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Abstract. The notion of a metric bead space was introduced in [3] and it was proved
there that every bounded set in such a space (if being complete) has a unique central point.
The bead spaces themselves can be considered in particular as natural extensions of convex
sets in uniformly convex spaces (see Remark 15). It appears that normed bead spaces are
identical with uniformly convex spaces (Th. 14). On the other hand the "metric” approach
leads to new elementary conditions equivalent to the uniform convexity (Th. 13, Th. 11).
The initial part of the paper contains the proof that discus spaces (they seem to have a
reacher structure) are identical with bead spaces (Th. 4).
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Let us recal the notion of a discus space [2, Def. 1]

Definition 1. A metric space (X,d) is a discus space if there exists a mapping
p:10,00) x (0,00) — [0,00) such that

(1) p(Br) < p(0,r) =7, B,r >0,
(2) p(+,r) is nonincreasing, r > 0,
(3) p(0,-) is upper semicontinuous, § > 0,

A for each z,y € X, r,e > 0 there exists a z € X
4) such that B(z,r) N B(y,r) C B(z, p(d(z,y),r) + €).
The previous definition is a complicated one. Therefore we have introduced the
notion of a bead space [3, Def. 6]
Definition 2. A metric space (X,d) is a bead space if the following is satisfied
for every r > 0,3 > 0 there exists a § > 0 such that
(5) for each z,y € X with d(z,y) > [ there exists a z € X
such that B(x,r +0) N B(y,r +6) C B(z,r — ).



Def. 2 looks much simpler than Def. 1 and it was proved in [3, Lemma 8] that
each discus space is a bead space. Let us prove the following

Lemma 3. Fach bead space is a discus space.

Proof. Assume that (X,d) is a bead space. For 8 > 0, r > 0 let us adopt v(0,7) =0
and

~(B,7) = sup{é € (0,7): for each z,y € X with d(z,y) > 3 there
©) exists a z € X such that B(z,r + ) N B(y,r + ) C B(z,r — )}
Let us consider p(8,r) = r — (8, 7). It is clear that p : [0,00) x (0,00) — [0, 00)
is a mapping. From (5) it follows that for § > 0 and r > 0 ~(8,r) > 0 holds
and hence we obtain p(83,7) < p(0,7) = r, i.e. (1).Now let us prove that (-,r) is
nondecreasing for r > 0. Once again by (5) if a § is "good” for a § > 0 then it
works for any (3; > (. Therefore 8 < §; implies v(8,r) < v(61,7), i.e. (-, r) is
nondecreasing and p(-,r) is nonincreasing (see (2)). Let us show that (8, -) is lower
semicontinuous, (> 0. We have (0,:) = 0 and it is sufficient to consider 5 > 0.
Assume v(83,79) > a > 0. We ought to show that (5, (ro —€,70 +¢€)) C (e, 00) for
an € > 0. The inequality v(83,79) > @ means that there exists a § > « such that
B(z,m70+0)NB(y,r0+96) C B(z,79—0) fora z € X. For € > 0 with ro+0d—2¢e > 0,
6 —e >0 we have

B(z,rg — €+ (6 —€)) N B(y,r0 — e+ (6 —€)) C B(z,79 +6) N B(y, 70 + ) C
B(z,70 — ) = B(z,79 — € — (0 — ¢€)).

Consequently, for § —2¢ > 0 and §d — € > @, i.e. small € < § — «, we obtain
¥(B, (ro — €,79]) C (a,00). On the other hand for § —e > a we have

B({E,TO+E+(5—6))mB(y,TO+€+(5—€)) :B(x,r0+6)ﬁB(y7r0+5) -

B(z,7g —6) = B(z,70+ ¢ — (0 +¢€)) C B(z,70 +€— (§ —¢)).

and consequently (8, [ro, 70 +€)) C (o, 00). Finally we have (8, (ro —€,70 +€)) C
(o, 00) and 7(f,-) is lower semicontinuous. Directly from (5) follows

B(z,r) N B(y,r) C B(xz,r + )N B(y,r +9) C B(z,r—3§) C B(z,r— 0 +¢€)
and consequently
B(z,r) N B(y,r) € B(z, p(d(z,y),7) + €),
i.e. (4) holds. O
In view of Lemma 3 and [3, Lemma 8] we have
Theorem 4. Any metric space is a bead space if and only if it is a discus space.
Remark 5. If (X,d) is a metric space then for any r > 2¢ > 0 we have
B(x,r —2¢) C B(z,r —¢€) C B(z,r).

Therefore one may use closed balls in Definitions 1, 2.



Condition (5) guarantees the uniqueness of the so called central points of sets.
If the space under consideration is complete then the central points exist (see [3,
Lemma 10]).

Our definition of a central point for a bounded set A in a metric space X coincides
with the old notion of the Chebyshev centre of A in X (see e.g. [1]).

Definition 6 ([3, Def.1]). Let (X, d) be a metric space and ) # A C X a bounded
set. An z € X is a central point for A if
. r(A) :=inf{t € (0,00) : there exists a z € X with
@ AC B(z,t)} =inf{t € (0,00) : AC B(z,t)}.
The centre ¢(A) for A is the set of all central points for A, and r(A) is the radius
of A.
We have the following [3, Prop. 2]
Proposition 7. Let (X,d) be a metric space satisfying
< for each r > 0 and x,y € X,x # y there exist § > 0,
®) z € X such that B(z,r) N B(y,r) C B(z,r — ).
If ) # A C X is bounded then c¢(A) contains at most one point.
Let us prove
Lemma 8. Let (X,d) be a complete metric space satisfying
for every r > 0,8 > 0 there exists a § > 0 such that
(9) for each x,y € X with d(z,y) > 3 there exists a z € X
such that B(x,r +0) N B(y,r + ) C B(z,r).
If ) # A C X is bounded then c(A) is nonempty.
Proof. Let (rp)nen decrease to r = r(A) while A C B(xp,rs). I (zp)nen is a
Cauchy sequence then it converges, say to an = € X. We have A C B(xy,,r,) C
B(z,r +0) for arbitrary ¢ > 0 and large n € N which means z € ¢(A). Suppose

(zn)nen is not a Cauchy sequence, i.e. d(z,,zr) > [ > 0 for infinitely many
k,n € N. In view of (9) for r, <7, <r+ 06 we have

A C B(zp,ri) N B(rk, m:) C B(@y,r+6) N Bxg,r+0) C B(z,r)
for a z € X which means z € c(A). O

Clearly condition (9) follows from (5).
Let us consider normed spaces.

Lemma 9. For any normed space (X, || - ||) conditions (5), (9) and
for every r > 0,3 > 0 there exists a 6 > 0
(10) such that x € X and 2||z| > § imply
B(—z,r)N B(z,r) C B(0,r —J)

are equivalent.



Proof. Tt is sufficient to prove the equivalence for y = —z. The set C = B(—x,r) N
B(z,r) is symmetric and therefore from C C B(z,t) follows C C B(—z,t)NB(z,t) C
B(0,t). Thus we may put z = (z+vy)/2 =0 in the conditions (5), (9), (10). Clearly
from (5) follow (9), (10). Let us adopt r =1 in (10). Then we obtain

1) for every 3 > 0 there exists a § > 0 such that u,x € X,
1

lu+ 2|, lu — z|| < 1 and 2||z|| > 8 > 0 imply |Ju|| < 1 — 4.
Assume that ||u+ z||, |lu—z| <r+e€ and 2||z| > (r + €)@ hold. Then we have
lu+z|/(r+e€), lu—=z|/(r+€ <1 and 2|z|/(r +¢€) > 8, and in view of (11)
[lu]l/(r+€) <1—0 holds, ie. |Ju|| < (r+e)(1—0)=r(1-09)+e(1-9) <r(l1-4§/2)
for small € > 0. Consequently for y = —z, 01 := min{e,r6/2} and 2|jz| > f =
3r3/2 > (r+¢€)B we obtain B(x,r+8)NB(y,r+3d1) C B(0,7 —d7), i.e. (5). Thus
we have proved that conditions (5), (10) and (11) are equivalent. Let us consider
(9). Then we have |[u+z|/(r—¢€), [lu—=z|/(r—e€) <146 and 2|z||/(r —€) > B,
imply |lu|l/(r —€) < 1 (see (9)). This dependence can be written as |u + z||,
lu—=z|| < (r—e(1+8) =r+rd—€el+0d) and 2||z|| > rB8 > (r — €) imply
|lull| < r —e Thus for € < rd —e(l +9), i.e. € < rd/(2+ ) we have |u+ z|,
lu — || <7 +e and 2||z|| > rF imply |ju|| <r—e¢, ie. (5) holds. O

Lemma 10. A normed space (X, || - ||) is uniformly convex if and only if (11)

is satisfied.
Proof. From (11) for u= (y+2)/2, * = (y — 2)/2 we obtain

for every 3 > 0 there exists a § > 0 such that y, z € X,
U2 el < Land fly ==l > 8> 0 fmply (3 + /2] < 14,

i.e. X is uniformly convex (see Remark 5 if you prefer ”<” in place of ”<”). Now
let us assume (12). Then for y =u+x, 2 =u —x we obtain (11). O

From Lemmas 9, 10 follows

Theorem 11. A normed space (X, || - ||) is uniformly convex if and only if one
of the conditions (5), (9), (10), (11) (or (12)) is satisfied.

Remark 12. Tt can be noted that for normed spaces "> 7, in conditions (5),
(9), (10), (11) and (12) can be replaced by = (”. This observation is obvious for
condition (10) (or (9)) and we apply the equivalences.

From Th. 11 and Remarks 5, 12 we obtain

Theorem 13. A normed space (X, || - ||) is uniformly convex if and only if for
each 3 > 0 there exists a § > 0 such that for each u,x € X any of the following
conditions is satisfied

() lz—ull, fetul <148 2e|=8  imply|lu|<1-4,
(i) Jo—ul, Jetu]<1+6 2=  implyu|<1,

(ii) llz—ull, [e+ul <1, 2lel=8  imply|lu] <1-9,

() ull, el <16 Je-u|=8 imply|(z+u)/2|<1-3,
(v) lul, J2ll <146, Jo—ul=8 imply |(e+u)/2] <1,
W)  ull, el <1, le—ul =8 imply ||(z+u)/2] < 1-0.



Theorems 4, 11 imply

Theorem 14. For any normed space (X, || -||) the following conditions are
equivalent
(i) X is a bead space,
(ii)) X is a discus space,
(iii) X is a uniformly convex space.

Remark 15 (cp. [2, Ex.3]). Each convex subset X of a uniformly convex space
(Z,]| - |) is a bead space with z = (x + y)/2 € X in condition (5) (see the initial
part of the proof of Lemma 9).
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