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‘ Strona zapisana (wersja 2). ’

Explicit method  Brak plikéw do pobrania.

In the Euler method used to solve non-stationary problems, the differential operator describing the "physics" of the simulated
phenomenon is computed at the previous time instant

o — L(w) = firn

Thus, all parts of the equation are calculated on the basis of the state at the previous moment, and only the state correction at
the current moment is performed:

Upr1 = up + dt * L(uy) + dt * friq

We choose the so-called test functions w and we multiply our equation

(ugr1,w) = (ug + dt * L(ug) + dt * fri1,w)

Symbol (u, w) here stands for the dot product in space L2 i.e. integration (while in the following formula the bracket means
"ordinary" bracket)

Jo(uiriw)dedy = [ (us + dt * L(uy) + dt * fe1)wdzedy

Note that our problem is similar in structure to the bitmap projection problem

(ut+1(:zz,y),w(:1:,y)) — (BITMAPA(:c,y),w(a:,y))

and in fact we can use the same code which, instead of reading the pixels of the bitmap, will sample the right side pixel by pixel.
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So what exactly is our equation and the right side?
We will use a linear combination of the B-spline function to approximate the state of our system at a given moment in time. For
this purpose, we select the basis of two-dimensional B-spline functions, specifying the node vectors in the direction of the axis of
the coordinate system, for example, the two-dimensional basis of the second-order B-spline function

{B{, (w)B?,z (Y) Fim1,..., Nysj=1,...,N, Ui j

They will be used to approximate the simulated scalar field of the current time instant
w(z, ¥t +1) = D0 Nje1,N, tjjrle( ) B} (y)

and at the previous moment in time

w(T, Y5 8) A D1 Nje1,.N, u; ;BY (z) B} (y)

Similarly, we'll use the B-spline base functions for testing:

w(m,y) € {Bi(iL')B?(y)}k:1,...,Nz;l:1,...,Ny’wk’l
Assuming the differential operator £ describing "physics" is linear, our equation now looks like this:

Die 1,...,Np3j=1,.,N, tijl (Bf (= )Bi’ (v), By (x)B%l (y) =

= i1, Nuje1,..N, Ui ;(Bf () B] (y), Bi (z) B) (y))+

tdtx Y, 1o Njm1,., Ui £(BF (2) B} (), By, (x) B} (y)) + dt * (fira(z,y), Bi (z) B] (v)) -

Vk = 1,...,Nm,l =1,..., Ny

We do not establish a specific problem here, the conclusions presented here refer to any physical problem that can be simulated
with the method described. For example, for the problem of heat transport we have

Zz 1,...;Ny3j=1,...,N, fj;l(Bf( )B?(y),Bi(w)B?(y)) =
=it Najet,..n, Ui (Bf (2) Bj(y), By, (z) B (y))+

8% (B (z)Bj(y)) 0*(B; (z)B)(y)) -
+dt * Zi:l,...,Nz;jzl,...,Ny uf] (( 922 + dt * e ) , By, (CU)B?(ZU)> +

+(fer1(z,y), Bi(x)B/(y)) Vk=1,...,Ny;l=1,...,N,
that is, remembering that the symbol (u, w) here stands for the dot product in space L? i.e.integration, we have (in the next
formula the bracket means "ordinary" bracket)

Zizl,...,Nz,] 1,...,N, tH fQ Bx By( )Bi(w)B?(y)dwdy:
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= D i1, Nusj=1,..N, Ut Jo BE () B; (y) By () B) (y)dxdy+
0*(Bf (x)Bj(y))  0°(Bi(z)Bj(y)) .

FdE* D NN t,] Ja < B2 ™ y? > By () B) (y)dzdy-+
+dt * [o( ft+1 x,y)Bi(a:)B?(y))dwdy Vk=1,...,N;l=1,...,N,
Coming back to the bitmap analogy, we have
Jo 1 (z,y)w(z,y)dedy = [, BITMAPA(z, y)w(z,y)dzedy
that is, our "bitmap function" is given
BITMAPA(z,y) = 325 1. N,ij1,..N, Y57 (2) B (y)+

0%(Bf (z)Bj(y))  0°(Bi(z)Bj(y))
F g, vt (S SO ) e )
and we can actually use the same code which instead of reading the pixels of the bitmap will sample the above right side "pixel
by pixel".
Usually, on the right side, we can split the red term (assuming that the domain is large enough that the edge integral can be
ignored because the modeled area or its derivatives are zero there)

Z'L 1,...,Ngz;j=1,...,N t+1 fQ B:L' By( )Bi(a})B:ly(y)dxdy:
= Yictvsietn, Y Ja B (2)B) (4) By (2) B (y)dedy

(@)BW) | AB@B) (BB | AB()B!
—dt*Zizl,...,Nr;jzl, o fQ< W) | A >< BB | AT gy

+dt x fg(ft+1(a:,y)Bk(x)Bﬁf(y))da;dy Vk=1,...,N;;l=1,...,N,

Note that the terms (red and blue) in which we calculate the values of the solution from the previous time, mean sampling the
sum of all B-splines multiplied by the coefficients calculated in the previous time step. Such integration is performed according
to the chapter "Variational formulation and numerical integration”. In particular, note that these integrals can be broken down
into the sum of the integrals of individual mesh elements, and on a given mesh element only (p + 1)2 B-spline base functions,
where p denotes the degree of the B-spine function.

Explicit method simulations are limited by the size of the time step. Increasing the spatial accuracy (increasing the mesh size of
the finite element method to solve the right-to-left projection problem) requires reducing the size of the time step, otherwise
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the simulation will start to behave unstably (colloquially the simulation will "explode"). This is expressed by the Courant-
Friedrichs-Levi (CFL) condition.
1:1_(:1; < Cmaac
where u is the maximum value of the simulated phenomenon (traditionally it is the maximum speed, thanks to which the
condition has a dimensionless form, which only applies to tasks with dominant convection and a constant or variable speed field),
dt is the length of the time step, dz stands for element size (element diameter). The CFL condition was originally proposed for
the finite difference method, however it also works for the finite element method.

Constant C,,,, cannot be exceeded by the quotient

udt
dr

If this happens (For example, the time step will be too large) then the simulation will start to behave unstably (colloquially
speaking "it will explode") [1]

Below | present examples of two simulations of wave propagation for an elastic material, calculated using the explicit method. In
the first case, the CFL condition is not met, in the second case it is met.
They have been numbered with the IGA-ADS code [2]
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