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Let us recall Definition 6 from [2].

Definition 1. A metric space (X,d) is a bead space if the following is satisfied

for every r > 0, β > 0 there exists a δ > 0 such that for each x, y ∈ X with d(x, y) � β

there exists a z ∈ X such that B(x, r + δ) ∩ B(y, r + δ) ⊂ B(z, r − δ). (1)

Clearly “�” in (1) can be replaced by “>”.
It appears that a normed space is uniformly convex iff it is a bead space [3, Theorem 14].
A consequence of the following lemma was presented by Matkowski in [1] as Lemma 3 without a proof.

Lemma 2. Let X be a set in a linear space such that (X + X)/2 ⊂ X and let p : X − X → R be a mapping for which formula
d(x, y) = p(x − y), x, y ∈ X defines a metric on X. Assume that the following condition holds

for every r > 0, β > 0 there exists a δ > 0 such that for each s, t, s − t ∈ X − X

the inequalities p(s) < r + δ, p(t) < r + δ and p(s − t) > β yield p
(
(s + t)/2

)
< r − δ. (2)

Then (X,d) is a bead space.

Proof. Let us adopt s = u − x, t = v − y for some u, v, x, y ∈ X . Then we obtain

(s + t)/2 = (u − x + v − y)/2 = (u + v)/2 − (x + y)/2 ∈ X − X,

as (X + X)/2 ⊂ X . Consequently, p((s + t)/2) in (2) is well defined.

E-mail address: pasicki@agh.edu.pl.
0166-8641/$ – see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.topol.2013.02.008

http://dx.doi.org/10.1016/j.topol.2013.02.008
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/topol
mailto:pasicki@agh.edu.pl
http://dx.doi.org/10.1016/j.topol.2013.02.008
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.topol.2013.02.008&domain=pdf


952 L. Pasicki / Topology and its Applications 160 (2013) 951–952
Let u, x, y ∈ X be such that d(u, x) < r + δ, d(u, y) < r + δ and d(x, y) > β . Then for s = u − x, t = u − y we have
p(s) < r + δ, p(t) < r + δ and for s − t = y − x ∈ X − X , p(s − t) = p(u − x − (u − y)) = p(y − x) = p(x − y) > β holds. Now
condition (2) yields

p
(
u − (x + y)/2

) = p
(
(u − x + u − y)/2

) = p
(
(s + t)/2

)
< r − δ,

i.e. u ∈ B(z, r − δ) for z = (x + y)/2 ∈ X and we obtain (1) as u is an arbitrary element of the respective balls. �
Now the fixed point theorems for bead spaces are valid for (X,d) presented in Lemma 2. Therefore, Matkowski’s Theo-

rem 3 is a consequence of [2, Theorem 17] (see also [3, Theorem 4]).
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