wvhere

6.7 w=U {xex:(n(x,d‘(k,‘pz A4g) nPr A, Q) is a weed in
g>0
the set A}.

Proof. By (6.6) W is a neighbourhood of ¥r A and, therefore,
A uW¥ is a neighbourhood of A. Let us define 1: W\A — J0,@wf as
follows

(6.8} 1(x) = sup {q: Bix,d(x,Fr A)+q) n Fr A, Q) is a weed in

the set . A}.

We will prove that mapping 1 is sci. Assume that a < 1({x). Then
there exists a q > 0 such that a < 1(x) - q. Porx z € B(x,q9/2)
the ineguality a(y,2z) < 4{z,PFr A) + 1(x) ~ g mneans that d(x,y) =
< d(x,z) + &ly,z) < qg/2 + a{=z,Pr A) +1{x) ~q = q/2 + 4{x,z) +
+ d{x,Fr A) + 1(x) -q < d4a(x,Pr A) + 1l(x). It means that we have
B(z,8(z,Pr A)+1l(x)-q) < B(x,4(x,Fr R)+1({x)) and, therefore, a<
< 1(x) - q S 1tz for z € B(x,q/2). Hence, 1 is sci. WNow, by
considering p(x) = min {1(x),d(x,Fr A)} we can see that r defined
by (6.4) is continuous as (yjl, . %7 yjn} < B(x,4(x,Fr A)+1(x)).

¥hat is more, the continuity of r on Fr A follows from the fact
that pi{x) — 0 if X —Z & Fr A {x €« X\A). O -
Similarly to Th. 6.1.4, from the above we obtain

6.1.7. Theorem. Let A be a closed set in a metric space (X,d)
and g: A — Y a map. If Y € LW2(g(Fr 3»)), thern g can be
extended to a map £: AW — Y, where

(6.7') W' = |J {xeX: (g(B(x,d(x,Pr A)+q) n Pr A},0) is a weed
q>0
in Y},

and in such a way that £(AUE') < g(A) ucQ g(Pr A) (@ as ir 6.1.5).
In parttcular, if y(A)e LW2, then g(R¥ u cQ g(Fr A} < cO g(A).
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Bielawski has proved [3, Corol. (2.2) p. 1621 that £or metric
spaces we have X e AR(4l) if and only 1if X € V2. Now we will
obtain a similar result for LW2.

06.1.8. Theorem Let £: X — Y e an r-map with the right
itnverse g: ¥ — X. 1f X € Wi(g(B)) (X < LWi(g(E))), then Y e
e Wi(B) (Y € LWi(R)), i =1,2. 1In place of i one may write ki
¢see Def. 6.2.2, 6.2.4, 6.2.9).

Proof. For example, let X € W2, Let us consider O’ as in
1.2.10. Assume that Q satisfies (6.3) for z = g(x) (xeB). If
¥ is a neighbourhood of x in ¥, then we may  require E(Vz) e ¥
to be satisfied. What is more, 'r~x = ’g"(Uz) . is a nelghbourhood of
x. From (1.9) and (6.3) it ‘follows that Qn('!‘x) < W, neN, i.e.
(6.3) holds for Q" and E. O

 ®.1.9. Remark- 4s it is hknown (&, Th. (2.1) p. 85}, if X e
€ AR(&), then X is an r-image of a convex subset of a normed space
and in view. of 6.1.8 X e V2. Similarly, @8 X € ANR(M) means
that X is an r-image of an opon. subset of a convex set in a normed
space {4, Th. (3.1) p. 861, then by 6.1.8 X e LW2.

From the above facts we obtain (e-:epléées is)

©6.1.10. Theoxem. If X is a metrisable space, then X € AR(#&)
(X € ANR(®)) if and only Lf X « W2 (X e LW2).

G.1.11. Corollary. Let A be a closed set in a metric space
(x,4) and A e LU2(Pr A). If inf {l{x): x € Fr A} =a > 0 (see
(6.8)), then A is a retract of its neighbourhood A u B(Fr A,a/2).

Proof. 1f =z €« Fr A and d(x,z) < a/2, then B{x,a/2) < B(z,a)
and hence, B(Fr A,a/2) < W (see (6.7)). O

6.1.12. Theorem Let (X,4) be a metric space, and A € W2
a closed subset o)’ X. If a compact map . £: A — X satisfies
(1) - there exists an sci mapping p: C = £(AI\A — 10,m]
that 0 < 4(f (z),cQIB(z,d(z,A)+p(z)) n Al), zeC,
then f has a fixed point.

Prooyf. Lat r: C — A be as in (6.4). In view of Th. 2.2.20 it
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follows that zef: A — A has a fixed point, say x € (xef){x). If
z = £f(x) € A, then we have r{z) € cQiB(z,d{z,A)+p{z)) n A) (see
the proof of Th. 6.1.6), i.e. x = r(z) (see (1}).  Hence, E(x} =
€ A and x = {ref)(x) = £(x). DO

The above theorem extends {22, Th. 2 p. 235} as in the case of
A being a compact convex set in a normed space, condition (1) of
6.1.2 is equivalent to £ (z) n B(z,8(z,A)) = 8, zeC (P4, Lemmal.

6.2. FIMITE DIMENSIOHAL CASE

Some theorems of the previous section have their finite dimensional
versions with relaxed assumptions on the structure of weeds under
consideration. The final part of this section is devoted to comparing
various definitions of special weeds.

We adopt the following definition of the covering dimension dim
(see {15, 7.2.4 p. 484))

6.2.1. Definjtion. Let X be a metrizadle space. Then we urtt'c
dim X = n if every locally finite open cover of X has an open
refinement of order < n Cat most ntl elements of such a refinement

intersect). R

6.2.2. Definition (cp. I[P6, Def. 1.7]1). We write X € Wkl(B), 1if
there exists a Q such that (E,Q) is a weed in the set X. X s
a space, Qk satisfies the continuity assumpiions of Def. 1.2.7 and
the following is satisfied

(6.9) for each ze€E and each Vz c X there exists a Uz <
c X such that Qk(Uz) < Vz.

In place of X € Wkl(X) we write X e %kl.
Clearly, if X € Wk1l(E)}, then for m <k X € ¥ml(E).

6.2.3. Theorem Let A be a closed set in a metric space (X,d)
and g: A — Y a map. If dim(X\A) < k-1 and Y € Wki{(g(Fr A}),
ther g con be exterdded to a map . f: X — Y such that £{(X) «
< g{A)l u Ok(g(Ft A)) (@ as in 6.2.2). In particular, for Y € Wkl
we odbtain £(X) c leg(h)).

Proof. 1In view of dim(X\A) < k-1 we may reguire ¥ to be of
order < k-1 (see the proof of Th. 6.1.3) (18, Lemma 5.1.15 p.
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377). Hence, t({x) has at most ) 4 coordinates different from
zero, and £ obtained by (6.5) is continuous. O

6.2.4. Definition (cp. (P8, Def. 1.71). We write X € L¥k1(E) ¢{f
there exists a Q such that (B,Q) is a weed in the set X, X is
a space and Ok satisfies (6.9) and (6.6) for m= k. In place of
X € LWk1(X) we write X € LWki.:

¥

6.2.5. Theorem Let A Dbe a closed set in @ metric space (X,d)
and g: A — Y amap. If dim(X\A) = k-1 and Y € LWk1l(g(Fr A}),
then g can be extended to amap £: A v W — Y suwch that £(A U
U V) < g(d) v (g(Fr A)) (0 as in 6.2.4) for W defined gs fallows

k-1

(6.10) W = |J {xex: @, (y,*): P - A is continuwous for y ¢
>0

q
e Lg(B(x,d(x,Fr A+q) n Pr A1%}.
In particular, if Y € LWkl, then £(X uW) c Q (g(A)).

Proof. It suffices to follow the proofs of Theorems 6.1.6, 6.1.7
for 1(x) depehdlng on ok’ and the cover U of order < k-1 {the
proof of Th. 6.1.3). o ’

6.2.6. Remark. In particular, ¢f Y =AA, g = ia,, then 6.2.3,
6.2.5 becoms theorems on retractions.

6.2.7. Theorem Let Y be a metrisable space. If Y e V(k+2)1
(Y € LU(k+2)1), then Y eLcX and vYec® (xerchH. 1y in
addition dim Y <k, then Y € AR(M) (Y e AHR(M)).

Proof. From 6€.2.3 it follows that if A is a closed subset of
a metric space X and Aim(X\A) £ kitl, then each map g: A —> Y
can be extended on X {f Y € ¥(k+2)1. Hence, in view of ({11, Th.
3.2 p. 2321 Y €LC® and by (11, Th. 1 p. 238] Y e c*. This
fact and _{11, Th. 15.2 p. 244] mean that Y e AR(M). Similarly,
for Y € LW(k+2)1, from Th. 6.2.5, [1%, Th. 3.2 p. 232] and {11,
Th. 15.1 p. 2441 we obtain Y e All_l(nl). o

Por any Einite dimensional metrizable  space ¥, we have Y e
ANR (&) if and only if Y € LC {22, Th. 15.1 p. 244) and Y e
€ AR(M) if and only 1if Y €« LC and Y € C (11, Th. 15.2 p. 2441,
then by the above and €.1.10 (see (3, Corel. (2.3) p. 163}) we obtain



84

6.2.8. Thecorem ILet X be a metrizadble space and dim X = k.

Then we obtain xeLCkoX&LCéX(LW(ki‘Z)l&s»XGLVl.xeLWO

@ X € ANR(A) and (XGLCkandXeCk)O(XGLCMXGC)Q

® X € Wkt2)l X e Wl © X €« ¥2 & X € AR{(&).

6.2.9. pDefinition (cp. (PG, bef. 1.71). We write X € Wi(E) (X €
&« LVW1(E))} if for a fixed Q and all k €N X € Yk1i(B} {(X «
€ LWk1(E)). In place of X € W1{X) (X € LW1{X)) we write L eWl
(X € LW1).

FProm the very definitions we obtain

6.2.10. Crollary. X € W2(E) » X € W1(E) » X € ¥k1(BR), keN, and
X € LW2(E) » X € LW1(B) » X « LWk1(E), keN.

6.2.11. Lempma. 1f X € LU1(R) and B is a Tf—spaco. then
cQ {x} = ix}, x€E and each subset of E is an underhull Ccp. Remark

1.2.5).

FProof. It follows from (6.9) that Qk(z) < Vz for each Vz in
X, keN. Hence, cQ {2z} < {2z} and from the fact that cQ {2z} 2 6 we
obtain cQ {z} = {2z}, zeE. D

The subsequent lemma will be applied in Section 3.

6.2.12. Lemma. Let X e a space and 8: XxIxX-—X
a mapping such that for each zeX, v = Vz there exists a U= Uz
for which 8(U,I,U) < V. Then for 0 defined in (1.13), p. 21 and
each kel (6.9) holds.

Proof. 1f W is a neighbourhood of 2z, then there exists a V =
= Vz such that 8{v,1,V) c W. In turn, there exists a U= Uz <
cV such that 8(U,I,U) c V and, therefore, 8(Y,1,8(U,I,U)) c
< 8(U,I,V) c 8{V,I,V) ¢ W holds. Consequently, our lemma can be
proved by induction. D

6.3. WEEDS AND OTHER STRIXTURES
in this section we compare weeds with some well known classical

notions of similar type (Def. 6.3.1, 6.3.2, 6.3.3).
Pox (24, p. 7331 has introduced the notion of the local

equiconnecting function which was applied to defining LEC and EC

space.
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8.3.1. Dpefinition (cp. {7, pp. 101, 1021). 4 space X is LEC
(X € LEC) if there exists a local eguiconneciing function, i.e. a map
Az X x X x I .- X which iLs continuous on vxi, where V is
a neighbourhood of the diagonal in X x X and l(xo,xl,l) = Xy i =
= 0,1 and A(x,x,t) = x, (xo,xl) €V, xe€X, tel. If in addition
V= XxX, then X is BC (X e EC).

As it is seen, for 8. (t,¥y) = A(x,y,1-t), where A is as in
6.3.1, condition (1.11) is satisfied. This fact and Remark 1.3.2 mean
that from X € EC it follows that X 1is 8-contractible {Def.
1.3.1). PFrom the continulty of A VI —X it follows that for
each Vz the inclusion az,z,1) < Vz holds, and by the theorem of
Wallace (31, Th. 1Z p. 142) we have X(UZ,UZ,I) < Vz for a Uz < X.
Hence, X € BC (X € LEC) Iimplies (see 6.2.12) that X is (locally)
of type II (P2, Def. 4 p. 5971 ((Pi, Def. 6 p. 5981) and, in turn,
I e¥Wl (X eLWl). '

6.3.2. Definition {12, p. 191]. A space X is stably EC (LEC)
if X €« BEC (X = LEC) for X such that for each Bz, z€X there
exists @ U = U, such that vl = aqu,u,1), ..., UL aquo™, 1 <

[ Vz, neN.

If in place of A, as in 6.3.1, we apply S8 £rom 1.3.1, then the
above becomes the definition of a space (locally) of type I (Pi]l. 1In
addition, the inclusions of 6.3.2 mean that cQ U < Vz for ¢ as in
{1.13). Hence, we have (¥ is stably EC) =» (X is of type I) » X €
€ W2, and similarly for the local case.

Himmelberg (28, Th. 3 p. 45] has defined the space of class C8
{LCS). The respective definition can be formulated as follows (cp.
{7, p. 102}

6.3.3. pDéfinition. 4 space X is LCS (X € LCS) if there

axists an open cover U of X and a seguence of maps AP (U Un) x

<
x P*" 1 o x  such that for each xeX! t €P we have Ag(x.t) =

= x“'l(olx,ait) whenever t1 = 0, and for each Vz, z € X there
exists @ U, such that A"(Ul x " 1) c v, neli. If. in addition,
U=X, thon we have X € CS.

n-1

By considering the composition of A as in Def. 6.3.2 (cp. (1.12),
(1.13)) we can see that if X is stably BC (LEC), then X € C8
{LCS). %hat is more, it follows from 6.3.3 that if X € CS (LCS),
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then - X & W2 (LW2).
By putting the above information together we obtain

8.3.4. Corollary. (X is stably BC) » X € EC & (X is of type
II) # (X €C and X €LC); (X is stably EC) » X €CS » X € W2 »
X « Wl; (X is stably EBC) » (X is of type I) » (X is of type
II) © X € Wl. For the local case we obtain similar implications. Let
us -write the first of them (X is stably LEC) » X « LEC » (X is

locally of type 1II) o X e LC.
From 6.3.4, (28, Th. 3 p. 451 and 6.1.10 follows -

6.3.5. Corollary If X is a metrizable space, then we have
(X is.stadbly EC) # (X isof type I) » X € C8 & X € W2 @ X € AR(H);
(X is stably LEC? & (X s locally of type I) » X ¢ .CS @ X € L¥W2 @
@ X e ANR(A).

vhat is more, it follows from 6.1.9 that I1If X €« AR{(M) (X e
€ ARR(M)), then X € BC (X € LEC).

In view of Th. 6.2.8 we may say that for a finite dimensional
metrizable space X all conditions of 6.3.4 except of stably (LEC)
BC and (locally) of type I axe eguivalent to (X €« ANR(M)) X «
€ AR(AM).

It should be noted that Mazurkiewicz's example J[4, pp. 152 - 1551
presents a finite dimensional space X € C8 which is not of type I.



7. Selections

In the present chapter we prove generalizations of some known
théorems on selections (Th. 7.11 is the most important one here). The
convex structure presented in Def. 7.8 extends the respective ideas of
Michael and Curtis (see considerations following Remark 7.12) and it
is related to a concept of Bielawski. The results of this chapter
‘were obtained in [(P8) for the different definitions.

If X,Y are spaces and F: x—42! is a mapping, then each map f£:
X — Y such that £(x) e F(x), xeX will be called a selection (for
F).

Let us recall that a space is paracompact if it is regqular and each
open cover has an opsn locally finite refinement (31, p. 1561).
A partition of unity on é-spaco X is a family ¥ = {tj: jed} of
maps on X to ‘I such that for each xeX tj(x) = 0 holds only for
a finite number of JeJ and we have [ {t (x): jeJ, t (x) =0} =1
{321, p. 171). A partition of unity > on X defines an open cover
u, = {uj = t;(lo,ll)z "jJel}. By saying that a partition of  unity
Y has a property which is characteristic of covers, we understand
that it concerns Y,. In addition we assume that J is linearly
ordered by a relation <,

‘Paracompact spaces have the following property (cp (15, Lemma
5.1.13 p. 377, Th. 5.1.9 p. 375)1) which is important for the proofs
of this chapter

7.1. Thegorem Every open cover ¥ of a paracompact space has
a partition of unity being a locally finite star refinement of .

Proof. Bvery open cover & of a paracompact space has a locally
finite closed refinement (31, Lemma 29 p. 1571. Hence, &  has an
open star refinement v (18, Lemmas 5.1.13, 5.1.15 p. 377). The
cover r has a locally finite open refinement and a locally €£finite
partition of unity b g subordinate to ¥ (31, ¥ p. 171] as X is
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a normal space (3%, Corol. 32 p. 159]. Hence, r is a locally
finite p;rtitlon of unity which is a star refinement of #. O

7.2. <fTheorem (cp. {3, Prop. (3.9) p. 1661). Assume that X s
a parbcoapact spdco. F: X — 2Y a mapping such that all values of
F~ are open and (P(X),0) isa weed in Y. Then cQ-F admits
selection. 1f, itn addition, all wvalues of F are overhulls, then
P has a selection.

Proof. The family * = {¥ (y): ye¥} 1is an open cover of X. Let
¥ be a locally finite partition of unity subordinate to ¥. For each
x € X there exists a Vx such that J{x) = {:leJ: tj(vx) = 0} =
= {:Il, e ey jm} (mn = m{x)). We may assume that -3, < ... < J.. Let

Yy €Y Dbe such that U; < F"(yj), jeJ and y = (yj N ...,'yj ),
~1 =
xeX. Then for ¢t(x) = lt'j (x),...,t_j_(x)) we adopt
1 " i

(7.1) £(x) = Q_(y,t(x)), xeX (m = m(x)).

By (1.1) £: X—Y is a mapping and by the continuity assumptions of
Def. 1.2.7 £IVx is continuous, xe€X. Thus, £ is continuous. If
tj(x) ® 0, then x e Uy and, hence, x e-l"‘(yj) which means that
yj e F(x).. »'rhezefote, we have f(x) e um(P(x)) < ecQ Pix), xeX. O

.BEach regular compact space Is paracompact. Consequently, every
compact subset of a linear space is paracompact. Hence, from Th. 7.2
we obtain  (cp. (B, proof of Th. 1. p. 285])

7.3. Theorep. Let X be a compact set in a linear space and
Y a convex set in a linear space. If ) x-»z' is a mapping such
that all valuss of P are open, then conveF has a selection. If
in addition all values of P are convex, then F has a selection.

Mapping P as in Th. 7.3 is, in paritcular, 1sc (Def. 2.2.15 p.
36). Let us recall some of the properties of 1lsc mappings.

7.4. Lemma (37, Ex. 1.3 p. 362). If P: Xx»2' tslsc c=Cc
cX ond g iz a selection for FIC. then PF: x--»z' defined by

g(x)' x_d:,
(7.2) G(x) =
Pi(x), x e X\C,

iz lsc.
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Proof. Let W c Y be an open set. If x ¢ G (W), then X €V =
« F(W). What is more, 1f x € G (W) nC, then there exists
a neighbourhood U of x such that g(U n C) < W. Hence, for V., =

v N 1
=UnV we have g(V; nC) cW and V;n (X\C) < F (W), i.e
VI c G (W). It x € X\NC, then Vl = Vn (X\C) is the

respective neighbourhood of x. O

7.5. Lemma (37, Prop. 2.3 p.3661. A mapping F: 2x——»2Y ts lsc
if and only if F is lsc.

Proof. For each A < Y and any open Ve we have A nW =@
if and only if A nW»@B. Hence, (F)7(¥) =F (V) 1is open. O

7.6. Lemma. Let F: x-»zY be a mapping, X a space and (Y,d‘)
a metric space. If the following condition is satisfied

(7.3) for each p>0, x € X there exisis a ux such that
F(x) < B(F(z),p), z eU,,

then F. is lsc. 1If all values of F are compact and F is lsc,
then (7.3) holds.

Proof. Let 'V be an open subset of Y and let x € F (V). Thus
there exists a y € F{x) n V and for a p > 0 we have B(y,p} < V.
This proves that for each ze€X such that F(x) < B(F(z),p) we have
F(z) nV @ and in view of (7.3) the set of all such points is
a neighbourhood of x, 1i.e. F (v is an open set. The remaining
part of our lemma follows from (38, Lemma 11.3 p. 5781. O

7.7. Lemma (cp. {2, Th. 1 p. 133)}. If (Y,d) (s a metric space
and F: X — (C(Y),D) (see (6.1)) is a map, then F is lsc.

Proof. The set {zeX: F(x) < B(F(z),p)} contains a neighbourhood
P—(BD(F(X),D)) of x and (7.3) holds. ©

7.8. Definition (cp. (PS, Def. 4.6)). Let (Y,d) ., dbe a metric
space and g = A a family of nonempty subsets of Y. We write Y €
€ Wa(A) tf Y € W2( U (Def. 6.1.2 p. 78) for a Q satisfying

(7.4) for each q > 0 there exists a p > 0 such that
cQ B(A,p) < B(cQ A,q), Aesk.
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1f & = ZY\{B}. then we write Y € Wi. By replacing W2(|j=) by
LW2(Yst) we define LW4(A).

Every overhull which 1is contained in U#£ as in the above
definition, is a convex set (see Lemma 6.2.11, Remarxk 1.2.S5}.

Condition (7.4) resembles ({3, (3} p. 164]) and is an extension
of (PSS, (4)].

7.8. Lemma. Let X be a space, (y,d) a petric space, Y €
€ VA({F(x): xex}). 1f F: x-»zy satisfies (7.3), then cQ-F is lsc.

Proof. From cQ B(F(z)),p) < B(cQ P(z),q) (see (7.4)) it £follows
that cQeF satisfies (7.3) and in view of Lemma 7.6 cQeF is 1lsc. O

7.10. Corollary. Let X be a spoce and (Y,d) a metric space,
Y € Vl({F(x): xex}). 1f all values of P: X — 2! are compact an@
F is lsc, then cQe-F is lsc.

Proof. 1In view of Lemma 7.6 F satisfies (7.3) and by Lemmas 7.9,
7.5 the proof is completed. D

For a metric space (Y, a), let zZ(Y) denote the family of all
complete nonempty subsets of Y.

Now let us present a generalization of (3, Th. (3.5}, p. 164]. The
proof is a modification of the proof of Th. 1 (P5] and it resembles
the proof of Th. 3.2'* (37, p. 367].

7.13. Theorem. Lot X be a par oact Sp . {Y,d) a metric
space, Y € Wa({F(x): xeX} v {iyl: vy « F(X) ) for Q3 while F:
X — Z(Y) is an lsc mapping with Q-convex valuss. Then F admits

a selection.

Proof. Let P = Py Q= 4q; be as in condition (7.4). By
considering H = B{(F(*),p) 1in place of F (R = F (B(*,p) )} in the
proof of Th., 7.2, we £find a selection £1 for cQeH. By taking
{7.4) intec account we obtain il(x) e c@ B(F(x),pl) < B(cQ F{x),ql) <
< B(P(x),ql), x€X as the values of F are Q-convex. Let us
consider Fi(x) = Pix) n B(fl(x):ql), xeX. Clearly, F,: x—2¥ is
a mapping and Fl(V) =V (V) n El(B(V,ql)) is an open set if V is
open. Hence, F is 1lsc. Now we consider H = B(Fl,pz) in order to

1

obtain a selection £2 for cQeH, i.e. fz(x) e c0 B(Fl(x),pz) <

< cQ B(Fx),pz) < BlcQ F(x).qz) < B(F(x),qz) and, moreover, £2(x) «
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€ cQ B(Fllx),pzl < cO_B(El(x),q1+p2) < B(cQ fl(x),rz) = B(fltx),zz)m
In turn, we define Pi(x) = P(x) n B(fz(x),qz), xeX. By induction we
obtain a seguence of maps fn: ¥—¥ and a sequence of 1lsc mappings
ln: x—»zy such that

{7.5) £ (x) «cQ B(Pn_l(x),pn) < c0 B(F(x),p,) < B(Fix),q,),
xeX,

(7.6) £ (x) e cO B(f,_,(x),q_,+p ) < B(f _,(x),x ), xeX,

where 'pn, a9, are as in (7.4) and P =4, %P, q = rh satisfy
(7.4). Ve may require B T, < ® (i.ef q, — 6, see Lemma 6.2.11).
Then for each x €X, kK =n, ‘ k,n € N  we obtain d(fk,in(x)) -
< d(fk(x),£k+1(x))* oy +d(£n_1(x),dn(x)),s zk41+ cee X (see (7.6))
which means that the sequence (En) of maps satisflies uniformly the
Cauchy condition. By (7.5) and the completeness of F(x), xeX the
sequence (En(x)) converges to an element of ‘i(x). Hence, v(fn) is
a sequence of maps which converges uniformly to a selection £ for
mapping F. © ‘

7.12. Remark. If - Y € W2({F(X)} oand F(X) is compact, then in
view of Lemma 2.2.22, in 7.11 it suffices to - assume Y € W4{{F(x):
xex}) in place of the respective assunpticn' Y € Wa(...).

Ye will show that the convex structure presented in Def. 7.8  is
more general than those of Michael {40, Def. 1.1 p. 559! and Curtis
{8, Def. 2.1 p. 748]). Both of thén assume that (Y,d)  is a metric
space, for each neN “n is a subset of Yn- and kn: Mn x Pn”I — ¥
is a mapping such that for e e "n (1.1} holds and kl(x,I) = %X, X €
€ Hl' Hence, we have (Hl)n.c “n’ neN. What is more, mappings kn
are such that €for each g > 0 there exists a p > 0 such  that for
each Y,¥Y' € Hn, neN if d(yi,yi) < ps i =1, ..., n, then
d(kn(y,t),kn(y’,t)) < q. From this condition it follows that for A ¢
< H1 and Qn = kn we obtain Qn(B(A,p)) < B(Qn(A),q) and, clearly,
cQ B(A,p) < B{(cC A,q}, i.e. (7.4) holds. Naturally, (7.4) does not
imply the uniform continuity of ¢ on x € E". What is more, Michael

=l _, ¥ to be continuous which together with the

assumes kn(e,'): P
n-1

uniform coptlnulty on x variable ngané that kn: Hn x P — Y is
continuous, n € N (in the paper of Curtis this requirement is a part
of definition). Thus, the continulty reguirement of Def. 7.8 is less

restrictive (see Def. 1.2.7). In Def. 7.8 we assume that each
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singleton in {Js 1is Q-convex. This requirement in Michael's paper
follows from conditions (a) and (c) (Curtis assumes it explicitely).
what is more, Michael's definition contains an additional condition

(c) concerning ¢t.
Let us present further theorems on selections.

7.13.  Theorem (cp. (40, Th. 1.5 p. 559]}. Assume that X is
a paracompact spdce and (Y,d) a metric space. I1f PF: X—2(Y) is an
lsc mapping. Y e WA({F(x): xeX} v {{y}: y € F(X}}) for Q. all
values of F are Q-convex, and g is a selection for FiC. where
c=Ccx, then g can be extended to a selection £ for F.

Proof. Let us consider G as in (7.2). Thexr, ¢&(X) < F(X), and
G: X — Z2(Y), all values of G are Q-convex (Lemma 6.2.11) and
G is 1sc (Lemma 7.4). Now by Th. 7.11 € has a selection. O

From the above and Lemma 7.7 we obtain

7.14. Thecorem (cp. (39, Th. 8.1 p. 3881). dAssume that X is
a paracompact space, (Y,d) a metric space., F: X — (Z2(Y),D} a map
and Y € WA({F(x): xeX} u {{y}: y € F(X)}) for Q. If all values of
F are Q-convex and ¢ (s a selection for FIC, where C=¢€cX,
then g can be extended to a selection £ for F.

The subsequent theorem is a generalizationr of the Bartle-Graves
theorem (cp. (37, p. 369))

7.15. Theorem. Let X be a paracompacl space, (Y,d) a metric
space, Y € W4 for Q and let £f: Y—X be an open mapping such thet
all values of £ are complete and Q-convex. Then £ has a right

inverse map g, ti.e. such that feg = !.dx.

Proof.- Por simplicity of notatlons let us assume that £(Y) = X.
In view of Theorem 7.11 it suffices to verify that F =f 1is 1lsc.
If VcY is open, then F (V) = £(V) 1is open. O

Let us prove a fixed point theorem related to selections

7.18. Theorem. If (X,d) is a metric space, F: X—Z(X) s lsc,
F(X) is compact, X € WA({F(x): xeX}) and X € W2AF(X)) for Q and
all values of F are Q-convex, then F has a fixed point.
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Proof. By Remark 7.12 and Th. 7.11 F has a selection, which in
view of Th. 2.2.20 has a fixed point. O '

Now let us consider the case of X finite dimensional. 1In view of
Th. 7.1 and (31, W p. 171] we may assume that Def. 6.2.1 concerns
paracompact spaces. If X 1is a Tl-space, then we obtain a condition
eguivalent to the classical definition (158, Th. 7.2.4 p. 484].

7.17. Definition (cp. {PB, Def. 4.1B51}. Let (¥,d) be a metric
space. We write Y € Wk3(A) if g aA is the family of nonempty
subsets of ¥ and Y e Wkl({JA) (Def. 6.2.2) for a Q such that

(7.7) for each q > 0 there exists a p > 0 such that for
each  Aeh Qk(B(A,p)) < B(Ok(h),Q).

17 4 = 2°\18), then we write X e Wk3.

One can define class LWk3(A) by considering LWk1({Jj#) (Def.
6.2.4) in place of Wki{{JA4) 1in the above.
Now we present a finite dimensional version of Th. 7.11.

7.18. Theorem. Let X be a paracompact space, dim X € k-1 and
(Y,d) a metric space, Y € Wk3{{F(x): xeX} u {iyl: y e F(X)}) Sfor
F: X — Z(Y) being lsc and such that 0;(F(x)) = F(x), xeX., Then
F has a selection.

Proof. 1In the proof of Th. 7.11 we assume that the respective
partitions of unity are of order < k (see the proof of Th. 7.2). By
writing °k in place of cQ we define a sequence of maps which
converges to a selection £. O

Iﬁ a similar way one can formulate the finite dimensional version
of Th. 7.13.
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Streszczenlie

Teoria punktéw stalych i pewne inne zastosowania chwastdéw

praca ta jest pos$wiecona badaniu struktury wypukieij zwaneJ] chwastem
(ang. weed). Podstavowa koncepcia jest zastapienie kombinacji wypuk-
tych, wtasciwych przestrzeniom liniowym, przez _ciag odwzorowan dla
przestrzeni topologicznych (zob. Def. 1.2.7, str. 18). Role zbiorow
wypuklych przejmuja nadotoczki (ang. overhulls) (Def. 1.2.2, p. 16}.

Jestedmy tu glownie zainteresowani teoria punktow statych, a otrzy-
mane wyniki uogdlniaja dobrze znane twierdzenia, nawet w przypadku
przestrzeni lokalnie wypuktych. Dwie koricowe czesci, ktore sa poswie-
cone chwastom o bardzield skomplikowanej strukturze, dotycza odpowie-

dnio, retrakcji oraz ciagtych selekc3l.



