7.10.2020

OpenAGH e-podreczniki | Lagrange polynomials

[Zmien przedmiot v

@ Informacja

‘ Strona zapisana (wersja 3).

Lagrange polynomials  Brak plikéw do pobrania.

In this chapter we derive the basis functions called the classical Lagrange polynomials. 1st order Lagrange polynomials are
equivalent to 1st order B-spline functions, they have exactly the same formulas.

Second order Lagrange polynomials can be derived from the general formula for B-splines using a knot vector generating
second-order B-splines in which all internal knots have been repeated p times, so
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The vector of knots defined in this way will generate basis functions equivalent to the second degree Lagrange polynomials
(quadratic polynomials) used in the traditional finite element method. In order to illustrate the basis functions resulting from the
various knot vectors, we recommend the attached MATLAB code.

What do such basis functions look like? We need to generate step-by-step all zero-degree polynomials, and first- and second-
order polynomials, using the Cox-de-Boor formula. Let's start with zero degree polynomials. We have now
§1=6=8=0,8=8=1,{=¢;=2,{3=Eg=3,{g=¢) =4orazlp, =&3=E 4 =5

By o= 1forx € [¢}, & =[0,0] = {0},0in other points,,

Bz’0 = 1 forx € [£,,&;] = [0, 0] = {0}, 0in other points,,

By g=1forx € [&;,&4] =[0,1],0 in other points,,

B4’0 = 1forx € [&, &) =[1,1]={1},0in other points,,

Bs o= lforx € [&s, &6 = [1,2], 0in other points,,

Bg =1 for x € [&g, &5 = [2,2] = {2}, 0 in other points,,

By o = 1forx € [&,&] = [2,3], 0in other points,,

Bg o= 1forx € [&, &gl = [3,3] = {3},0in other points,,

By o= 1forx € [£, &1 =[3,4],0in other points,,

Byg.o = 1forx € [£)),¢)5] = [4,4] = {4}, 0in other points,,

By o= 1 forx € [£),,&5] = [4, 5], 0in other points,,

By o= 1forx € [£3,&14] = [5,5] = {5}, 0in other points,,

313,0 = 1forx € [¢}y,&15] = [5,5] = {5},01n other points,.

Similarly, we need to generate the first order basis functions for a new knot vector. We remember the pattern forp = 1
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¢=¢; 1<
Bi© =z =gBi 0@+ m i+1,009)
5—5 “z—é =0 0-¢
where we insert the next knots: B, (&) = By o©)+ By o(©) = 07081 0+ 5=0B2.09 =0,
-& &=¢ - 1- 4‘
By 1) = ﬁBz,o(C’) R B3 .09 = 0,032,0(@ +1083,0(0) =1-¢for £ € [0,1],
& &—¢ &0 1-¢
B3 (O = ﬁ33,0(® + 55734,0(5) = 1-083,000 + =784 (&) ={for S € [0, 1],
¢, &< ¢-1 2-¢
By (O = [ 4,00+ mBs,o(@ = 17B4.00) + 37785 o) =2 - {for S € [1,2],
i-e &-¢ 1 2-¢
Bs (9 = EBS,O(QZ) + 5—5636,0(5) =37Bs5 00+ 7386 o) =< 1for{ € [1,2],
&< &< £-2 3-¢
Bg (&) = EB@()@/) + ﬁBno(@ = 5586 00) + 3587 0(6) =3~ ¢ford € [2,3],
% &t 2 -
By 1) = ﬁBmo(@ + RBS,O(@ = EB7 0@+ 37389 (&) =¢—2for € [2,3],
&-& G0t 4
Bg,l(f) = RBg,o(@Jr e By, o9 = 3= 338 o9+ 4— 3B9 o) =4-Cforl € [3,4],
¢ fll_g -4 4-¢
39’1(5) 510 & 9 ()(é) 511 <o 1() ()(f) 4_339 0(5) + HBIO 0(@ =¢—3for¢ € [3,4],
30 ¢ &= 4 *f
B10,1(§)7 ¢ 10,0(@ m 11,0(@: 4—4 10 o(f)+ 54 11 0(5)5 éforé € [4,5],
=< ¢3¢ 6—4 5,«:
B 1@ = 2 72 Bu,o© 7 7 B2, = 57581 ,0@ T 55810 0@ =< 4 for & € [4,5],
[SSP) &4—¢

&s 5-¢

B4 =z 2 B0 F ﬁlgn,o@ = 575B11,00) T 575B15,00) = 0.
We can now generate all second order B spline functions using the formula again for p = 2, assuming that the subsequent knots
inserted into the denominator must be different, and if they are not different, then the given term is changed to zero. The
elements that disappear are marked red again. In the final stage of the derivation, we insert the formulas calculated before
Bl’l(f) = O,Bz,l =1-¢for ¢ € [0, 1],B3,] =¢for & € [0, 1],B4)1 =2-¢for € [1,2],B5’1 =¢—1for¢ €[1,2],

G =3-¢foré€(2,3],B, =& 2for €[2,3], By =4 Cforé € [3,4],By = ¢ 3foré € [3,4],Byy =5 ¢foré € [4,5],

By | =¢&—4foré€[4,5,B), =0

We get
=<1 €4=¢ =0 1=¢ 2
B1 2O = ,vBl 19+ g, 532 19 = 0,031,1(@+ﬁ32,1(@:(1*@ for ¢ € [0, 1].
c*c &5—¢ -0 - -0 1-¢
By o) = 558 1O+ 5z Bs 1) = B2+ B3 (9 = = Tgll —Eforé € [0, 1]+ gl for ¢ € 0, 1] = &1 =) + (1= O for & € [0, 1] = 24(1 = &) for £ € [0,
¢ &< -0 -¢ -0 1-¢ )
B3’2(§):ﬁ33’1(®+ﬁ34~1(@ =083, 1(§)+ 778410 = = 1glEforf € [0, 1]] + 72— ¢forf € [1,2]] =& for £ € [0, 1]+ (1 = &2 — &) for £ € [1,2]
¢, é=¢ é- 2-¢ é- 2-¢
B4 o9 = =5 B4 1O+ T 5Bs (D= By (O By (O = = 2 ERorE € [L2)]+ o [E— 1 for € [1,2]] = = (¢— D2-9+2-OE- 1) foré € [1,2] = 2
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&-¢ &< el 3-¢ = 3-
Bs )= 3 535 (& + ; = Bg 1) = 7785 1) + 35861 = = 271[5 1 for & € [1,2]] + 3 [3 Eforée[2,3]] =@~ 12 for &€ [1,2]+ 3 — &2 for & € [2,3]

=& So—¢ &-2 3-¢ é-

C c 3-
Bo 2O = 72 B6.1O+ 55871 = 538610 + 558719 = = 3= - cforce 23]+ sale - 2for € [2.3]] = = (G- 23—+ (- AE-2) for € [2,3] = A

i e o P & P

By &) = ﬁB“(gH By 9= 237 O+ 5By (O = 2[5 2foré € [2,3]]+ 75 (4~ Efor & € [3,4]] = (€~ 2)% for £ € [2,3] + (4~ O for & € [3,4]
é=& 61175 -3 4-¢ -3 4-¢

By o) = 7By 1O+ T Bo 1) = 385 1O+ 75B 10— ~ T4 Elorg € 3411+ T5IE- 3 ford € (3,411 = — (-3 - O+ (4- ¢~ Hfor € [3,4] =7

¢ ¢ 6-¢ &-3
By 20 = 7 ,; 9.1+ z &, ffl By, 19 = 3= 339 1O+ 5589 1= = 55[¢-3ford € [3,4]] + 4[ —foré € [4,5]]1 = (- 3) for £ € [3,4] + (5 - O for £ € [4,5]

‘\f‘:c

[ ST ST F—4 5— &

¢ ¢
Bio &) = 75 Br0.10 + 77 Bn O = Bl O+ By O = = e[S Eford € [4,5]]+ s [E-4forE € [4,5]] = = (G- 45 -+ (5-E-4) for € [4,

&=y ¢ - ¢ -

B11 209 = _51 11 1)+ _512 12 1©) = 5_2311,1(5)*%311_1(@: = %[f*4forf€ [4a5]]:(f*4)2f0rf€ (4, 5].

We just derlved the basis Functlons spanned over the knot vector with repeated knots between each element. It can be
mathematically proved that the functions derived here B, 2Bl they constitute a base equivalent to the so-called
Lagrange polynomials. Thus, one can use the knot vector notation to derive the B-spline basis functions used in the isogeometric
finite element method, or to derive the Lagrange equivalent basis used in the classical finite element method.
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