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The definition to follow is a version of [9, Definition 5] restricted to bounded sets and it coincides with the old notion
of the Chebyshev centre of A in X (see e.g. [8]).

Definition 1. Let (X, d) be a metric space and # # A C X a bounded set. An x € X is a central point for A if

r(A) :=inf{t € (0, 00): there exists a z X with A C B(z,t)} =inf{t € (0,00): A CB(x,1)}. (1)
The centre c(A) for A is the set of all central points for A, and r(A) is the radius of A.
Proposition 2. Let (X, d) be a metric space satisfying

foreachr >0andx,y € X, x # y there exist § > 0, z € X such that B(x,r) N B(y,r) C B(z,r —§). (2)
If® # A C X is bounded then c(A) contains at most one point.
Proof. Suppose x, y € c(A) are different. Then for r =r(A) we have

ACB(xr)NB(y,r) CB(z,r =)

which means that r(A) <r — 4, a contradiction. O

Our main interest are fixed point theorems. To present them we need the notion of a centre for a mapping.
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Let 2% be the family of all subsets of X and let F : X — 2% being a multivalued mapping mean that F(x) # @, x € X.
The following is the restriction of [9, Definition 7] to the case of a bounded set Y.

Definition 3. Let (X, d) be a metric space, # # Y C X a bounded set and F : Y — 2¥ a mapping. An x € X is a central point
for F if

r(F) :=inf{t € (0, 00): F"(Y) C B(z,t) for a z€ X and an n € N}
= inf{t € (0, 00): F*(Y) C B(x,t) for an n € N}. (3)

The centre c(F) for F is the set of all central points for F, and r(F) is the radius of F.

In connection with condition (3) let us observe that from F : Y — 2¥ and F"(Y) C B(z, t) follows FP(Y) C F'(Y) C B(z,t)
for all p >n.
The proof of the theorem to follow is based on

Remark 4. If x is the only point satisfying condition P and f(x) satisfies P then we have f(x) =x.

Theorem 5. ([10, Theorem 13]) Let (X, d) be a metric space and let f : X — X be a mapping. Assume that # #Y C X is a bounded set
such that f(Y) C Y and c(f|y) = {x} (a singleton). If the following

d(f0. f(y) <d(.y) forallyey ()
holds then x is a fixed point for f.

Proof. For f"~1(Y) c B(x,t) we have f"(Y) C f(Y N B(x,t)). In view of (4) f(Y N B(x,t)) C B(f(x),t) holds and conse-
quently f*(Y) C B(f(x),t) which implies f(x) € c(f]y). Now it is clear that f(x) =x as c(f|y) is a singleton. O

The set c(f|y) can be a singleton because of a special feature of f. We are interested in the case when this property
depends on the space.

Definition 6. A metric space (X, d) is a bead space if the following is satisfied

for every r > 0, B > 0 there exists a § > 0 such that
for each x, y € X with d(x, y) > B there exists a z € X
such that B(x,r +38) N B(y,r+38) C B(z,r —9). (5)

The previous definition looks much better than the following one:

Definition 7. ([9, Definition 1]) A metric space (X, d) is a discus space if there exists a mapping o : [0, o0) x (0, c0) — [0, 00)
such that

pB, 1N <p@Ornr=r Br=>0, (6)
p(-,r) is nonincreasing, r >0, (7)
p (8, -) is upper semicontinuous, & >0, (8)
for each x, y € X, r, € > 0 there exists a z € X such that B(x,r) N B(y,r) C B(z, p(d(x, y), 1) +€). (9)

Lemma 8. Each discus space is a bead space.

Proof. Let r > 0, x, y € X with d(x, y) = 8 > 0 be arbitrary. In view of (9) for each €,k > 0 there exists a z € X such that
we have

B(x,r+ k) NB(y,r+&) CB(z, p(B, 1+ k) +¢€).

Let us adopt 2y =r—p(B,1) = p(0,1)— p(B,1) > 0 (see (6)). For sufficiently small «, € we have p(B8,r+k)+€ < p(B,1)+V
(see (8)). Now we obtain

pB.r+K)te<pB,N+ty=r—2y+y=r—vy

and
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B(x,r+x)NB(y,r+k) CB(z,r—y).

From this last inclusion for § = min{x, y} we easily get
B(x,r+8)NB(y,r+68) C B(z,r —9).
If d(x,y) > B then by (7) p(d(x,y),r +«) < p(B,r + k) and our inclusion holds for the same value of §. O

It was shown in [9, Example 3] that each uniformly convex space is a discus space; in particular each inner product
space is a discus space.

Corollary 9. Each inner product space or uniformly convex space is a discus space which in turn is a bead space.

If condition (5) is satisfied then (2) holds and in view of Proposition 2 for each bounded and nonempty set A in a bead
space c(A) contains at most one point.

Lemma 10. Let (X, d) be a bead space and let # # A C X be bounded. Then c(A) consists of at most one point. If in addition (X, d) is
complete then c(A) is a singleton.

Proof. Let (r;)nen decrease to r =1(A) while A C B(X,, ). Suppose (X;)nen iS not a Cauchy sequence, i.e. d(x;,xx) > >0
for infinitely many k < n. In view of (5) for r, <r, <r+ 3§ we have

A C B(xn, 1) N B(xk, 1) C B(Xn, 7+ 8) N B(xk, 7 +68) C B(z,1 —§).

It means that r(A) <r(A) — é, a contradiction. Therefore (x;)nen is a Cauchy sequence. If (X, d) is complete then (xp)nen
converges, say, to x. Then for any § > 0 and all sufficiently large n we have A C B(x,, 1) C B(x,r + 8) which means that
x € c(A). In view of Proposition 2 c(A) is a singleton. O

Before proving other fixed point theorems let us present more properties of the bead spaces.

Definition 11. Let (X, d) be a metric space and A a family of bounded nonempty subsets of X. An x € X is a central point
for A if

r(A) :=inf{t € (0, 00): there exist A € A, ze€ X such that A C B(z,1)}
= inf{t € (0, 00): there exists A € A with A C B(x.1)}. (10)
The centre c(A) for A is the set of all central points for 4, and r(A) is the radius of A.

In fact r(F), c(F) (see Definition 3) can be defined as r(A), c(A) for A={F"(Y): ne N}.
It should be noted that r(.A), c(A) as in Definition 11 are simplified versions of the notions presented in [7, p. 314]
(asymptotic radius/center of decreasing net of sets).

Lemma 12. Let (X, d) be a bead space and let A be a family of nonempty and bounded subsets of X directed by >. Then c(.A) consists
of at most one point. If {xa} = c(A), A € Athen (xa)ac_4 is a Cauchy net and limse 4 x4 = x means {x} = c(A). In particular if (X, d)
is a complete bead space then c(.A) is a singleton. If A consists of compact sets then c(A) = c((.A), r(A) =r().A) hold.

Proof. Set r =r(A). Suppose x, y € c(A) and d(x, y) > B8 > 0. In view of (10) there exist C, D € A such that C C B(x,r +§)
and D C B(y,r+ ) for § as in (5). There is a set E € A such that

EcCnNnDcBx,r+8) NB(y,r+48) C B(z,r—$§)

which means r(A) <r, a contradiction. Now assume {x4} = c(A), A € A and suppose (xa)ac4 is not a Cauchy net. Then
for xc, xp such that d(xc,xp) > B we set x=xc, y =xp and we repeat the previous reasoning. Now it is clear that for our
bead space being complete c(.A) is a singleton. If A consists of compact sets and [).A C U = B(x, t) then by [4, F(a), p. 163]
an intersection of finitely many members of A is contained in U. Consequently there exists a member of A contained in U
and we get the final equalities. O

From Lemma 12 we obtain the following extension of [9, Lemma 8].
Lemma 13. Assume that (X, d) is a bead space, # Y C X a bounded set and F : Y — 2Y a mapping. Then c(F) consists of at most

one point. If {x,} = c(F"(Y)),n € N then (x,)nen is a Cauchy sequence and limy,_, oo X, = x means c(F) = {x}. In particular if (X, d)
is a complete bead space then c(F) is a singleton.
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Proof. We apply Lemma 12 to A, = F"(Y). O
From Lemma 13 and Theorem 5 we obtain the following two theorems:

Theorem 14. Let (X, d) be a bead space and let f : X — X be a mapping. Assume that # #Y C X is a bounded set such that f(Y) C Y
and x € c(f|y). If condition (4) is satisfied then x is a fixed point for f.

Proof. In view of Lemma 13 c(f|y) is a singleton and we apply Theorem 5. O

Theorem 15. Let (X, d) be a complete bead space and let f : X — X be a mapping. Assume that # Y C X is a bounded set such that
f(Y) C Y. Then there exists a unique point x € c(f|y); if condition (4) is satisfied then x is a fixed point for f.

Each nonexpansive mapping satisfies (4) and in consequence from the previous two theorems we obtain respectively.

Theorem 16. Let (X, d) be a bead space and let f : X — X be a nonexpansive mapping. Assume that # #Y C X is a bounded set such
that f(Y) C Y and x € c(f|y). Then x is a fixed point for f.

Theorem 17. Let (X, d) be a complete bead space and let f : X — X be a nonexpansive mapping. Assume that ¢ # Y C X is a bounded
set such that f(Y) C Y. Then c(f|y) is a singleton consisting of a fixed point for f.

Each of the previous four theorems extends the well-known theorem of Browder-Gohde-Kirk for Hilbert spaces
[3, Theorem (1.3), p. 52] and for uniformly convex spaces [3, (C.1)(b), p. 76].

Now let us consider multivalued mappings.

In what follows if {x} = c(F(z)) then we adopt (c o F)(z) = x.

Theorem 18. Let (X, d) be a metric space and let F : X — 2% be a mapping with c(F (x)) C F(x), x € X. Assume that f =coF : Z —
X is a mapping. If the other assumptions of one of Theorems 14-17 are satisfied then F has a fixed point.

Proof. If x is a fixed point for f then we have x= f(x) =(co F)(x) € F(x). O
Another idea leads to some fixed point theorems for continuous multivalued mappings.

Lemma 19. Let (X,d) be a bead space and let A = {Ay: n € N} be a family of nonempty and bounded subsets of X such
that limp— o D(Ap, A) = 0. Then we have limy_, oo 1(An) = 1(A). If {xn} = c(Ap),n € N then (Xp)nen is a Cauchy sequence and
limyp,_ o0 Xn = X means that c(A) = {x}.

Proof. Let us consider Cp = (g2, Ak Clearly C = {Cp: n € N} is a decreasing family of nonempty and bounded subsets
of X. In view of Lemma 12 ¢(C) consists of at most one point. For r, =r(A;) there exists €, > 0 such that A, C C, C
B(xp,mh + €), n € N and lim,_, o €, = 0. Therefore r =r(A) =r(C) = limp_ ooy and (xp)neny is a Cauchy sequence (the
proof as in Lemma 12). For x = limy_~ X; and any & > 0 we have A, C C; C B(x,r +§), n > ng which means that {x} =
c(A)=c). O

Lemma 20. Let (Z, p) be a metric space and (X, d) a bead space. If F : (Z, p) > z+ F(2) € (2%, D) is a continuous mapping, F(z),
z € Z are bounded and c(F(2)) # 0, z € Z (e.g. if (X, d) is complete) then c o F : Z — X is continuous.

Proof. By continuity of F from limy— s zn = z follows lim,_ o F(zp) = F(2) in (2X, D) and then by Lemma 19 we have
limp_ o (C 0 F)(24) = (c o F)(z) which means the continuity of co F. O

As a corollary from the previous lemma we obtain

Theorem 21. Let (Z, p) be a metric space and (X, d) a bead space. If F : (Z, p) > z+ F(z) € (2%, D) is a continuous mapping, F(z),
z € Z are bounded and ) # c(F(z)) C F(z), z € Z then c o F is a continuous selection for F.

Another consequence of Lemma 20 is the following

Theorem 22. Let X be a nonempty convex set in a normed bead space (Y, | - ||). If F: X 3 x+— F(x) € (2¥, D) is a continuous
mapping, ¥ # c(F(x)) C F(x), x € X and {(c o F)(X): x € X} C X is compact then F has a fixed point.
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Proof. In view of Theorem 21 co F is a continuous selection for F. Consequently co F : X — X is a compact map and by
Schauder Theorem it has a fixed point. O

The property to follow is certainly known:
Proposition 23. Let (X, || - ||) be a normed space and #) # A C X a bounded set. Then c(A) is closed and convex.

Proof. If x € c(A) then A C B(x,r(A) + 8) for each § > 0 and consequently we obtain x € c(A). If x, y € c(A) then for any
ze A, o €[0,1] we have

[z (ex+ (1 —)y)| <allz—x|+ 1A —a)z—yl <rA).

Thus c(A) is convex. O

An interesting problem is the relation between A and c(A).
For (X, | - ||) being a normed space, x € X, g € X*, r > 0 let us write Bg(x,r) ={y € B(x,1): g(x)g(y) <0}.

Lemma 24. Let (X, || - ||) be a normed space. Assume that the following
foreachr >0, xe X, g € X* such that g(x) # 0 there exist § > 0, z € X, with Bg(x,1) C B(z,1 —§) (11)

holds. Then for each ) # A C X being bounded closed and convex we have c(A) C A.

Proof. Suppose c(A) contains a point x ¢ A. Then x can be strongly separated from A by a g € X* [5, 14.4, p. 119]. We may
assume that g(x) > 0 and g(y) <0 is satisfied for each y € A. Then for r =r(A) we have A C Bg(x,r) and in view of (11)
we obtain A C B(z,r — ) for a § > 0. It means that r(A) <r(A) —§, a contradiction. O

With the help of the Pythagoras Theorem we state that for X being an inner product space condition (11) holds. On the
other hand V. Klee in [6] has proved that if (X, | -||) is a Banach space with dimension at least 3 then c(A) C A for all
bounded closed convex subsets of X implies X is a Hilbert space. Hence we obtain

Corollary 25. Let (X, || - ||) be a Banach space with dimension at least 3. Then (11) holds iff X is a Hilbert space.

In the context of Lemma 24 it is worth of being noted that the last two pages of [2] contain some examples of bounded
closed convex sets (in normed spaces) which do not contain their centres.
From Theorem 21 follows

Theorem 26. Let (Z, p) be a metric space and X a Hilbert space. If F : (Z, p) 3 z+— F(z) € (2%, D) is a continuous mapping (for D
being the Hausdoff metric) and all values of F are bounded closed convex then c o F is a continuous selection for F.

From Theorem 22 we obtain

Theorem 27. Let X be a nonempty convex set in a Hilbert space Y. If F : X 3 x— F(x) € (2", D) is a continuous mapping, all values
of F are bounded closed convex and {(c o F)(x): x € X} C X is compact then F has a fixed point.

The theorem to follow seems to be of a particular interest though the first part of it is known:

Theorem 28. Let X be a Hilbert space and let C be a family of bounded closed convex sets having the finite intersection property. Then
(N C is nonempty. If C is directed by D then ¥ # ¢(C) C () C holds; if in addition C consists of compact sets then c(C) = c¢((\C) and
r(C) =r(NC).

Proof. Let A be the family of all finite intersections of the sets from C. Clearly A is a family of nonempty bounded closed
convex sets. From Corollary 9 and Lemma 10 it follows that for each A € A there exists {x4} = c(A) C A. The family A is
directed by D and in view of Lemma 12 (x4)ac4 is a Cauchy net which converges, say, to x. We have x € (). AC(\C and
once again by Lemma 12 we get {x} = c(A) and the remaining part of our theorem. O

Remark 29. By the Mazur-Smulian Theorem (see [3, Theorem (C.9)(b), p. 605]) every bounded closed convex set in Hilbert
space is weakly compact. So the first part of Theorem 28 follows from the Mazur-Smulian Theorem.
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We should give an additional comment to [1,2]. Both papers are devoted to the problem of the existence of central points.
They contain some conditions of spaces under consideration and it is intersting to compare them with our condition (5).
The paper [2] concerns normed spaces. The authors use the notions of strict convexity, uniform convexity in every direction
(Definition 1.3) and the crucial “property H in every direction” (Definition 1.7). All these ideas strongly depend on the
linear structure of the space and therefore they do not correspond to our condition (5). Now let us consider [1]. A metric
space X is said to be (netwise) c.p. complete if every bounded net has at least one central point. The authors prove that
every complete metric space having the chained exchangeability property is netwise c.p. complete (Theorem 3). The notion
of the “chained exchangeability property” is based on “e-exchangeability”. Two balls B(x,r + 8) and B(y,r) for § > 0 are
e-exchangeable if there exists a ball B(z,r) such that B(x,r +8) N B(y,r) C B(z,r) and d(x,z) < €. The just mentioned
inclusion does not imply the inclusion from (5) (e.g. for R normed by max{|x|, |y|}). On the other hand from (5) it does
not even follow that d(x,z) < d(x, y) and abstract bead space fails to have the chained exchangeability property (though
finding the respective example can be exhausting).

As regards our condition (11), in view of Corollary 25 it is just another way to get a Hilbert space and the answer to the
question of “how far is the chained exchangeability property from (11)” is “very”.
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