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FIXED POINT THEOREMS FOR UHC MAPPINGS

First let us present the notations applied in this paper. The family of all subsets of a set
X is written as 2%, The notation F: 2¥ — 2¥ means that for each A C X, F(A) is a subset of Y;
for G:2¥— 2% G°F:2¥— 27 is defined by (G°F)(A)=G(F(A)), ACX. We require
X N 2% = & in order to replace F ({x}) by F(x), x € X which is more convenient. If F: 2¥ — 2¥
and F4)=J [F(x): xXEA },A C X then we write F: X —> 2¥; in such a case F is a mapping
if F(x) = &, x € X. Any uniformity ¢ for a set X consists of mappings as Uix) = {yex:
*y) EUY, UE «4, x EX. If F: 2¥ = 2%, then F~: Y — 2¥ is defined as follows: x € F~(y) if
y € F(x); in particular, for F: X — 2¥, G: Y — 2 we have (G°F)" = F°G~ [1,p. 119]. As re-
gards topological notions, we do not require compact, regular nor locally convex spaces to
be T,

The two subsequent lemmas are useful tools in proving fixed point theorems.

Lemmal. Let E be a finite subset of a set Y in a space M. If F: ZX-> 2’ is such that

convECF (E) and F (e) N conv E is open in conv E, then there exists a set ZCE and
a point y such that y € conv Z € conv F(y).

Proof. Assume thatE = {e,, .., ¢,} and let P be n-simplex
n+l

(P= {t €R :0s¢,i=0,...,nand 5r; = 1}). Mapping g:P->convE defined by
8(t) = Zse;

yi

t € P is continuous and therefore M; = P\ g (F (¢;)) =P\ g (F (e;) N convE) is
closed, i =0, ..., n. On the other hand we have
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MM, =P\ g (F (¢))=P\g (F (E)) =P\ g (conv E) = @. By referring to the Knaster-
Kuratowski-Mazurkiewicz theorem (see e.g. [2, (13.3) p. 102]) we note that the condition
telJ {M R 0}, t € P cannot be satisfied. Thus there exists a t € P, for which we have

tEY {Mi: 1= 0} =P\N {g—(F_(ei)): £ 0} and consequently (Eg [ [F_(ei): ;= 0],

sWEN {F_(ei): t; = 0}. For y=Zte=g(t) we obtain y€EF (¢) ;=0 and
Z= {el- EE: ;= 0} C F(y). Now it is clear that y € conv Z C conv F(y) holds.

Definition 1. [7, Def. 2.1.1]. We say that F: 2 - ZM is increasing if for each A,BCY
from A C B follows F(A) C F(B).

Itis clear thatany F: Y — 2™ is increasing.

Lemma2. LetE be a finite subset of a set Y in a linear topological space M. Assume that
w: 2 Mis increasing, conv E C W (E) and let V: 2 - M satisfy

for each y € conv E there exists a neighbourhood U, of y in conv E for which ¢))]
W(Uy) C V(y) holds.

Then we have y € conv E N conv V(y) foray €Y.

Proof. We can treat conv E as a uniform space (conv E, 1) with uniformity U consisting
of open symmetric entourages [3, Th. 6 p. 179]. Then for U € U, e € E the set (UW Ye) is
open and we have (U°W )(e) = (U °W )(e) C (W°U) (e), W being increasing. Thus we note
that conv E C W (E) € (U-W )(E) C (W-U) (E). In view of Lemma 1 there exists a point
y € conv(WeU)(y) N convE. Let us adopt A(U) = {y € convE: y € conv (W°U)(y)}, Uea.
Clearly, U; C U, means that A(U;) CA(U,) (W is increasing) and therefore the family
{A(U): ve 'a} has the finite intersection property (¢ is a uniformity). Now it is clear that
A=N {ATUF NconvE: U E 'u} is nonempty, conv E being compact. If y is a point of A then
U(y) N conv(WeU)(y) = @, U € 1 and in view of (1) U(y) N convW(y) = J, U € u. Hence
follows y € convV(y) [3, Th. 7 p. 179].

Definition 2. (cp. [, p. 1435]). Let Y be a topological space and M a linear topological
space. We say that a mapping F: Y — 2M is uhc if for each continuous linear functional x on
M(Giex€E M*) sup rx°F: Y — R is upper semicontinuous, where rx is the real part of x..

" As regards the convexity of a set it has no meaning whether the space under consider-
ation is real or complex. On the other hand every linear functional x on a complex space M
is defined by its real part rx which is a linear functional on the real restriction of M {4, 1.4 p.
9]; and what is more, the continuity of x is equivalent to the continuity of rx [4, 5.4 p. 37}
Therefore, if we restrict our considerations to the real spaces (the notations are simpler) then
the results do not lose their generality.
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Lemma 3 enables us to prove the following in a simple way

Theorem 1. Let Y be a compact convex set in a locally convex space M and let F: Y — 2M
be uhe with F(y) NY = &, y €Y. Then conv F has a fixed point.

Proof. We may assume that M is real. Let xq,...,x, € M*, g>0 be fixed and let
Vq(B) = {z EY:x(z2)<q+supx(B),i=1,..., m}, B C M. We consider the increasing map-

pings W=V °F and V= V,,°F. From the compactness of Y it follows that W (E) =Y for a
finite set E C Y. On the other hand (1) holds for W and V, F being uhc. In view of Lemma 2
the family {A(x, g): x € M, q> 0}, where A(x, g) = [y EY: x(y) < q + sup x(F(y))} has the fi-
nite  intersection  property. The compactness of Y  guarantees  that
A=N {Y NAG, q:xEM, q> 0} is nonempty. For each y € A we have y € convF(y) (see
[4, Corol. 14.4 p. 119]).

The above theorem is a simplified version of Th. 2, nevertheless it is worth of being
noted as it extends a classical result of Fan and the proof is short.

Definition 2 is general, but it is convenient to consider weakly upper semicontinuous
(wusc) mappings which we introduce below

Definition 3. [7, Def. 2.1.3 p. 26]. An increasing F: 2" - Mis uscif Y, M are topological
spaces and for each y € Y and any neighbourhood W of F(y) there exists a neighbourhood U
of y such that F(U) C W.

The use mappings in the above sense have nice properties (see [7, 2.1]).

Definition 4. Let Y be a topological space and Z a set in a linear topological space M. We

say that an increasing F: 2" 2% is wuse (weakly upper semicontinuous) if it is usc for Z
equipped with the topology induced by the weak topology of M.

It is clear that every wusc mapping F:Y— 22 is  uhc as
{z € Z: rx(2) sup rx(F(y)) + p} (p > 0) is a neighbourhood of F(y) in the weak topology in Z
and, consequently, we have sup rx(F(U,)) < sup rx(F(y) + p for a neighbourhood U, of y.

Lemma 3. Let M be a linear topological space and let F: Y — 2" be an uhe mapping. If

Z C M is such that all values of Z N F are convex and weakly compact, thenZNF: Y — ZZ
is wusc.

Proof. For simplicity let us assume that M is real. For A = F(y) any neighbourhood of the
set Z M A contains a uniform neighbourhood W(Z N A) in Z [3, Th. 33 p. 199] (both of them
in the. weak topology). We may assume that W(z) = {s EZ(s-2)|<qi=1,..., m},

where xq, ..., X, € M are arbitrary (the case of M* = {0} is trivial). We will show that the-

reexistsan€ENandty, ..., 1, € M" such that for
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V={s EM:inf1(A) -p<tfs)<supA)+p,j=1, ... ,n}

we have ZNVC W(A). For Q={zEM: x(2)=0,i=1, ..., m} the space M/Q is at most
m-dimensional [4, B (a) p. 11], locally convex (weak topology) and T,, and in view of [4,
6.1 p. 44] it can be identified with R* (Euclidean space). For simplicity of notations we iden-
tify M/Q with M (for the topology induced by x,,...,x,). Clearly,

2W(Z N A) = (WSW)(Z N A) is compact as being closed and bounded. Let T consist of linear
combinations of x,,...,x, and let Vt, »= [z € M:inf HA) - p < 1(z) < sup 1(A) + p}, teT,
p > 0. Suppose that the family of sets {—Vt_P N2WZNAN\WZNA):p>0,tE T} has the fi-
nite intersection property. Then the intersection of this family consisted of closed compact
sets must be nonempty. If z € M [V; NZW(ZNA\WEZNA):p>0,tE T}, then we have

zZ@ W(Z N A) and z cannot be strongly separated from Z N A by a linear functional. This
fact contradicts [5, Corol. 14.4 p. 119] and consequently there exist ¢,, ..., 2, €T and a

p>0suchthatfor V=V, wehave VNZCWA).
A

The upper hemicontinuity of F means that inf x°F = — sup (~ x)°F is lower semicontinu-
ous and hence

U= {z €7Y: [inf 1{F(2)), sup tj(F(z))] C [inf 1{A) ~ p, sup tj(A) +plj=1,..., n}

is a neighbourhood of y and, in view of the way V was defined we have
UC [zEY: F(z) C W(A)]. Thus F is wusc.

Cleatly, if M is a linear topological space then any F: Y — 2 which is usc is uhe.
Therefore the theorem to follow is fairly general. Its proof is based on the proof of [7, Th.
2.2.11 p. 33].

Theorem 2. Let Y be a convex set in a locally convex space and F: Y — 2" 4 uhe map-
ping with closed convex values. Assume that YN F(Y) is relatively compact in Y and
YN F(y) =0,y €Y. Then F has a fixed point.

Proof. In view of Lemma 3 YN F is wusc. The set Y with the induced topology and the
weak topology can be treated as two uniform spaces with uniformities ¢, ¥ respectively. In
addition, we may assume that U(A), V(A) are open and V(A) convex for UE U, VE ¥,
A=convACY. For each W; €V there exists a finite set ECYNF(Y) such that
(W °F) (E)=(F °W{)E)=Y as YNF(Y) is precompact in the weak topology and
YN F(y)=J,yEY. On the other hand, if V;, W, €9 are such that 2W; C V] then for
W=W,°F,V=V,°F (1) holds F being wusc. Now by Lemma 2 the set
A(Vy) = {y eY.yel; °F)(y)} is nonempty. The family {A(V): Ve "V} has the finite intersec-
tion property as V; CV,, V,, V, € imply A(V)) CA(V,) and for V3, ...,V,, €Y there

exists a VE ¥ such that VCV; N ...NV,. Clearly, for C=Y N F(Y) there exists a
yECNVA)),VEY (closures in (Y,%)) as C is compact. Hence it follows that
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B=Uy)N(VeFU)y), UEU, VEY and consequently, U(y) N (VeF)(y)=d, UEu,
V E Y F being wusc. Therefore we have V(y) N (VoF)(y) = &, V € % which means that y,
F(y) can not be strongly separated by any x € M. Now, in view of [4, Corol. 14.4 p. 119]
we obtain y € F(y).

The above theorem can be extended to the form of [7, Th. 2.2.13] with uhe in place of
usc (see the respective proof).

The theorem to follow is a natural extension of Th. 2 and the method of proving it is
adopted from [7, 3.1].

Theorem 3. LetY, ..., Y, be convex sets in locally convex spaces My, ..., M, respecti-

vely, and F: Y| — 2M2 B SRTD S 2M'",Fm: Y, — 2M1 uhc mappings with clo-
sed convex values and such that Y, NF, (Y,),Y,NF (Y),...,Y, NF, _, (¥, _,) ar
relatively compact and Y1 NF,, (v,), Y, NFy (yy), ..., Y, NF, _;(y,_1) are non void

€Y, ..., ¥,E€Y,. Then F,°...°F, has a fixed point.

Proof. The weak topologies of a complex space and of its real restriction coincide [4, 5.4
p. 37] and therefore we may require all spaces under consideration to be real. Let us adopt

M=M;x..xM_ ,Y=Y;x..xY, and let F:Y— ZM be defined as follows
FOL s Ymy=Fp 0m) xFL ) X ... XFpy 1 (¥, _1)- It can be easily verified that
Fy°...°F,, has a fixed point iff F as above has a fixed point. In view of [4, 17.13 p. 160] the

weak topology for a product of linear topological spaces is the product of the weak topolo-
gies and by [3, Th. 12 p. 142] any neighbourhood of ¥ N F(y) in the weak topology contains
the product of neighbourhoods of the projections of Y N F(y). Therefore from the assump-

tion of F;: Y; — M (the respective i,j) being uhc and Lemma 3 it follows that F is uhe and
(see Theorem 2) has a fixed point.
An almost immediate consequence of Theorem 2 is the following

Theorem 4. Let Y be a closed convex set in a locally convex space M and F: Y — M an
uhc mapping with closed compact convex values and such that Y N F(Y) is relatively com-
pact. If the following is satisfied

inf rx (Y) s sup rx (F(y)),xEI\f,yEY, ®
then F has a fixed point.

Proof. The only fact to verify (cp. Th. 2) is that Y N F(y) = &, y € F. This dependence fol-
lows from (2) and [5, Corol. 14.4 p. 119].

In Theorem 5 we apply a little modified (see [3, B (b) p. 161] notion of c-compactness.

Definition 5. (cp. [6, Def. 3 p. 154]). Let X be a linear topological space. A nonempty set
K C Xis c-compact if for each finite set Z C X, conv(K U Z) is compact.
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The theorem we present below extends a little [7, Th. 4.3.2 p. 62] and its proof is more
elegant than the original one. It should be noted that a set in a locally convex space is
bounded if it is weakly bounded [4, 17.5 p. 155].

Theorem 5. Let Y be a bounded convex set in a locally convex space M and F: Y — Ma
mapping with closed convex values which is uhe on compacta. If (2) and the following are
satisfied

B= {y EF:rx(y)ssuprx (F(y))+ ¢, x € K} is compact foraset KCX=M" €)
which is c-compact in the finite topology, and a g > 0,

then F has a fixed point in B.

Proof. We assume that M is real. Let us adopt T(x) = {y €Y x(y) - p <inf x(Y)}, x € Xand
J@y)= {x € X: sup x(F(y)) < x(y) - p}, y€Y for a p>0,p<gq. Clearly, the values of

T: X — 2 are nonempty. Suppose J is a mapping too. Now let us verify the remaining as-
sumptions of [7, Th. 3.2.1 p. 43]. Clearly, all values of T are convex. On the other hand if
x,zE€J(y) then (tx + [1 ~ 1] 2) () < tx (u) + (1 - £) sup 2(F(y)) holds for each u € F(y) and,
consequently, we obtain sup (zx + [1 - ] z) (F(y)) < ¢ sup x(F(y)) + (1 - £) sup z(F(y)). Hence
we obtain sup (tx + [1 - £] 2) (F(y)) tx(y) + (1 - £) z(y) — p which means that all values of J

are convex. Now we are going to show that all values of T ,J are compactly open. As it is

seenJ (x) = {y € Y: sup x(F(y)) < x(y) - p} and the intersection of J (x) with any compact set
C in Y is open in C as F is uhc on compacta. As regards the finite topology in X it is such
that every simplex in X is topologically isomorphic with the standard simplex in Euclidean
space (of the respective dimension). Mapping x — x(y) — inf x(Y) is convex for fixed y [1,
Th. 5 p. 199] and therefore it is continuous in each simplex [1, Th. 7 p. 201]. Thus

T (y) = {x EX: x(y) - inf x(Y) < p} is an open set. As regards condition (iii) of [7, Th. 3.2.1],
we have

Y\J (K) = {y € Y: x(y) - p < supx(F(y)), x EK} C [y EY: x(y) s sup x(F(y)) + ¢, x EK]

and in view of (3) Y\J (K) is compact. Now by [7, Th. 3.2.1] there exists a point
(x, y) €X x Y such that (x, y) € J(y) x T(x), i.e. sup x(F(y)) < x(y) - p < inf x(Y). This contra-
diction (see (2)) shows that J cannot be a mapping and consequently there exists a yEY
such that x(y) - p < sup x(F(y)) holds for all x €X. By considering nx in place of x we obta-
in x(y) — 2/ < sup x(F(y)) for all n € N which means that x(y) < sup x(F(y)), x €X and con-
sequently (see [4, Corol. 14.4 p. 119]) we have y € F(y).

Remark 1. In the proofs of all theorems in this paper we applied [4, Corol. 14.4 p. 119].
Instead of M being locally convex it suffices to assume in our theorems that y € F(y) holds

ifnoneof x EM" separates strongly y and F(y).
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