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Introduction
In the simplest case, the condition with a contracting mapping has the form d(f(y),f (x)) <
¢(d(y,x)), where (X, d) is a metric space, f is a mapping on X, and ¢ : [0,00) — [0, 00) is
such that ¢(a) < @, @ > 0. Boyd and Wong [1] assumed that ¢ is upper semicontinuous
from the right (i.e., limsupg_, ,+ 9(B) < ¢(«), @ > 0); Matkowski in [2] assumed that ¢
is nondecreasing and such that lim,_,» ¢" () = 0 for each & > 0. We assume that all se-
quences (a,)xen such that a,.1 < ¢(ay), n € N, converge to zero. It appears that the classes
of Boyd-Wong’s and Matkowski’s mappings are included in this new class (the problem of
¢(0) for Boyd-Wong mappings is meaningless for contractions). The main results are The-
orems 21, 22, 23, and theorems extending the well-known classical results: Theorem 30
(Matkowski’s theorem) and Theorem 31 (covering the theorems of Romaguera and Boyd-
Wong).

Let us recall the notions of a partial metric space due to Matthews [3, Definition 3.1] and
of a dualistic partial metric due to Oltra and Valero [4] and O’Neill [5].

Definition 1 A dualistic partial metric is a mapping p : X x X — R such that

y=x iff p,y) =py,x)=plx), xyeX, 1)
p».y) =p:x), xyeX, 2)
px) =p.y), x%yeX, ®3)
p(z,%) <p(z,y) + (%) —p(,y),  %y.z€X. (4)

If p is nonnegative, then it is a partial metric.
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If p is a dualistic partial metric on X, then g: X x X — [0, 00) defined by

q,%) =p»,x) - p»,y), xyeX (5)

is a quasi-metric [3, Theorem 4.1] (y = x iff q(y,%) = q(x,y) = 0, q(z,x) < q(z,y) + q(y,%)).
An open ball for x € X, € > 0 is defined by

B(x,€) = {yeX:q(x,y) <e} = {yeX:p(x,y) <p(x,x) +e}. (6)

The family of open balls generates topology 7, on X. It is accepted that the (dualistic)
partial metric space (X, p) is equipped with the topology 7.
It is known (see, e.g., [4]) that a metric d can be defined by a dualistic partial metric p as

follows:

d(y,x) = max{q(y,), q(x,)}

= max{p(y,x) - p(,y),p(x,9) - plx,x)}, xy€X. @)

In this paper it is understood that g, d are defined by (5), (7) respectively for a (dualistic)
partial metric p.

For dualistic partial metric spaces, it is accepted (see, e.g, [4, p.19]) that (x,),cN is
called a Cauchy sequence in (X,p) if lim,, ;oo p(xy, %) = ¢ € R, and (X,p) is com-
plete if for every Cauchy sequence (x,),cy in (X, p), there exists x € lim,_, o %, such that
1imy,; s 00 P(Xn, ) = P, X).

The following notions are useful.

Definition 2 [6, Definition 2.1] Let p: X x X — R be a mapping. The kernel of p is the
set Kerp = {x € X : p(x,x) = 0}.

Definition 3 (cp. [7, Definition 2.1]) A dualistic partial metric space (X, p) is 0-complete
if for every sequence (x,),en in X such that lim,,,—co p(x,,%,) = 0, there exists x €

lim,,_, o x, N Kerp in (X, p).

In fact Definition 3 is too abstract. The condition x € lim,_, - x, N Kerp in (X, p) means
that lim,,_, » p(x, x,,) = p(x,x) = 0 (see (6), (2)). If, in addition, lim,,,,—, s p(%y, %) = O, then
x =lim,_, o %, in (X, d) (see [4, Lemma 2.2] or [6, Proposition 1.4]).

Corollary 4 A dualistic partial metric space (X, p) is 0-complete iff every sequence (x,)nen
such that 1imy, ;0o p(Xn, Xn) = 0 converges in (X, d) to a point x € Kerp. If p is a metric,

then 0-completeness is identical with completeness.

There exist 0-complete partial metric spaces which are not complete [8]. Some criteri-

ons of 0-completeness can be found in [9, Section 4].

Proposition 5 Let (X, p) be a partial metric space. Then (x,),en converges in (X, d) to
x € Kerp ifflim,,_, o p(x,%,,) = 0 and iff we have x € lim,,_, . x, N Kerp in (X, p).
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Proof A sequence (x,),cn converges to x in (X, d) iff limy,,— o P(® %) = lim, o p(x,
x,) = p(x,x) (see [4, Lemma 2.2] or [6, Proposition 1.4]). Assume lim,_,» p(x,%,) = 0.
Then, for nonnegative p, condition (2) yields p(x,x) = 0 and lim,,_, » p(x, x,,) = p(x, %), i.e.,
x € Kerp and x € lim,,_, o x,, in (X, p). We also have

0 Ep(xn:xm) Ep(xn:x) +p(x:xm) _p(xrx) :p(x:xn) +p(xrxm)

and consequently, limy, ;00 (X, %) = lim,—, 00 p(x, %) = px,%) = 0, i.e., x € Kerp and
(*u)nen converges in (X, d) to x. O

Let 2Y be the family of all subsets of Y. We say that F : X — 2Y isa (multivalued) mapping
if F(x) #@ forallx € X #@.
Now, let us investigate the concept of a 0-closed graph.

Definition 6 Let (X,p) be a dualistic partial metric space. A mapping F : X — 2% has a
0-closed graph if for all sequences (%) N, (Vn)nen in X the following condition is satisfied:

lim p(x,x,) = lim p(x,y,) =0, y,€F(x,),neN, andx e Kerpyieldx € F(x). (8)
n—00 n—00
Proposition 5 and [6, Proposition 1.4] yield the following.

Corollary 7 For all sequences (x,)nen, (Vn)nen With imy, ,,—, oo p(x,, %) = 1imy, ;- 00 PV
Ym) = 0, condition (8) can be replaced by

lim %, = lim y,=x in(X,d),y, € F(x,),n €N, and x € Kerp yield x € F(x). 9)
Hn—0Q

n—00

If p is nonnegative, then (8) is equivalent to (9).

Clearly, if F : X — 2% has a closed graph in (X,d) x (X, d), then (9) is satisfied as Kerp
with topology induced by p is a closed metric subspace of (X,d) [6, Lemma 2.2].
For a partial metric space (X, p), a nonempty set A C X, and z € X, let us adopt

p(A,z) =inf{p(x,2) : x € A}
and
EA,r) = {z €X:p(A,z2)< r}.

The family {E(A4,€) : A € 2%\ {#}, € > 0} generates a topology P, and we get a topological
space (2% \ {#J}, P). Assume that p is nonnegative and

for every € > 0, there exists § > 0 such that for each
u € X, p(x,u) < 8 yields F(u) C E(F(x),€) (10)
holds. Then, for all sequences (x,),eN, (Vu)uen such that lim,_, o p(x,x,) = lim,_, o p(x,

yu) = 0 and y, € F(x,), n € N, there exist z,, € F(x), n € N with lim,,_, o p(¥,,,z,) = 0. We
have

P, 20) < p(%, ¥u) + POns Z0)
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and consequently, x = lim,,_, » z, in (X, d) (Proposition 5). If F(x) N Kerp = F(x) N Kerp in
(X,d), then x € F(x) holds.
For a partial metric space (X, p) and nonempty A, C C X, let us adopt

P(A,C) = inf{r >0:ACE(C,r)and C C E(A,r)}. (11)

If p is a metric, then P is the Hausdorff metric of the metric p, whenever A and C are
nonempty closed and bounded subsets of X. In general, P is not a partial metric (see [10,
Proposition 2.2(i), Proposition 2.3(h3)]).

Clearly, p(x, u) — p(x,x) = p(x, u) for x € Kerp and if (10) holds, then F : (X,p) — (2% \

{@#}, P) is continuous on Kerp.
Corollary 8 Let (X, p) be a partial metric space. Assume that for each x € Ker p, the map-
ping F : X — 2% satisfies (10) and F(x) NKerp = F(x) NKerp in (X, d). Then F has a 0-closed

graph (and conditions (8), (9) are equivalent).

Proposition 9 Let (X, p) be a dualistic partial metric space. If F : X — 2% has a 0-closed
graph, then Fix F N Kerp is closed in (X, d).

Proof If x, € Fix F N Kerp, n € N, then for y, = x,, n € N and each x € Kerp such that
lim,_, o p(,x,) = 0, condition (8) yields x € F(x), i.e., Fix FNKerp is closed in Ker p (which
with topology induced by p is a closed metric subspace of (X, d) [6, Lemma 2.2]). O
Now, let us investigate a ‘contraction’ condition.
Let @ be a class of mappings ¢ : [0,00) — [0,00) such that p(«) < &, ¢ > 0; ¢ € P iff
¢ € ® and ¢(0) = 0.

Proposition 10 Let (X, p) be a partial metric space. Assume that G, H : X — 2% satisfy

p(HO),y) <9(p(rx), yeGl),xeX (12)
for ¢ € ®y. Then Fix G C Kerp; if H has a 0-closed graph, then Fix G C Fix H holds.

Proof For y = x € G(x) and nonnegative p, conditions (2), (12) yield

0 < plx,x) < inf{p(z,x) : z € H(x)} = p(H(x),x) < ¢(p(x,%)),

i.e., p(x,x) =0 and x € Ker p. What is more, from our inequality it follows that there exist
¥y, € H(x) such that lim,,_, o p(y,,,x) = 0. Now, (8) for x,, = x, F = H yields x € H(x). O

Propositions 9, 10 yield the following.

Theorem 11 Let (X, p) be a 0-complete partial metric space, and let F be a family of map-
pings X — 2% with 0-closed graphs. Assume that ¢ € ®; some and at least all different
G,H € F satisfy (12). Then all members of F have the same set of fixed points; this set is
closed in (X, d) and contained in Ker p.
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The previous result becomes a little more interesting if a mapping F € F has a fixed
point.

Let us assume that the following condition is satisfied for a partial metric space (X, p), P
defined by (11), and G, H : X — 2%:

P(H(y),GW) < ¢(p(:»), xyeX. (13)

Then, for any y € G(x), we have

P(H®),y) < sup{p(H®),u) : u € G(x)}
< max{sup{p(H(y),u) ‘u € G(x)},sup{p(G(x), V) (Ve H(y)}}
= P(H(y), G(x)) < ¢(p(y,%)),

i.e., condition (13) yields condition (12). The subsequent two propositions enable us to

strengthen condition (12).

Proposition 12 Let (X, p) be a partial metric space, and let C C X be compact in (X, d).
Then, for any y € X, there exists x € C such that p(x,y) = p(C, y).

Proof Let (x,),cn be a sequence in C such that
Tim p(xs,y) =inf{p(z,5):z€ C} =p(Cy) =a.

There exists a subsequence (xx, )nen Of (%) ey and x € C such that x = lim,,_, o %%, in (X, d),
i.e., [4, Lemma 2.2]

lim p(x,,%x,) = lim p(x,x,) = p(x, x).
m,n— 00 n—0o0
Now, from
o < px,y) < p(xxi,) + p(Xk,» ¥) — K, Xrc,)
we get

a < px,y) <p,x) + o —plx,x) =a. O

Corollary 13 Let (X, p) be a partial metric space, and let G, H : X — 2X be mappings with
H compact valued in (X, d). Then condition (12) is equivalent to

foreachx € X,y € G(x), there exists z € H(y)
such that p(z,y) =p(H(y),y) < <p(p(y, x)). (14)
Condition (14) extends the idea of «-step mappings [11, Definition 17].

The next example shows that even a ‘good’ mapping ¢ in condition (14) does not guar-

antee the existence of a fixed point.
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Example 14 Let us consider a continuous mapping ¢ € ®¢ defined by ¢(a) = a/(a® +1) for
a € [0,1],and p(«) = 1/2 for > 1. An easy computation proves that ¢ is increasing on [0, 1]
and, therefore, ¢ is nondecreasing on [0, 00). Let us consider X = [1,00) and f(x) = x + 1/x,
x € X. For p(y,x) = d(y,x) = |y — x|, we have

d(f*(x).f(x)) =x + Ux + 1/(x + 1/x) —x — Lz = x/ (1 + &%) = (1/x)/((1/%)* +1).
Now, for @ = d(f (x),x) = 1/x <1, we obtain

d(f*(®).f () = (@) = ¢(d(f (%), %)),

i.e., (14) is satisfied for H = f, y = f(x), z = f2(x). Still it is clear that f : X — X has no fixed
point.

It is a good idea suggested by [12] to gather together the properties of ¢. Let us recall
that & is a class of mappings ¢ : [0,00) — [0, 00) such that ¢() < o, @ > 0; and ¢ € Dy iff
¢ € ® and ¢(0) =0.

Proposition 15 Assume that ¢ € ®. Then every sequence (ay),ecn such that a, .1 < ¢(a,),
n € N (in particular (¢" (@) nen, @ > 0) is nonincreasing; if, in addition, ¢ is nondecreasing,
then a,,1 < ¢"(ay), n € N holds.

Proof From ¢(o) < «, a > 0, it follows that a,.; < ¢(a,) < a,. Similarly, for nondecreas-

ing ¢, we get a, < p(a1), a3 < ¢(az) < p*(@1),...,ann < " (@1). O

Let us present some subclasses of .
Let ®p consist of mappings ¢ : [0, 00) — [0, 00) for which every sequence (a,),en such
that a,.,1 < ¢(a,), n € N converges to zero.

Proposition 16 We have ®p C ®y. For ¢ € ®p, the sequence (9" (®)),en is nonincreasing
and it converges to 0, o > 0. If a mapping ¢ € O, satisfies

limsupg(B) <o, « >0, (15)

B—at
then ¢ € ®p.

Proof Assume that ¢ € ®p. Suppose that o < ¢(«a) for « > 0. Then a, =, n € N, is a
good counterexample (the sequence does not converge to 0). Therefore ®p C ® holds.
Suppose ¢(0) = a > 0. Then, for as,-1 = a, as, = 0, n € N, we obtain a divergent sequence
(@n)nen such that a,,1 < ¢(a,), n € N. Consequently, every ¢ € ®p satisfies ¢(0) = 0. The
sequence (¢"(a)), ey is nonincreasing, ¢ () = p(¢" () < ¢"(), n € N and it converges
to 0 as ¢ € Op. Assume ¢ € Oy. Then any sequence (a,),en such that a,,1 < ¢(a,) (< a,),
n € N is nonincreasing and therefore it converges, say, to ¥ > 0. Suppose y > 0. Then (15)
yields

0= lim [an+l - ﬂn] = limsup @(ﬂn) -y<y-v=0,
n—00

n—00

a contradiction. O
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Let ®gy C P consist of mappings ¢ upper semicontinuous from the right, call them
Boyd-Wong mappings. Proposition 16 yields ® gy C Op.

In turn, let ®,; consist of nondecreasing mappings ¢ : [0,00) — [0,00) such that
lim, 0 ¢"(a) = 0, @ > 0 (Matkowski mappings). It is well known [13, Lemma] that
®pr C Pg. Moreover, a1 < ¢(a,), n € N, yields a,,1 < ¢"(a;1) (Proposition 15) and hence
lim,_, o a, = 0. Consequently, ®,; C ®p holds. Let us note that ¢ from Example 14 belongs
to @,

The following is a kind of the reverse condition.
Proposition 17 Let (a,),en be a sequence convergent to zero and such that a,, < ¢(a,),
neN,forag € ®y. Then there exists a mapping € O N Ppy such that p(a,) < Y(a,) <
ay, and " (@) <a,,neN,a>0.
Proof Let us adopt ¥(0) = 0 and ¥ («) = sup{¢(a,) : a, < a,n € N}, « > 0. Clearly, ¢ is
nondecreasing and continuous from the right as lim,_,» ¢(a,) = 0. Therefore, v is also

upper semicontinuous. The sequence (4,),cn is nonincreasing as a,.,1 < ¢(a,) <a,, n e N.

Let us adopt ag = 00. For 0 < a, < « < a,_1, we have

@(an) < sup{@(@n1.i) sk € N} = () < sup{a,_1.x 1k €N} =a, <a,
and the case of a, = 0 is trivial as then ¥ («) = 0 < o. Consequently, we get V(&) < a;
(if a1 > 0), ¥2(«) < ay (if a3 > 0), and so on. Finally, we obtain ¥"(a) < a,, n € N (the
possible case of some a; = 0). g

The following modification of ¢ is useful.

Proposition 18 Assume that ¢ : [0,00) — [0,00) is a mapping. Then  defined by
Y(a) = [pla) +a]/2, a=0, (16)

belongsto @ iff p € ©; ¢ € Dg iff Y € Po; ¢ satisfies (15) iff ¥ satisfies (15). In addition, if ¢

is nondecreasing, then \ is increasing.

Proof 1Tt is clear that (o) < ¥ (&) < « holds iff ¥ («) < «. If ¢ is nondecreasing, then for

0 < o < 8 we obtain

¥ (B) - ¥ (@) = [o(B) - p(@)]/2+(B-a)/2= (B -a)/2>0,
i.e., ¥ is increasing. The remaining part of the proof is also trivial. |
The next two propositions can be helpful in proving fixed point theorems.
Proposition 19 Assume that (X, p) is a partial metric space, and let ¢ € ®¢. If mappings

G,H : X — 2X satisfy (12) and H has a 0-closed graph, then for ¢ =, where Vs is defined
by (16), condition (14) holds.
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Proof For p(y,x) > 0, there exist € > 0 and z € H(y) such that p(z,y) < ¢(p(y,x)) + € <
Y (py,x)). If p(y,x) = 0, then (2) yields x = y, i.e., x is a fixed point of G, and by Proposi-
tion 10, z =x € H(x). (I

Proposition 20 Let (X, p) be a partial metric space, let F be a nonempty family of at most
two mappings X — 2% with 0-closed graphs, and let ¢ € ®p. Assume that all members of
F either satisfy (12) and ¢ has property (15) or satisfy (14). Then there exists a sequence
(%n)nen such that xo, € H(X2u-1), X241 € G(X24), 1 € N, and limy,_, oo p(x141, %) = 0.

Proof If ¢ € @y satisfies (15) and (12) holds, then for ¢ as in (16) and ¢ = ¥, condition
(14) is satisfied (Proposition 19), and ¢ € ®p (Propositions 18, 16). Thus, it is sufficient
to consider the case of ¢ € ®p and condition (14). Let xy € X be arbitrary, x; € G(xo),
and let x, € H(x;) be such that p(x,,x1) < @(p(x1,%0)). If xox € H(xox_1) is defined, then
X2ks1 € G(xgx) is such that p(xyri1, %) < @(p(xar, %2x-1)), and, similarly, xp,2 € H(x2x41)
satisfies p(xox.2, ¥2k+1) < @(PF2ks1,%21)). Thus, for a, = p(x,.1,%,), we have a,., < ¢(a,),
n e N, and (a,).cn converges to zero as ¢ € Op. O

As was shown in Example 14, conditions (12), (14) are too weak to guarantee the exis-
tence of a fixed point, even for ¢ € ®,;. The next two theorems, with stronger assump-
tions, are general results.

Theorem 21 Let (X,p) be a 0-complete partial metric space, and let F : X — 2% be a
mapping with 0-closed graph. Assume that for a ¢ € ®p there exists a sequence (x,)yen in
X such that

SUP P(Xs14k> Xns1) < dns1 < @(an), n €N, fora sequence (a,)nen, (17)
keN

and lim,,_, o p(F(x,,), %,41) = 0. Then x = lim,,_, o, x,, in (X, d) is a fixed point of F, and x €
Kerp.

Proof Clearly, (a,),eny converges to zero as ¢ € ®p. Therefore, (x,),cn is a Cauchy se-
quence (see (2)) and it converges in (X, d), say, to x € Kerp (X is 0-complete). There exist
¥n € F(x,) such that lim,,_, oo p(yy;, %,141) = 0. Now, from

P(.)’nyxn) fp@n;xrwl) +p(xn+1:xn)
and condition (8) it follows that x € F(x). O

Theorem 21, with ¢(«) = ko, @ > 0 (for k < 1), is an extension of the Nadler theorem on
multivalued contractions [14, Theorem 5].
Now, Theorem 21 and Theorem 11 yield the following.

Theorem 22 Let (X,p) be a 0-complete partial metric space, and let F be a family of
mappings X — 2% with 0-closed graphs. Assume that ¢ € ®p; some and at least all dif-
ferent G,H € F satisfy (12). If for an F € F there exists a sequence (x,)eN Such that
lim,,, oo p(F(%4), %111) = 0 and (17) holds, then all members of F have the same nonempty
set of fixed points; this set is closed in (X, d) and contained in Ker p.
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A simple consequence of Theorem 21 is the following one.

Theorem 23 Let (X, p) be a 0-complete partial metric space, and let f : X — X be a map-
ping with a 0-closed graph (e.g., f : (X,d) — (X, d) is continuous). Assume that for a ¢ € Pp
and x the following condition is satisfied:

SUPp(f"”*k(xo),f”*l (xO ))
keN

<aun <¢la,), neN, forasequence (a,)en. (18)
Then x = 1im,_, o f"(x0) in (X,d) is a fixed point of f, and x € Kerp.
Proof For x,, = f"(xo) (and x,,,1 = f"*(x0)), we have (see (2))
0 < lim p(f(xn)»xwrl) < lim p(x,1,%,) = 0,
n— o0 n—0oQ
and condition (17) holds. O

The next proposition shows that Theorem 23 is related to the well-known theorem of
Matkowski [2, Theorem 1.2, p.8].

Proposition 24 Let (X, p) be a partial metric space, and let f : X — X be a bounded map-
ping satisfying

pf0).f®) <e(p(,%), xyeX (19)
for a nondecreasing mapping ¢ : [0,00) — [0, 00). Then condition (18) holds.

Proof Let us adopt x, = f"(x0) and a, = sup;.y pKn+k%4), 1 € N. For each k,n € N, we
have

P @it xni1) = P(f s f (%)) < @ik %))

< go(supp(xwk,xn)) = p(an)
keN

as ¢ is nondecreasing, and we get (18). O

Let (X, p) be a partial metric space, and let f : X — X be a mapping. Let us recall the
conditions used by Romaguera in [15]:

pfO)Lf®) < @(mr(yx)), xyeX (20)

for

my(y,%) = max{p(y,x),p(f(y),y),p(f(x),x) },

and

p(f0).f(®) <o(pr(,%), xyeX (21)
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for

pr(,%) = max{p(y,x), p(f ), 9), (f ), %), [p(f ), %) + p(f (%), ) ]/2}.

For nondecreasing ¢, Ciri¢’s condition (21) is more general than (20), and (20) is more
general than condition (19). All these conditions are used to prove that f has a fixed point.
Let us note that ¢(0) for conditions (19), (20), (21) can be arbitrary as p(f(x),x) = 0 on
the right-hand side of any of these inequalities (for y = f(x)) means that x is a fixed point

of f.

Many fixed point theorems use more sophisticated conditions than (19), (20), (21) (see,
e.g., [16], [17]) or the spaces under consideration have a richer structure (see, e.g., [9], [18]).
We are interested in extending the most classical results.

The subsequent two lemmas are proved for condition (21), and the reasonings for (20)
and (19) as well can be easily deduced. The next lemma (for condition (21)) has much in

common with Romaguera’s Lemma 1 and Lemma 2 [15].

Lemma 25 Let (X, p) be a partial metric space, and let f : X — X be a mapping satisfying
condition (19), (20), or (21) for a ¢ € ®p. Then, for any x € X, the condition

P(FP@).f®) < o(p(f (), %))
is satisfied, and lim,,_, o p(f**1(x),f"(x)) = 0.

Proof For notational simplicity, let us adopt x, = f*(x), n € N. For y = x;, condition (21)

has the following form:

p(x2,%1) < @ (pr(x1, %)) = o(max{p(x1, %), p(x2, 1), [p(%2,%) + plx1,51)]/2}).

We have

Pxa, %) + plxs, x1) < p(xa, x1) + plat, x) — plas, x1) + plxs, x1)

= p(xa,%1) + plx1, %),

and therefore,

max{p(xa, x1), p(x1,%) } < mg(x1,%) < pr(x1,%) < max{p(xs, 1), p(x1,%) }

holds, i.e., pr(f(x),x) = max{p(f2(x),f(x)), p(f (x),x)} (Lemma 1 [15]). This last equality and
condition (21) for p(x1,x) < p(xo,x1) yield

0 <p(x2’xl) = QD(Pf(xl;x)) = §0(P(x2;x1)),

i.e., p(xa,%1) = p(f2(x),f(x)) = 0 (¢ € ). This contradiction proves that p(x,x;) < p(x;, %)
must hold, and then condition (21) yields p(f?(x),f (%)) < ¢(p(f(x),x)) (see Romaguera’s
Lemma 2 [15]). Now, it is clear that for arbitrary xp € X and x, = f"(x) the sequence
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(@n)nen, where a, = p(x,.1,%,), n € N, converges to zero as ¢ € ®p and a1 < ¢(a,)
holds. O

The next lemma is also helpful in proving fixed point theorems.
Lemma 26 Let (X, p) be a 0-complete partial metric space, and letf : X — X be a mapping
satisfying condition (19), (20), or (21) for a ¢ € ®. If for x,, = f" (x0), limy, 1, 00 P(X1, %,,) = O
holds, then (x,,),en converges in (X, d) to a unique fixed point of f, and this point belongs to

Kerp.

Proof From lim,,,,—, o p(%,,, %,,) = 0 it follows that (x,,),cn converges to a point x € Kerp in
(X, d) (Corollary 4). We get

P(f),%) < p(xns1,f (%) + p(Fn11,%) < @(pF (%, %)) + P(Xi1, %)
= QD(maX{P(xm x):p(xnﬂr xn)’p(f(x)) x)) [p(xnﬂ: Xx) +P(f(x): xn)]/z})

+ p(xn+1; x)'

Suppose 0 < p(f(x),x). Then from

(), x0)12 < [p(f (%), %) + p(x,%4)]/2,

and lim,,_, o p(x, x,,) = lim,,_, o p(x, %,,41) = O it follows that

max {p(x,, %), p(xns1, %), (f (%), %), [P(Xni1,%) + p(f (%), %) |12} = p(f (%), %)

for large n. Now we get

0 <p(f(x),%) < 0(p(f(x),x)),

a contradiction. Clearly, p(f(x),x) = 0 means that p(x,x) = p(f(x),f(x)) = p(f(x),x) = 0

(see (2)), and f(x) = x (see (7)). If x, y are fixed points of f, then p(y,y) < p(y,x) < p(p(y, %))
(see (2), (21)) means that x = y. a

The next result extends Romaguera’s Theorem 4 [15], and consequently, an earlier cele-
brated result due to Matkowski [2, Theorem 1.2, p.8].

Theorem 27 Let (X, p) be a 0-complete partial metric space, and let f : X — X be a map-
ping satisfying condition (19) or (20) for a ¢ € ®p such that

limsupp(B) <, «>0 (22)

B—a~

holds (e.g., if ¢ is nondecreasing). Then f has a unique fixed point; if x = f (x), then x € Kerp
and x = lim,_, o f"(x0) in (X, d), xy € X.

Proof In view of Lemmas 25, 26 it is sufficient to prove that (x,),cn is a Cauchy se-
quence for x, = f"(x0), n € N. Suppose that there are infinitely many &,n € N such that
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P (x0),f¥(x0)) = € > 0. Let n = n(k) > 0 be the smallest numbers satisfying this in-
equality. For simplicity let us adopt x = f¥(xo) and x,, = f"(x), n € N. We have

€ < p(Xni1, %) < PKns1, %) + P(Xn, %) < P(Kni1, %) + €,
which for # = n(k) means that
Jlim P X1, %) = Jim P, x) = €
as we have limy_, oo p(®y+1, %) = limg_ o0 p(x1,%) = 0. Now, for y = x,,, condition (20) yields

€ < p(¥ns1,%) < P, 1) + px1, %) < @ (my(6,%)) + play, %)

<
= (max{p(x,, ), p(xni1, %), p(x1, %) }) + p(x1, %),

and we obtain (from (19) as well)

€ < @(p(xn,x)) + p(x1, %)
for large k. Now, p(x,, x) < €, limg_, » p(x,,, %) = €, and condition (22) yield

€< limsupgo(p(xmx)) <€,
k—o00

a contradiction. Therefore, (x,),cy is a Cauchy sequence. (|

Let ¢y, 92 € ®g be continuous mappings. Then ¢ € ®( such that ¢ = ¢; on QN [0, 00)
and ¢ = ¢, on [0,00) \ Q is a member of ®p and ¢ satisfies conditions (15), (22); clearly, ¢
does not necessarily belong to ®,; or to ®py.

Paesano and Vetro [9] have proved some theorems on coincidences and common fixed
points. Maybe Theorem 27 can be extended to that case.

The next result extends Romaguera’s Theorem 3 [15], and consequently, an earlier cele-
brated result due to Boyd-Wong [1, Theorem 1]. Let us recall that ¢(0) = 0 does not spoil
the generality of condition (21). The proof is a modification of the one presented by Ro-

maguera.

Theorem 28 Let (X, p) be a 0-complete partial metric space, and let f : X — X be a map-
ping satisfying condition (21) for a mapping ¢ € ®y and satisfying (15) (e.g., with ¢ upper
semicontinuous from the right). Then f has a unique fixed point; if x = f (x), then x € Kerp
and x =1im,_,  f"(x0) in (X, d), %o € X.

Proof We follow the initial part of the proof of Theorem 27 preceding the sentence with
condition (20) (Proposition 16 yields ¢ € ®p). For large k € N and # = n(k), we obtain

€ < p(Xni1,%) < Pr(nar, 8) = max{p(,.1, %), [p(ns2, %) + p(xn, %1)]/2}

< max{p(ne1, %), [PXnr2: %1) + PXns1, X) + P, X) + pla1, %) 12},
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and limy_, o pr (%441, %) = €. Now, condition (21) yields

€ < p(Xni1,%) < pXni1, Xpa2) + PEnia, %1) + p(x1,%)

< p(xn+1¢xn+2) + ¢(Pf(xn+1,x)) +l9(x1,x),
and we obtain (see (15))

€ < limsup ¢(py(x,.1,%)) <€,

k— 00

a contradiction. Therefore, (x,),cy is a Cauchy sequence. O
The next lemma enables us to extend the preceding two theorems.

Lemma 29 Let f : X — X be a mapping such that f* for t € N has a unique fixed point,
say, x. Then x is the unique fixed point of f. If, in addition, x € lim,_, (f*)"(x0), x0 € X,
then x € lim,,_, oo " (%0), 0 € X holds.

Proof 1f x is a fixed point of f%, then f*(f(x)) = f(f*(x)) = f(x) means that f(x) is a fixed
point of f* and the uniqueness yields f(x) = x. If x,y € X are fixed points of f, then we get
x=f"(x), y=f"(y), and x = y as f* has a unique fixed point. If x € lim,,_, o (f*)"(xo) holds
for each xq € X, then we also obtain x € lim,_, oo (f*)" (f (%)) N - - - N 1im,,_, & (FO)" (f L (x0)),
which means that x € lim,,_, » f" (%0)- O

Theorem 30 Let (X, p) be a 0-complete partial metric space, and let f : X — X be a map-
ping satisfying condition (19) or (20) with f replaced by f* fora t € N, and a ¢ € ®p having
property (22) (e.g., with ¢ nondecreasing). Then f has a unique fixed point; if x = f (x), then
x € Kerp and x = lim,,_, o " (x0) in (X, d), xo € X.

Proof Clearly, all the assumptions of Theorem 27 are satisfied for f replaced by f*. Now,
we apply Lemma 29. O

The next theorem is a consequence of Theorem 28 and of Lemma 29.

Theorem 31 Let (X, p) be a 0-complete partial metric space, and let f : X — X be a map-
ping satisfying the condition

p(Ff )./ (%) < max{p(,),p(f* ),5), p(f*®), %), [p(f O), %) + p(F*(x),) ]2} (23)

fort € N, and a mapping ¢ € g satisfying (15) (e.g., with ¢ upper semicontinuous from the
right). Then f has a unique fixed point; if x = f(x), then x € Ker p and x = lim,,_, o f"(x0) in
X,d),x9 e X.

Now, we present the respective versions of conditions (19), (20), (21) for a multivalued
mapping F : X — 2%, where P is defined by (11).

P(F(), F(x)) < p(p0,%)), xy€X, (24)
P(F()’):F(x)) =< @(mF(yrx))’ XY eX (25)
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for

m(y,x) = max{p(y, %), p(F(»),y), p(F(x),x) },
and

P(EG),F®) < p(pr(3,»), xyeX (26)
for

pe(y,x) = max{p(y,%), p(F(),),p(Fx),x), [p(F(),x) + p(F(x),9)]/2}.

For nondecreasing ¢, condition (26) is more general than (25), and (25) is more general
than condition (24).

The subsequent two lemmas are proved for condition (26), and the reasonings for (25)
and (24) as well can be easily deduced.

At first, let us present the following extension of Lemma 25.

Lemma 32 Let (X, p) be a partial metric space, and let F : X — 2% be a mapping. Then
me(y,%) = pr(y,x) = max{p(y, %), p(F»),y)}, x€X,y e Fx) (27)

holds, and condition (26) for any ¢ € ® yields pr(y,x) = p(y,x),x € X,y € F(x) (m in place
of pr for (25)), and

p(FO),y) <e(phx)), x€X,yeF(x). (28)
If o € Pp and

for each y € F(x), there exists z € F(y)
such that p(z,y) < w(p(y, x)),x eX (29)

holds (e.g., F satisfies (28) and is compact valued), then there exists x,,1 € F(x,), n € N,
such that

p(xn+27xn+l) =< QD(P(xnwxn)), ne N; tl}’ld lim p(xn+1¢xn) =0.
n— 00
Proof For y € F(x), we have (see (2))

p(F(y),x) +p(F(x),y) = inf{p(z,x) 1z € F(y)} + inf{p(z,y) 1z € F(x)}
< inf{p(z,y) + p(3,%) - p(,y) : 2 € F»)} + p(3,7)
= p(F»),) +p(, ).

Consequently, we get

mr(9,%) < pr(y,%) < max{p(y,x),p(F(y),y),p(F(x),x), [p(F(J’)J/) +P(%x)]/2}
< max{p(y,x),p(F(),7)}
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as p(F(x),x) < p(y,x), y € F(x) holds. Clearly,

max{p(y,%),p(F(),y)} < me(y,x) < pr(y,x)

is satisfied and hence we get (27). Suppose p(y,x) < p(F(y),y) for ay € F(x). Then (see (26))

P(F®),y) < P(F(),F®) < o(pr(%)) = 0(p(F®),7))

means that p(F(y),y) = 0 (as ¢ € ®), and p(y,x) = p(F(y),y). This contradiction proves (28).

Let x; € X, x; € F(x;) be arbitrary. If x,,,1, x, are known, then let x,,, € F(x,,1) be such
that (see (29) or (28) and Proposition 12) p(x,42, %441) < @(p(%X11,%5)). If p € Op, then for
ay = p(xXy41,%,) we get lim,_, o a, = 0. O

Now, let us prove an analog of Lemma 26.
Lemma 33 Let (X,p) be a O-complete partial metric space, and let F : X — 2% be
a mapping with 0-closed graph satisfying condition (24), (25), or (26) for a ¢ € ®. If
limy,, oo p(F (%), %41) = 0 and limy, -, 0o p(X, %) = 0, then (x,),en converges in (X, d) to

a fixed point of F, and this point belongs to Ker p.

Proof From limy,; ;o0 p(%4, %,,,) = O it follows that (x,,),cn converges to a point x € Kerp in
(X, d) (Corollary 4). We get

P(F(x);x) Sp(F(x)verl) +p(xn+lrx)
< P(F(x), F(x)) + (%1, %) < @(PF (%0, %)) + p(Xni1,%)
= @(max{p(xn, &), i1, %), P(F(x), %), [p(ni1, %) + p(F (%), %) | /2})

+ P(Xni1,%).
Suppose 0 < p(F(x),x). Then from
P(F(®),%4)/2 < [p(F(x), %) + p(x, x4)]/2,
and 1im, . o0 p(%, %) = iy 00 p(,%,41) = O it follows that
max {p(x,, %), p(Xns1, %), p(F(x), %), [p(Xni1, %) + p(F(x),%,) ]/2} = p(F(x), )
for large 1. Now we get
0 < p(F(%),%) < ¢(p(F(x),x)),

a contradiction. Clearly, p(F(x),x) = 0 means that x € Ker p (see (2)). There exist y, € F(x,)
such that lim,,_, oo p(¥, x,41) = 0, and now,

p(ymxn) fp(yn;xn-d) +p(xn+17xn)

together with condition (8) yield x € F(x). (]
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It should be noted that a partial metric p defines metric § in the following way: §(x,y) = 0
iffx =y, and 8(x, y) = p(x, y) for x #y. The topology of (X, §) is clearly larger than the topol-
ogy of (X, d) (see (7)). Moreover, (X, p) is 0-complete iff (X, §) is complete [19], 20, Propo-
sition 2.1].

If the proof of a theorem is based on p(x,.1,%,) # 0, n € N, then it works for (X, §) and
the theorem is an immediate consequence of the respective result (if known) for metric
spaces. Numerous examples can be found in [20].

Let us add that Corollary 4 and Proposition 5 show that for a 0-complete partial metric
space (X, p), if we prove that limy, ,,— oo p(%, %) = 0, then the remaining part of the proof
concerns the metric space (X, d) (see (7)). Let us also recall that Ker p with its partial metric
topology is a closed metric subspace of (X, d) [6, Lemma 2.2].
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