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Simple proofs of three fixed point theorems ™
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Abstract. The fixed point theorems for multivalued mappings that are presented in
this paper are fairly general (e.g. we do not apply the Hausdorff separation axiom).
QOur interest is in proving them in possibly natural and short way.

Let us recall some notions concerning multivalued mappings. For arbitrary sets X, Y
the notation F: X — 2¥ means that F(z) CY, z € X and F(A4) = U{F(z): = € A},
AC X; Fisamapping if F(z) # 0,z € X. For F: X »2Y andany BCY we
write F~(B) = {z € X: F(z) N B # 0}; it can be easily checked that F~: Y — 2%,

If X,Y are topological spaces then F: X — 2Y is usc (upper semicontinuous) if
for each closed set B CY, F~(B) is closed; F: X — 2Y is compact if it is usc and
F(X) is compact (it does not imply F(X) is Hausdorff [3]). It can be easily seen
that F: X — 2Y is usc iff for each z € X and any neighbourhood W of F(z) there
exists a neighbourhood U of z such that F(U) CW. "~

The lemma to follow is a simplified version of ([10], Lemma 6) and it is related to
([6], Lemma p. 576).

Lemma 1. Let (X,V) be a uniform space and let F: X — 2% be compact with closed
values. If F has no fized point then there ezists a closed and symmetric V € V such
that V o F has no fized point.

Proof. If z ¢ F(z) holds then we have W, N F(z) = @ for a closed entourage
W, € V and consequently z & (F~ o W;)(z). The point z can be separated from
the closed set (F~ o W;)(z) means that there exists an open V, € V satisfying
Ve(z) N (F~ o V;)(z) = 0. The family {V,(z): ¢ € F(X)} is an open cover of the
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compact set F'(X) and therefore ([3], Th. 33, p. 199) there exists a closed symmetric
V €V such that {V(z): z € F(X)} refines {V,(z): z € F(X)}. Thus we have
V(@) N(F~oV)(z) =0, = € F(X) which means V o F has no fixed point in
V(F(X)). In consequence Vo F has no fixed point. O

For the notation proper to linear topological spaces the above lemma can be
expressed as follows.

Lemma 2. Let X be a set in a linear topological space and F: X — 2% compact
with closed values. If F has no fized point then there exists a closed and symmetric
neighbourhood V' of zero such that V + F has no fized point.

Now we concentrate on a nonempty intersection property.

Let us adopt I =<0,1>C R and P" = {(t,...,t,) € I"t: T t; = 1} (standard
n-simplex in R™*1),

The ,,closed” version of the theorem to follow was given in [5] and its proof based
on Sperner’s lemma is a short one (see [1], p. 102). The ,,0pen” version is an almost
immediate consequence of the ,,closed” one (see [6] the proof of Th. 1).

Theorem 1. Let A= {Ao,...,As} be a closed or open cover of P™. If for each
t € P" we have t € |J{Ai: t; # 0} then (A is nonempty.

The theorem to follow is related to ([1), Th. (1.2), p. 73). The proof is almost the
same as ([10}, proof of Th. 3).

Theorem 2. Let Z be a finite set in a convez subset X of a linear topological space
and H: Z — 2% such that for each z € Z the set H ()N conv Z is closed (open)
in conv Z. If conv K C H(K), K C Z holds then (\{H(2):z € Z}N conv Z is
nonempty.

Proof. Assume Z = {z,...,2,} and let h: P® — convZ be defined by h(t) =
= > tiz;. Let us consider 4; = (h~Yo H)(z), i=0,...,n and A= {40,...,Ax}.
Clearly all members of A are closed (open) in P", h being continuous and the other
assumptions of Theorem 1 are satisfied. Therefore (1A is nonempty. Thus we have
0 # h(NA) CNAA) =N{H(2): z € Z} and in view of the way h was defined, this
set intersects with conv Z. ]
Now we are ready to prove the following extension of a theorem of Himmelberg.

Theorem 3. ([8], Th. 2.2.13 (a), p. 35). Let X be a convex set in a locally convex
space (not necessarily Hausdorff) and F: X — 2X 4 compact mapping with closed
convez values. Then F has a fized point.

Proof. We can treat X as being a uniform space (X,V). Suppose F has no fixed
point. In view of Lemma 1 V o F has no fixed point for a closed, symmetric
V €V and we may require V(z) to be convex, z € X. There exists a finite set
Z C F(X) such that F(X) C V(Z) (F(X) is precompact), i.e. (F~o V)(Z) = X.
Let us consider H: Z — 2% defined by H(2) = X \ (F~ o V)(z), z € Z. We
show that ({H(z): z € Z} # 0. Indeed all values of H are open and let us check
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the second assumption of Theorem 2. For a fixed K C Z let z be any point of
B = ({(F~ o V)(2): z € K}. Then we have F(z) N V() =0, 2z € K and
consequently K C (Vo F)(z), convK C conv(V o F)(z) = (Vo F)(z). From
z & (Vo F)(z) it follows that = ¢ convK and therefore B N convK — 8, z being
arbitrary. Thus we have convK C X\ B = J{X \ (F~ o V)(2): z € K} = H(K).
Now by Theorem 2 0§ # N{H(2): z € Z} = X\ (F~2 V)(Z) holds. This fact
contradicts to X = (F~ o V)(Z) and thus F has a fixed point. ]
The ideas presented above can be extended to the case of a convex structure called
weed.
For any point = = (z1,...,7,) € X™ let us write
8,':1: = (.’II],...,.’L‘i_l,.'l)i+1,...,.'l;'n) € X1

Definition 1. ([8], Def. 1.2.7, p. 18). A pair (E,Q) is a weed in a topological
space X if Q = (Qn)nen is a sequence of mappings Qn: E™ x P*~1 4 X satisfying

i t; =0 then Qn(e,t) = Qn_1(8;e,8;t), e e E™, i =1,... ,n,neN (1)

and Qn(e,-): P! - X is continuous, e € E™. (X,Q) is a weed if it is a weed in
X

For Qn, as in Definition 1 we adopt Qn(e) = Qn(e, P"1).
A convex set E in a linear topological space, and @, being convex combination
of n points of E present a natural , linear” example of a weed.

Definition 2. ([8], Def. 1.2.2, p. 16). If (E, Q) is a weed in X then cQA =
= U{@n((ENA)"):n € N}; A is an underhull if A C cQA and A is an overhull if
cQA C A; A is convez whenever A = cQA.

For a , linear” example of a weed cQA is just the convex hull of A.
If (E,Q) is a weed in X then a Q' can be defined ({8], Ex. 1.2.12, p. 19) in such
a way that

if e; = e; then Qp,(e,t) = Q;,_,(Bie,t'), (at' € P*2), e € E", nEN (2

holds, Q7 (e) C Qn(e) and (E,Q’) is a weed in X.

Clearly if (X,Q) is a weed then (X,Q') preserves this property. What is more
Q' Z = @Q,,(Z™) for any set Z consisting of n points. These properties are natural
for the ”linear” example.

The above nice properties simplify the notation and therefore we re-
quire Q to satisfy(2) in what follows.

The theorem below extends ([8], Th. 1.4.3, p. 23).

Theorem 4. Let (Z,Q) be a weed in topological space X and Z finite. Assume that
H: Z — 2% is such that for each z € Z, H(2)NcQZ is closed (open) in cQZ. If for
each set K C Z we have cQK C H(K) then (\{{H(z):2 € Z}NcQZ is nonempty.
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Proof. Let us assume Z = {z,...,2,} and let us consider h: P* — cQ Z defined by

h(t) = Qn+1((20,...,2n),t). Now we follow the proof of Theorem 2 for ¢Q in place

of conv. O
Let us prove the following being a particular case of ([8], Th. 2.2.11, p. 33).

Theorem 5. Let (X,V) be a uniform space, F: X — 2X a compact mapping with
closed values and (F(X),Q) a weed in X. If in addition

for each W € W there is a V € V with cQ(V o F)(z) C (Wo F)(z),z€ X (3)

holds then F has a fized point.

Proof. Suppose F' has no fixed point. Then for a W € W such that Wo F has
no fixed point (Lemma 1) let V be a closed symmetric entourage as in (3). There
exists a finite set Z C F(X) such that F(X) C V(Z),ie. (F-oV)(Z)=X. We
adopt H(z) =X\ (F~oV)(2), 2€ Z. Now forafixed K C Z andany z € B =
={(F~oV)(2): z€ K} wehave K C (Vo F)(z) and by (3) cQK C (W o F)(z).
From z & (Wo F)(z) it follows that = ¢ cQ K and consequently BNcQK = @ for
arbitrary z. Thus we have cCQK C X\B=JX\{(F o V)(2):2€ K} = H(K). In
view of Theorem 4 we have 0 # {H(z): 2 € Z} = X \ (F~ o V)(Z) which contradicts
(F-oV)(2)=X. O

Now we extend Lemma, 1 for the needs of the weak topology in locally convex
spaces.

Lemma 3. Let (X,U) be a uniform space and F: X — 2% with compact A = F(X).
For S=X let (S,V) be a uniform space with the topology weaker than the topology
of (X,U) and assume that F: X — 25 is usc and closed valued on a neighbourhood
of A. If F has no fized point then there ezists a closed symmetric V € V such that
Vo F has no fized point.

Proof. Let us adopt ¥ = F(X) and suppose. Fiz(Vo F) # 0, V € V. The
condition z € (V o F)(z) implies Fiz(V o F) C V(Y) which is equivalent to
V(Fiz(Vo F))NY # @ (we consider symmetric entourages). The family {Fiz(V o F):
V € V} has the finite intersection property as V is a filter. In consequence the
family {V(Fiz(Vo F))NY:V € V} = B (closures in (X,)) consisting of compact
sets has nonempty intersection. We will show that FizF = (\B. For any z €
B we have @ # (Vo F){U(z))nV({U(z)), U € U, V € V. For ,small” U
we have (Vo F)(U(z)) C (2V o F)(z) as F is usc on a neighbourhood of ¥, and
V(U(z)) C 2V (z) as the topology of (S,V) is weaker than the topology of (X,U).

In consequence (Vo F)(x)NV (z) # 0,1.e. F(z)N2V(z) #0,V €V and z € F(z)
as (S,V) is regular and F(z) closed. This contradiction proves that V o F has no
fixed point for a V € V. a

Definition 3. ([9], Def. 4, p. 71). Let X be a topological space and Y a set in a
locally convez space M. We say that F: X — 2¥ is wusc (weakly usc) if it is usc
for'Y equipped with the topology induced by the weak topology of M.
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Theorem 6. ([9], Th. 2, p. 72). Let X be a convez set in a locally conver space
M (not necessarily Hausdorff) and F: X — 2X g mapping with closed convez values
and F(X) compact. If F is wusc then it has a fized point.

Proof. Let us consider a uniformity V in X which determines the weak topology. In
view of ([4] Corol. 14.4, p. 119) the values of F are closed in this topology. Suppose
F has no fixed point. Now by Lemma 3 the mapping Vo F has no fixed point for
a closed, symmetric V € V and we may require V(z) to be convex, z € X. There
exists a finite set Z C F(X) such that F(X) C V(Z) (F(X) is precompact), i.e.
(F~ o V)(Z) = X. Now we follow the remaining part of the proof of Theorem 3. 0

The wusc mappings with closed convex values seem to be less general than the
so called uhc (upper hemicontinuous) mappings ([7], p. 1435), nevertheless we do
not loose the generality in the previous theorem (see [9], Lemma 3, p. 71), while the
formulation itself is more natural.

For the completeness we quote the Definition (extended to the case of complex
spaces) and the Lemma.

Definition 4. ([9], Def. 2, p. 70). Let X be a topological space and M a linear
topological space. We say that a mapping F: X — 2M is uhc if for each continuous
linear functional m on M (ie. m € M*) supRemoF: X — R is upper
semicontinuous (Rem is the real part of m).

Lemma 4. ([9), Lemma 3, p. 71). Let M be a linear topological space and let
F: X =5 2M be an uhc mapping. If Z C M is such that all values of ZNF
are convez and weakly compact then Z N F: X = 2M s wusc.

To see how the above lemma applies to Theorem 6 one may set X = Z = conv Z.
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