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Abstract

In this note, a precise proof of a far extension of the Meir-Keeler
theorem is presented, and it is shown that some celebrated fixed point

theorems can be easily derived from our result.

The main aim of this note is to present a complete and short proof of a
fixed point theorem that is a far extension of the well-known Meir-Keeler
theorem [5] proved for metric spaces. Our theorem was announced in [9],
and it also extends the celebrated results of Theorem 1.5.1 of Matkowski in
[3], and of Ciri¢ [1]. In addition, a short reasoning is given to show that

those results can be easily derived from the general theorem of ours.
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In [8, Definition 6.1], the notion of a felt metric was introduced. It is

more convenient not to specify the topology of a felt metric space (X, p),

as in particular, p can be a metric, a dislocated metric [2] or a partial metric
[4, Definition 3.1] while the respective topologies can differ (see also [6]).

Therefore, the below definition is a slight modification of the original one.

Definition 1. A mapping p: X x X - [0, ) is a felt metric for X if

the following system of conditions is satisfied:
p(x, y) =0 yields x =y, x,y0X, (1a)
p(x, y) = p(y. x), x, yOX, (1b)

for each € > 0, there exists a & > 0 such that
p(z, y) <dyields | p(z, x) = p(y, x)| <& x, y, zOX. (1c)

A felt metric space (X, p) is O-complete, if for each sequence (x,,),y in
X, such that lim,, , _ « p(x,, x,,) =0, there exists an x 0 X for which
lim,, _ o p(x,, x) = 0; a self mapping fon X is O-continuous at an x [J X, if
lim, _ o p(x,, x) =0 yields lim, _ o p(fx,, fx) =0, for each sequence
(x,),0n in X; fis O-continuous if it is O-continuous at each x 0 X

Let us prove the following result which extends [8, Theorem 6.6] (see
[9, Theorem 2]).

Theorem 2. Assume that p is a felt metric for X, fis a self mapping on X,

x, = [0, n ON, lim,, _ o p(x,+1> x,) =0, and let
foreach o > 0, there exists an € > 0 such that
a < p(y, x) <a+e yields p(fy, fr)<a, x, yOX 2

be satisfied. If (X, p) is O-complete, then there exists an x 0 X such that

lim,, _ o p(x,, x) = p(x, x) =0 and fx = x.
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Proof. In particular, for o = p(y, x) >0, condition (2) yields p(fy, fx)
< p(y, x), ie., fis nonexpansive (for p(y, x) > 0). Therefore, (2) yields
the following [8, condition (14)] for all m, n O N (n( can be disregarded):

for each a >0, there exist € > 0 and ny [ N such that for all
m, n > ng, o =€ < p(x,, x,) <da+¢ implies p(x,+], X,+1) < q,

and [8, Lemma 6.3] applies. Consequently, lim,, , p(x,, x,,) =0, and
what is more, lim, _ o, p(x,, x) = p(x, x) =0 holds for some x [ X, as
(X, p) is O-complete. Let us prove that x is a fixed point of f. Suppose
p(x, fx) = 2B > 0. From (1c), it follows that
limy ol pligsts )= plrs )] = lim, oo plyers x) = 0,

and we obtain B < p(x,+{, fx) for large n O N. Let us consider an n 0 N
such that 0 < p(x,, x) = a <B. Now, (2) yields B < p(x,+, fx)<a, a
contradiction. Consequently, p(x, fx) =0, and fx = x (see (1a)). O

It is worth of noting that for X ={-1,1}, fx=-x and p(y, x) =
| ¥ = x|, condition (2) holds, but p(x,+1, x,) =2, n ON.

The Banach theorem is an immediate consequence of Theorem 2, as
for 0 < c <1, one can calculate the respective € >0 (see (2)) from the

subsequent formula:
(., fx) < cp(y, x) < c(a +€) <a.
Meir and Keeler [5] used the following condition (p was a metric in their
paper):
for each a > 0, there exists an € > 0 such that
a < p(y, x) <a +¢ implies p(fy, fr) <a. 3

Clearly, (3) yields (2).



4 Lech Pasicki

Theorem 1.5.1 of Matkowski in [3] and Ciri¢ [1] used two conditions.
The first one is

p(fy, fx) < p(y, x), x#y.

If p is a metric, then the above condition is equivalent to the following
one:

p(fy, fx) >0 yields p(fy, fx) < p(y, x). 4)
The second condition of Matkowski, and of Ciri¢ is

for each a > 0, there exists an € > 0 for which

a < p(y, x) <a + ¢ yields p(fy, fx) < a. (&)

If (4) holds, then we may put O < p(y, x) <a+e¢& in (5), and our

condition (2) is obtained. Thus, (4) together with (5) yield (2). Consequently,
Theorem 2 extends the results of Meir and Keeler, of Matkowski, and of
Ciri¢, also for the case of metric spaces. To derive those celebrated
equivalent results from Theorem 2, it is sufficient to show that from
condition (3) or from (4) with (5), it follows that lim,, _ ¢, p(x, 41, x,) =0
(see the assumptions of Theorem 2). The following was proved shortly as

Lemma 2.1 in [7].

Lemma 3. Let (a, )nDN be a nonnegative sequence such that
a,+ > 0 yields a,+; <a,, n0ON. (6)
Then lim,, _, » a, = 0 iff the following condition is satisfied:
foreach o > 0, there exists an € > 0 such that
o<a, <O +c¢yields a1 <0, n ON. (7

Letus put y = x,4, x = x, and a, = p(x,+1, x,). Then it is obvious
that (4) yields (6), and (5) yields (7). As regards (3), for a, =a, we

get a4 <A =aqa,, ie., (6). In turn, for a <a, <a+g, (3) yields
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a,+1 <a<a,, ie., (7) is satisfied. Consequently, Theorem 2 contains the

respective results of Meir and Keeler, of Matkowski, and of Cirié.

Acknowledgement

This work was partially supported by the Faculty of Applied

Mathematics AGH UST statutory tasks within subsidy of the Polish Ministry
of Science and Higher Education, Grant no. 16.16.420.054.

(1]

(2]

(3]

(4]

(51

(6]

[71

(8]

(91

References

L. Ciri¢, A new fixed-point theorem for contractive mapping, Publ. Inst. Math.
(Beograd) (N.S.) 30(44) (1981), 25-27.

P. Hitzler and A. K. Seda, Dislocated topologies, J. Electr. Engin. 51(12) (2000),
3-7.

M. Kuczma and B. Choczewski, Iterative functional equations, Encyclopedia of
Mathematics and its Applications, Cambridge University Press, Cambridge, UK,
Vol. 32, 1990.

S. G. Matthews, Partial metric topology, Proc. 8th Summer Conference on
General Topology and Applications, Ann. New York Acad. Sci. 728 (1994),
183-197.

A. Meir and E. Keeler, A theorem on contraction mappings, J. Math. Anal. Appl.
28 (1969), 326-329.

L. Pasicki, Partial metric, fixed points, variational principles, Fixed Point Theory
17(2) (2016), 435-448.

L. Pasicki, Some extensions of the Meir-Keeler theorem, Fixed Point Theory
Appl. 2017, Paper No. 1, 10 pp.

L. Pasicki, A strong fixed point theorem, Topology Appl. 282 (2020), 107300,
18 pp. DOIL: 10.1016/j.topol.2020.107300.

L. Pasicki, My last fixed point theorem, 2022, 3 pp. arXiv:2107.01022v3
[math.GM].



