Chapter 4
Measures

In this chapter, we shall study the (complex) Banach lattice M(K) consisting of
all complex-valued, regular Borel measures on a locally compact space K and, in
particular, the positive measures in M (K ), which form the cone M(K) ™. The Banach
space M(K) is isometrically isomorphic to the dual of Cy(K). In §4.2, we shall
discuss the linear spaces of discrete measures and of continuous measures on K.

In §4.3, we shall show that a specific quotient of the lattice M(K)™ is a Dedekind
complete Boolean ring B such that the Banach space of bounded, continuous func-
tions on the Stone space of B is isometrically isomorphic to the dual space of M(K),
and hence to the bidual of Cy(K); this Boolean ring will reappear in §5.4.

We shall also describe, in §4.4, the Banach lattices L” (K, i) and the Boolean
algebra B, for 4 € M(K)" and 1 < p < eo. Important features to be discussed will
include consideration of when spaces of the form C(K) are Grothendieck spaces (in
§4.5); maximal singular families of measures in M(K)Jr (in §4.6), to be used in a
later explicit construction of Co(K)"; and the closed subspace N(K) of M(K) con-
sisting of the normal measures (in §4.7). We shall give several examples of spaces
with N(K) = {0}; for example, we shall show in Theorem 4.7.23 that N(K) = {0}
whenever K is a locally connected, compact space without isolated points. However,
we shall show in Theorem 4.7.26 that there is a non-empty, connected, compact
space K with N(K) # {0}.

4.1 Measures

Let K be a non-empty, locally compact space. We recall that a Borel measure L on
K is a function  : Bg — C such that ¢ (0) = 0 and p is o-additive, in the sense that

u(B) =Y {u(B,) :ne N}
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110 4 Measures

whenever (B,) is a sequence of pairwise-disjoint sets in B with ([ J{B,:n € N} =B.
Thus a Borel measure on K is just the same as a o-normal measure on the
Boolean algebra Bk in the sense of Definition 1.7.12. Further, in the case where
Ww(B) >0 (B € By), the triple (K, Bk, 1t) is a measure space.

Definition 4.1.1. Let K be a non-empty, locally compact space, and take a Borel
measure U defined on Bg. Then

|u|<B>—sup2|u<Bl->| (B e By),

where the supremum is taken over all partitions of a Borel set B by a countable
family {B; : i € N} in Bg. Then || is the total variation measure of |. The measure
u is regular if, for each B € ‘B and each € > 0, there is a compact subset L C B
and an open set U D B with |u| (U \ L) < €.

The total variation measure of p is indeed a Borel measure on K that is regular
when u is regular. On a locally compact space with a countable basis, every Borel
measure is regular, but there are compact spaces on which there are Borel measures
which are not regular; see [39, §7.1].

Definition 4.1.2. Let K be a non-empty, locally compact space. Then we denote by
M(K) the space of complex-valued, regular Borel measures on K, and we set

[l = [ul(K)  (u € M(K)).

Henceforth, we shall just write ‘measure on K’ for ‘complex-valued, regular
Borel measure on K’. The pair (M(K),|| -||) is a Banach space.

Let L be a closed subspace of K, and take p € M(L). Then we regard y as an
element of M(K) by setting u(B) = u(BNL) (B € Bk). Thus M(L) is a closed
subspace of M(K).

The following Riesz representation theorem (of F. Riesz) identifies M (K) as the
dual space of Cy(K).

Theorem 4.1.3. Let K be a non-empty, locally compact space. Then the dual space
to Co(K) is identified isometrically with M(K) via the duality specified by
(fs ) = /deu (f € Co(K), u € M(K)).

In particular, we have the identifications
(c0)” = (£1)" = (£) = C(BN)' = M(BN).

For details of the Riesz representation theorem, see the recent text of Bogachev
[39, §§7.10,7.11] and the classic texts of Halmos [132] and Rudin [217, Theorem
6.19], for example. The latter two texts were the congenial companions of the aut-
hors’ distant youths.
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Let K be a non-empty, locally compact space. The space of real-valued measures

in M(K) is Mg(K). For ,v € Mg(K), set
(uVvv)(B) =sup{u(C)+v(B\C):C e Bk, CC B}, (BeBy). (1)
(LAV)(B) = inf{u(C)+v(B\C): C € Bk, C C B}, A

Then Mg (K) is a real Banach lattice with respect to the operations V and A. The

definitions in (4.1) agree with those in equation (2.8) when we regard M (K) as the

dual lattice to Co g (K), and so M (K) and M(K) are Dedekind complete lattices.
As before, for 4 € Mg(K), weset um =puVv0,u~ = (—u)VvO0,and

| =p"+u"=pv(-p),

so that u = u™ — u~, and |u| coincides with the total variation measure of Defin-
ition 4.1.1; the two measures " and (™~ are uniquely characterized by the facts that
p=pt—pand luf =l + ]

Now take u € M(K). Then we shall write Ru and S for the real and imaginary
parts of u, respectively, so that 4 = Ry +i3u; the conjugate of u is defined to
be u = Ry —iSu. The measure |i| defined in equation (2.5) is indeed the total
variation measure of y defined in Definition 4.1.1. Further, the space M(K), the
complexification of Mg(K), is a Banach lattice, and the norm defined by equation
(2.7) agrees with that defined in Definition 4.1.2. Clearly the Banach lattice M(K)
is an AL-space.

The set of positive measures in M(K) is denoted by M(K)™; this set M(K)™ is
weak*-closed in M(K). We note that positive measures correspond to positive linear
functionals on Cy(K), in the sense that, for 4 € M(K), we have u € M(K)* if and
only if (f,u) >0 (f € Co(K)"). We also note that, in the case where K is compact
and u € M(K), we have

peM(K)" ifandonlyif (lg,pu)=|ul . 4.2)

A measure u € M(K)" with ||u|| = 1 is a probability measure; the set of these
measures is denoted by P(K). In the case where K is compact, P(K) can be iden-
tified with the state space K¢ k) of the unital C*-algebra C(K), and P(K) is then
clearly a Choquet simplex in the ambient space (M (K),o(M(K),C(K)), and so, as
in Example 1.7.15, Compp g is a complete Boolean algebra.

Let K and L be two non-empty, locally compact spaces, and take pt € M(K) and
v € M(L). Then there is a unique measure 4 ® v € M(K x L) such that

(L®V)(BxC)=uB)v(C) (BeBk,CeBL);

U ® v is the product of u and v. In the case where u € P(K) and v € P(L), we have
H®vePKxXL).

There is one special measure m € P(I) that we shall use.

Definition 4.1.4. Denote by m the Lebesgue measure on the interval T= [0, 1].
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As well as integrating continuous functions, we can integrate Borel functions
against a measure. Recall from Definition 3.3.1 that B?(K) denotes the space of
bounded Borel functions on a locally compact space K.

Definition 4.1.5. Let K be a non-empty, locally compact space. For f € B(K),
define k(f) on M(K) by

<mﬁww:4ﬂm (1 € M(K)), 43)

We see immediately that x(f) € M(K)" = Co(K)" and that

u(B) = (k(xs), 1) (B€ Bk, ueM(K)).

Indeed, we are regarding each y € M(K) as a continuous linear functional on B?(K)
which extends u defined on Co(K); we note that this extension of u € Co(K)' to
B’(K) is usually not unique.

Let G be a group. Then the identity of G is denoted by ei. For an elementt € G
and subsets S and T of G, we set

tS={ts:seS}, S'={s':5e8}, ST={st:seS,1teT}.

A locally compact group is a group that is also a locally compact topological
space such that the group operations are continuous. For example, the Cantor cube
{0,1}* =Z% of weight k, where x is an infinite cardinal, is a compact group.

Let G be a locally compact group. Then the Banach space M(G) of all measures
on G is a Banach algebra with respect to the convolution product x: given measures
W,v € M(G), we must define it * v, and we do this by specifying the action of  x v
on an element f € Cy(G) and using the Riesz representation theorem. Indeed,

o) = [ [ renauave) (7 cio).

It is standard that M(G) = (M(G), ,||-||) is a unital Banach algebra; the identity
is . This Banach algebra is called the measure algebra of G. For a study of this
algebra, see the books [68, 137, 194, 195], and the memoir [72], for example.

Let G be a locally compact group. Then there is a positive measure mg defined
on B¢ such that mg(U) > 0 for each non-empty, open subset U of G and such
that mg is left-translation invariant, in the sense that mg(sB) = mg(B) for each
s € G and B € Bg. Such a measure is a left Haar measure on G; it is unique up
to multiplication by a positive constant. For constructions of this measure, see the
classic texts of Hewitt and Ross [137] and Rudin [218].

For example, Haar measure on (R,+) is the usual Lebesgue measure. Also, set
L =75, and let my be the product measure on L from the measure on {0, 1} that
gives the value 1/2 to each of the two points. Then my, is the Haar measure on L,
with my, (L) = 1.
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We now return to the spaces M(K). Let K be a non-empty, locally compact space.
A measure i € M(K) is supported on a Borel subset B of K if || (K \ B) = 0. The
support of a measure u € M(K) is denoted by supp u: it is the complement of the
union of the open sets U in K such that |u| (U) = 0, and so is a closed subset of K.

Proposition 4.1.6. Let K be a non-empty, locally compact space, and suppose that
U is a non-zero measure in M(K)™. Then supp U satisfies CCC. In the case where
K is a compact F-space, supp U is Stonean.

Proof. Tt follows quickly from the definition of supp g that u(U) > 0 for each non-
empty, open subset U of supp u. Thus supp u satisfies CCC. In the case where K is
a compact F-space, supp U is Stonean by Proposition 1.5.14. O

A measure 4 € M(K)" is strictly positive on K if u(U) > 0 for each non-empty,
open subset U of K, equivalently, if supp 4 = K.

We shall use Hahn'’s decomposition theorem and Lusin’s theorem in the following
forms; see [217, Theorems 2.24 and 6.14], for example.

Theorem 4.1.7. Let K be a non-empty, locally compact space, and take 1 € Mg (K).

(i) There exist Borel subsets P and N of K such that {P,N} is a partition of K,
such that LL(B) > 0 for each Borel subset B of P, and such that u(B) < 0 for each
Borel subset B of N.

(ii) For each Borel function f on K and each € > 0, there is a compact subset L
of K such that |1|(K\ L) < € and f | L is continuous. O

The partition {P,N} in clause (i) of Theorem 4.1.7 is called a Hahn decomp-
osition of K with respect to |L; it is unique up to sets of measure zero.

Proposition 4.1.8. Let K be a non-empty, compact space, and let E be a real-linear
subspace of Mg (K) such that

\flx = sup{|(f, )| - € By} (f € Gr(K)).

For each non-empty, open subset U of K and each € > 0, there exists L € Sg with
w(UNP)>1—¢, where {P,N} is a Hahn decomposition of K with respect to L.

Proof. Let U be a non-empty, open subset of K, and take € > 0. Choose f € C(K)™
with |f|x = 1 and supp f C U, and then take u € Sg with (f,u) > 1 —&e. We see
that

t—e< [fau=[ rau< [ rau<pwnp),

which gives the result. a

We shall also require the following version of Choquet’s theorem; we state a
general form, which is the Choquet—Bishop—de Leeuw theorem; see, for example,
[4, §1.4], [104, Theorem 2.10], or [201, §4]. In the case where the specified space
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K is metrizable, exK is a Gg-set (by Proposition 2.1.9), and hence a Borel set. As
explained in [178, Remark 2.32(c), p. 16], the case of complex scalars is a simple
extension of the real case.

Theorem 4.1.9. Let K be a non-empty, compact, convex subset of a locally convex
space E over R or C, and let xy € K. Then there exists L € P(K) such that

<x0,?L>:/KAd,u:/K<x,?L>d/.L(x) (A €E) (4.4)

and such that |l vanishes on every Baire subset and on every Gg-subset of K which
is disjoint from ex K. In the case where K is metrizable, [1(exK) = 1. O

In the above setting, x¢ is termed the resultant or barycentre of the measure L.
We shall use the following known application of the Choquet—-Bishop—de Leeuw
theorem. It is given in [104, Theorem 2.18]; the proof here is somewhat shorter.

Theorem 4.1.10. Let E be a normed space, and let K be a weak*-compact, convex
subset of E'. Suppose that D is a countable, || - ||-dense subset of exK. Then K is the
I |-closure of the convex hull of D, and so K is || - ||-separable.

Proof. The result is trivial when D is finite, and so we may suppose that D is infinite,
say D = {A;:i € N}. Fix € > 0, and, for each i € N, set

Ki={AeK:|A-A] <&},
so that K; is a weak*-compact subspace of E’ and exK C |J{K; :i € N} C K. Take
Ao € K. By Theorem 4.1.9, there exists ty € P(K) such that

() = [ (6 2)duo(d) (xe )

and such that Ly vanishes on each Gg-subset of K that is disjoint from ex K. Clearly
N{K\K;:iec N} issuchaGg-set, and so to(U{K; : i e N}) = 1.

Choose pairwise-disjoint Borel sets B; for i € N such that B; C K; (i € N) and
Uien Bi = Uien Ki» and set o; = to(B;) € I (i € N), so that 3> | o = 1. Next set

A= OC,')L,‘ €coD.

oo

i=1

Take x € Ej;). Foreach i € Nand A € B;, we have [(x, A;) — (x, 1)| < &, and so

(x, i) — / <x,l>du0(k)’ < ae.

v Bi

It follows that |(x, A) — (x,A0)| < €, and hence ||A — Ay|| < &. Thus K =coD. O
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Definition 4.1.11. Let K be a non-empty, compact, convex subset of a locally con-
vex space, and suppose that i1, v € M(K)*. Then

purv if (b pu)=(h,v) (4.5)
for each affine function # € Cg(K), and
w=<v if (hp)<(h,v) (4.6)

for each convex function i € Cg(K).

Let K be a non-empty, compact, convex subset of a locally convex space. The
relation < is a partial order on M(K)™*; a measure u € M(K)" is maximal if it is
maximal in the partially ordered set (M(K)™,<). It is shown in [201, Lemma 4.1]
that, for each v € M(K)™, there is a maximal measure t € M(K)* with v < .

The following result combines Propositions 3.1 and 10.3 of [201] and the
Choquet—Meyer theorem from [201, p. 56]. Recall that a Choquet simplex was de-
fined within Example 1.7.15.

Theorem 4.1.12. Let K be a non-empty, compact, convex subset of a locally convex
space. Suppose that i € P(K) is such that supp i C exK. Then U is a maximal
measure on K. Suppose further that K is a Choquet simplex. Then, for each x € K,
there is a unique maximal measure L such that Il = &,. a

Proposition 4.1.13. Let K be a non-empty, locally compact space. Suppose that
(Ue) is a net in M(K) which converges to W € M(K) in the weak™ topology
o0(M(K),Co(K)). Then

1) (U) < liminf 14| (V)

for each open set U in K. In particular, ||| < liminfg ||t |-

Further, the following maps from (M(K),o(M(K),Co(K))) to R are lower semi-
continuous: W+ || (U), for each fixed open subset U of K; W — [, gd|u|, for each
fixed g € Co(K) ™y p— ||

Proof. Let U be a non-empty, open set in K, and choose € > 0. Then there exists
f € Coo(K)[1) such that | f| < yy and | [ fdu| > [u|(U) — €. For each c, we have

)

ol ©) = [ 2wl > [ 111 @bl > | [ 7ot

and so
liminf || (U) > an Fdite
o o |Jk

- ‘/fdu‘ > ul (V) —e,
K

giving the main result. The remainder is clear. O
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Note that the map p — || on M(K) is not always weak*-weak*-continuous. For
example, for n € N, set

sp(t) =sin(nt) (rel),

and regard (s,) as a sequence in L'(I) C M(I). Then (s,) converges weakly to 0
in L'(I). To see this, let J be a subinterval of I. Then [;s,(t)dt — 0 as n — oo,
and so [j f(#)sn(¢)dr — 0 as n — o whenever f is a finite linear combination of
characteristic functions of intervals. Since each f € L=(I) is the limit in || -||; of
such functions, f; f(¢)s,(¢)dr — 0 as n — oo for each f € L=(I). In particular, (s,)
converges weak™ to 0 in M(I). But of course (|s,,|) does not converge weak™ to 0.

Let K and L be two non-empty, compact spaces, and again suppose thatn : K — L

is a continuous surjection. For u € M(K), there is a measure v = (1°)’(u) € M(L),
called the image of u, such that

Jn @ aue = [ (rommdut = [r)1ave) (e CoolL).

It is proved in [132, Theorem 39 (C)] and [138, Theorem (12.46(i))] that

VB =un ' B) = [(mom@dul) (BeB). @
We write 11[u] for the image measure v, so that n[u] € M(L); in the case where
U € P(K), we have n[u] € P(L). The following three results are taken from [206];
see Theorem 4.7.26 for our application of the results.

Proposition 4.1.14. Let L be a non-empty, connected, compact space. Suppose that
v € P(L) is a strictly positive measure and that F is a closed subset of L such that
V(F) > 0. Then there are a non-empty, connected, compact space K containing L as
a closed subspace, a strictly positive measure |1 € P(K), and a continuous surjection
N : K — L such that n[u] = v and intgn ' (F) # 0.

Proof. Let Fy = supp (Vv | F), so that
Fo:F\U{U:UopeninL,v(FﬂU):0}.

Set K = (Fp x I)U(L x {0}), so that K is a non-empty, connected, compact subspace
of F x I. The map 7 is defined by n(x,¢) = x ((x,#) € K),so thatn : K — Lisa
continuous surjection. The set 77! (F) contains Fy x (0, 1], and the latter is a non-
empty, open subset of K, and so intgn ~!(F) # 0.

Let C € Bk, and define u(C) by setting

H(C) = V(CN L\ ) + (veom) (Fox)NC),

where we recall that m denotes Lebesgue measure on I. Then it is clear that
u € P(K) and that y is strictly positive. Further, u(n~'(B)) = v(B) (B € BL), and
sonu]=v. O
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The notion of an inverse limit of an inverse system of compact spaces arose in
Definition 1.4.31.
Let x be an ordinal. An inverse system with measures is an inverse system of

compact spaces (Kg, ng 10 < a < B < k), together with measures Uy € P(Ky) for

each o with 0 < o < x such that ng [/.Lﬁ] = Ug for 0 < o < B < x; such a system is

denoted by
(K(Xnuﬂhng OS o Sﬁ < K)'

Proposition 4.1.15. Let K be an ordinal, let (K, Uo, ng 0<a<PB<k)bean
inverse system of compact spaces with measures, and take (K, Ty) to be the inverse
limit of (Kq, b 0<a< B < ). Then there is a unique measure |1 € P(K) such
that Ty (1] = Uo for 0 < o < K. In the case where each Uq is strictly positive, the
measure L is strictly positive.

Proof. For each ordinal o with 0 < o < k, the map 7§ identifies C(K,) with a uni-
tal, self-adjoint, closed subalgebra, say Ag, of C(K). Set A =J{Ay:0 < ax < k}.
Then A separates the points of K, and so, by the Stone—Weierstrass theorem, Theo-
rem 1.4.26(ii), A is dense in (C(K), |- |x). Set

MH= [ fla (FeAq).

Since 75 [ug] = Ho for 0 < o < B < K, the value of A(f) is independent of
the choice of a. It is clear that A is a positive, continuous linear functional on
(A,]-|g) with ||A]| = 1, and so A extends to a positive, continuous linear functional
on (C(K),|-|g) with ||A]| = 1. By the Riesz representation theorem, there exists
U € P(K) such that A(f) = (f, u) (f € C(K)). The measure p has the required
properties. O

Theorem 4.1.16. Let L be a non-empty, connected, compact space, and suppose
that v € P(L) is a strictly positive measure. Then there are a non-empty, connected,
compact space L¥, a strictly positive measure u* € P(L#), and a continuous surjec-
tion n* : L* — L such that n*[u*) = v and int,4(n*)~1(Z) # 0 for each Z € Z(L)
with v(Z) > 0.

Proof. Let {Zy :0 < a < K} be an enumeration of the sets Z € Z(L) with v(Z) > 0,
where K is a cardinal. We shall define inductively an inverse system with strictly
positive measures

(Ka,ua,ng 0<a<B<k)

such that Ko = L and yp = v.

In the case where 0 < y < «x is such that (Ky, Uq, ng :0< o <P <7y)isaninverse
system with non-empty, connected, compact spaces K and strictly positive mea-
sures g (for 0 < a < 'y), we define Ky | and py,1 by applying Proposition 4.1.14
with L = Ky, with v = p1, and with F = (n})~'(Z,) (and also defining the maps
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toben o n&/ for 0 < o < 7, where 1 arises in Proposition 4.1.14, and nyill to

y+1
T, y

be the identity on Ky ).
In the case where 0 < y < k, yis a limit ordinal, and (K¢, Ua, 77:5 0<a<B<y)

is an inverse system with non-empty, connected, compact spaces Ky and strictly
positive measures [, we define (Ky, ny 10 < a < ) to be the inverse limit of

(Ka, 77:5 :0 < a < B < y) (and take 7, to be the continuous surjections that arise in
Theorem 1.4.32), so that K is compact and connected by Theorem 1.4.32; we take
Uy € P(Ky) to be the measure specified in Proposition 4.1.15. In the special case
in which y = «, we set L* = K,, ut = Uy € P(L*), and n* = Ty L* — L, so that
n*[u*] = v. Then L*, u* and n* have the required properties.

Now suppose that Z € Z(L) with v(Z) > 0. Then Z = Z, for some o < k. The
interior of the set

(™) N Za) = (G o (7)) (Za)

is non-empty by the basic construction of Proposition 4.1.14, and so we see that
int;+(n*)~1(2) = int;x(n*) 1 (Zy) # 0, as required. O

In the case where L =T and v = m, we see that |{Z € Z(L) : v(Z) > 0}| = ¢, and
s0 K = ¢ in the above proof. It follows by an easy induction that w(L*) = «.

4.2 Discrete and continuous measures

We now introduce discrete, continuous, singular, and absolutely continuous mea-
sures.

Definition 4.2.1. Let K be a non-empty, locally compact space. The measures p for
which every set A with |i|(A) > 0 contains a point x with |u|({x}) > 0 are the
discrete measures, and the measures y such that p({x}) = 0 for each x € K are
the continuous measures.

Let K be a non-empty, locally compact space. The sets of discrete and continuous
measures on K are denoted by M;(K) and M, (K), respectively; they are closed linear
subspaces of M(K) and

M(K) = My(K) &1 Mo(K). 4.8)

Further, both M;(K) and M, (K) are closed Cy(K)-submodules of M(K), both are
lattice ideals in M(K), and it is standard that M, (K) is 6(M(K),Co(K))-dense in
M(K); see Corollary 4.4.16. The point mass at x € K is denoted by &,, so that
8, € My(K). Indeed, My(K) = ¢'(K) when we identify the measure &, with the
function y,y forx € K. The measure m on I is continuous. We set

Pi(K) = P(K)NMy(K) and P.(K) = P(K) N M.(K).
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Proposition 4.2.2. Let K be a non-empty, locally compact space that contains a
countable, dense subset Q, and suppose that L € M.(K )*. Then K contains a dense
Gg-subset D such that Q C D and u(D) = 0.

Proof. Set Q = {x, : n € N}. Since the measure u is continuous, it follows that, for
each k,n € N, there is an open neighbourhood Uy, of x,, such that u(Uk,n) < 1/2"k.
Set

Ue=|J{Ukn:neN} (keN).

Then each Uy, is an open subset of K with tt(Uy) < 1/k. The set D := ({Uy : k € N}
is a Gg-subset of K; it is dense in K because it contains {x, : n € N}, and clearly
u(D)=0. O

Proposition 4.2.3. Let K be an uncountable, compact, metrizable space. Then we
have IM(K)| = ¢.
Proof. By Proposition 1.4.14, |K| = ¢, and so [M(K)| > |M(K)| > c.

The topological space K has a countable base; we may suppose that this base is
closed under finite unions. Each open set in K is a countable, increasing union of
members of the base, and so each € M(K) is determined by its values on the sets
of this base. Hence [M(K)| < c. O

Definition 4.2.4. Let K be a non-empty, locally compact space, and suppose that
U,v€M(K). Then u L v if u and v are mutually singular, in the sense that there
exists B € By with |u|(B) =0and |v|(K\B) =0, and u < v if |u| is absolutely
continuous with respect to |v|, in the sense that |u|(B) = 0 whenever B € Bg and
|v|(B) =0.

For u,v € M(K), set

u~v if p<Lv and v<u.

We recall that u < v if and only if, for each € > 0, there exists 6 = 6(¢) > 0
such that | (B)| < € whenever B € Bk and |v|(B) < 6. Suppose that 1, v € M(K)
with u < v. Then supp  C supp v.

It is easy to check that ~ is an equivalence relation on the space M(K). Clearly
W ~ |u| foreach u € M(K).

It follows from the Hahn decomposition theorem that each y € M(K) has a Jor-
dan decomposition:

W=y — Mo +i(u3 — pg), 4.9

where p; = (Ru) ™, uo = (Ru)~, w3 = (Su)™, and puy = (Ju) . Note that uy, to,
U3, s € M(K)" and pj < p for j=1,2,3,4.

The following inequality, which follows easily, will be useful. Let K be a non-
empty, locally compact space, and take 1 € M(K). Then, for each B € Bk, we have

| (B) < 4sup{|u(C)|:C € Bk, CCB}. (4.10)
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The following two results are clear.

Proposition 4.2.5. Let K be a non-empty, locally compact space, and suppose that
W,veM(K). Then . L v if and only if

la+vii=lw=vii=lul+{v]- .

Corollary 4.2.6. Let K and L be non-empty, locally compact spaces. Suppose that
E is a linear subspace of M(K) and that T : E — M(L) is a linear isometry. Take
measures L,V € E. ThenTu L Tv ifand only if i L v. a

Proposition 4.2.7. Let K be a non-empty, locally compact space, and suppose that
W € M(K). Then L is continuous if and only if, for each € > 0, there exist n € N and
Ui, .. My € M(K) with

M=+ Uy,

with Wi L i (i,j € Ny, i # j), and with ||l;]| < € (i € Np).

Proof. Suppose that 4 € M.(K), and take € > 0. Then there is a compact sub-
set L of K such that |u|(K\ L) < &. Each point x € L has an open neighbour-
hood U, with |u|(Ux) < €, and the union, say J{U; : j € N,}, of finitely many
of these neighbourhoods contains L. Set Vi =U; and V; =U; \ (U, U---UU;_) for
j=2,...,n. Thenset uo = p | (K\L) and uj = p | (V;NL) (j € N,). We see that
o, U1, - -, Uy € M(K), and they have the required properties (after re-labelling).
The converse is immediate. a

Corollary 4.2.8. Let K and L be non-empty, locally compact spaces, and suppose
that T : M(K) — M(L) is a linear isometry. Then T |1 € M.(L) whenever i € M.(K).

Proof. Take it € M:(K) and & > 0. Then there exist n € N and yy,..., 1, € M(K)
with t = g+ + U, with g; L p; (i,j € Ny, i # j), and with ||u;]] < € (i € N,).
Then Ty =Tuy+---+T Uy, with Ty; L Tu; (i,j € Ny, i # j) by Corollary 4.2.6
and with ||T;|| < € (i € N,). Thus Tu € M.(L). O

The following theorem is the Lebesgue decomposition theorem; see [59, Theorem
4.3.2] and [217, Theorem 6.10(a)], for example.

Theorem 4.2.9. Let K be a non-empty, locally compact space, and suppose that
ueMK)T and v € M(K). Then there is a unique pair {Va,Vs} of measures in
M(K) with v = v, + Vs, with v, < 1L, and with vs L L. O

It is clear that, in the above setting, the maps v — v, and v > v, are Banach-
lattice homomorphisms on M(K).

Proposition 4.2.10. Let K be a non-empty, locally compact space, and suppose that
W, veM(K)" with v < l. Then there exists B € Bg with v ~ U | B.
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Proof. Take u = U, + Us with y, < v and g L v, and partition K into two disjoint
Borel subsets B and C such that ti;(B) = v(C) = 0. Then

(4| B)(E) = pa(ENB) + us(ENB) = a(E)  (E € Bk),

and so i | B = U,. Now U, ~ v because, for each A € By with p,(A) = 0, we have
V(A) =Vv(ANB) = u,(ANB) =0.Hence v ~ u | B, as desired. O

Definition 4.2.11. Let K be a non-empty, locally compact space. For each measure
U € M(K), the disjoint complement of i is

put={veMK):v Lu}.

It is clear that u= is a linear subspace of M(K). Further, u < v if and only if
vt C ut. The following proposition is easily verified by using elementary vector-
lattice exercises.

Proposition 4.2.12. Let K be a non-empty, locally compact space, and suppose that
w,veM(K)". Then:

OuLvifandonlyif uANv=0;

(i) (uVv)F=ptnvE=(u+v)*t;

(i) ptuvt c (uAav)t;

(v) . ~ v if and only if u*- = v=. a

Proposition 4.2.13. Let K be a non-empty, locally compact space, and suppose that
F is a complemented face of P(K). Take u € F and v € F*. Then u A v = 0.

Proof. Set A = Av. Clearly A < v, and A #  because y £ v. Assume towards a
contradiction that A # 0. Then

A u—Aa
Wy )+ =21y
= lA]l 1Al =2 = A

and ||A]|+|jt —A|| = 1 because 4 — A >0 and || - || is additive on M(K)*. Thus
A/||A| € F. Similarly, 2/||A|| € F*, a contradiction because F N F+ = 0. Thus
A=0. 0

Proposition 4.2.14. Let K be an infinite, locally compact space. Then
M(K) 2 M(K..).

Proof. By equation (4.8), it suffices to show that the subspaces of discrete measures
and of continuous measures on K and on K., respectively, are isometrically iso-
morphic to each other. However, M;(K) = M, (K-) because |K| = |K.|, and, since
Bk C Bg.., the map y — 1|Bg determines a linear isometry from M, (K..) onto
M.(K). O
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Example 4.2.15. Let S be a semigroup. In §1.5, we noted that the space S be-
comes a right or left topological semigroup with respect to the operations O and <,
respectively. Thus the products of  and v in S are uov and uov.

The Banach space (£!(S),]|-||,) is a Banach algebra with respect to the convolu-
tion product x defined by
(f*xg)t Z{f Y:rnseS, rs=t} (t€S)

for f,g € £'(S), where we take the sum to be 0 when there are no elements r,s € S
with rs = 1. It is easily checked that (£!(S),||- ||, *) is a Banach algebra; it is called
the semigroup algebra on S.

The bidual of the space (¢£1(S),||-||,) is identified with the space M(jS) of mea-
sures on S, and so the Arens products described in §3.1 give the products pov
and puov for y,v € M(S). In particular, we can define the products 8,0, and
0, © 0, of point masses for u,v € BS. These products are easily seen to be consistent
with those in S, in the sense that

6u‘:‘6v:6ulilv, 6u<>6v:6u<>v (M,VGﬁS).

The Banach algebras (M(S),0) and (M(BS), <) are studied in the memoir [71].
In particular, it is shown that £!(S) is usually (but not always) strongly Arens irreg-
ular. The interplay between properties of the Banach algebras and the combinatorial
properties of the semigroup S is rather subtle. For further results, see [47]. a

4.3 A Boolean ring

An introduction to the general theory of Boolean rings and algebras was given in
§1.7. We shall now discuss a specific Boolean ring B defined for each non-empty,
locally compact space K, with the property that C?(St(B)) = M(K)'; this Boolean
ring will be used to give a new representation of Co(K)” in §5.4.

Definition 4.3.1. Let (Q2,X, 1) be a measure space. The family of subsets S of Q
such that u(S) = 0 is denoted by 91,,. Then X, = X/, and 7, : ¥ — X, is the
quotient map.

Clearly 91, is a o-complete ideal in the Boolean algebra X, and so X, is a
o-complete Boolean algebra. We regard u as a measure on X, so that

w(my(A)) =u(A) (AcX).

In particular, let K be a non-empty, locally compact space, and suppose that
peM(K)". Then By = Bg/MN,. For example, with K =T and p = m, we ob-
tain the basic example, ‘B,,. Note that, when regarded as a function on the Boolean
algebra B, the measure i is a o-normal measure in the sense of Definition 1.7.12.
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Proposition 4.3.2. Let (Q, X, 1) be a finite measure space.
(i) Each increasing net ¢ in X, has a supremum B € X, and

1(B) =sup{u(C): Ce¢}.

(ii) The Boolean algebra X, is complete, and so St(Xy,) is a Stonean space.

(iii) Suppose that X, is atomless, and take B € Xy, and o, € [0, 11(B)]. Then there
exists Cy € X, with Cy < B and n1(Cp) = o.

Proof. (i) Choose an increasing sequence (B,,) in & such that

1211 W(By) =sup{i(B) :BEE} < oo,

and define B =\/{B, : n € N}, so that B € X, and lim,_.. t(B,) = u(B).

We first claim that 4(C —B) =0 (C € %). Indeed, take C € ¥, and assume
towards a contradiction that there exists 6 > 0 such that u(C — B) > §. Then
w(CVB,) > u(B,)+6 (neN). Choose m € N with u(By,) > t(B) — /2. Since
CV By, C D for some D € €, there exists n € N such that yt(By,) > u(CVBy,)—93/2.
Thus w(B,) > W(By)+ 6/2 > 1(B), the required contradiction. The claim holds.

We next claim that B=\/{C : C € ©’}. By the above paragraph, C < B (C € ¥).
Now suppose that D € X, is suchthat C <D (C € ¢). Then B=\/{B,:n € N} <D.
It follows that B = \/{C : C € €'}, as claimed, and so y(B) = sup{u(C): C € €}.

(i) It is immediate from (i) that X, is complete. By Corollary 1.7.5, St(X,) is a
Stonean space.

(iii) Let ¢ be a chain in X, such that ¢’ is maximal with respect to the properties
that C < B and that u(C) < a whenever C € €. By (i), there exists Cy € X, with

1 (Co) =sup{u(C): Ce ¢},

Clearly Cy < B and u(Cp) < o.. Assume that 1 (Co) < o. Since X, is atomless, it
follows from a remark on page 43 that there is an element D € X,; with D < B\ Cy
such that 0 < p(D) < ot — u(Co). But now € U{CyV D} is a chain with the property
that 4 (C) < o0 (C € €V {CyV D}), a contradiction of the maximality of ¥". Hence
1(Go) = a. 0

Corollary 4.3.3. Let K be a non-empty, locally compact space.
(i) Suppose that i € P(K). Then B, is atomless if and only if 1 is continuous.

(ii) Suppose that | € M.(K)" and p # 0. Then B, is not a separable Boolean
algebra.

Proof. (i) Suppose that u is not continuous. Then there exists x € K such that
p({x}) >0, and then 7, (J;) is an atom in B,.
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Suppose that u is continuous. Then it follows easily from Proposition 4.2.7 that
‘B, is atomless.

(ii) Since y is a non-zero, o-normal measure on ‘B, this follows from Prop-
osition 1.7.13. a

Definition 4.3.4. Let (2, X, 1) be a probability measure space. We set
pu(B.C) = H(BAC) (B.C€ %),
It is easy to see that p, is a metric on the Boolean algebra X,

Proposition 4.3.5. Let (2,X, 1) be a probability measure space. Then the metric
space (X, py) is complete.

Proof. As in any metric space, it suffices to show that there exists B € X; such
that py(By,B) < 1/2% (k € N) whenever (B, : n € N) is a sequence in X, with
Pu(BuyByi1) < 1/2"1 (n€N).

Given such a sequence (B,), note that py (By,B,) < 1/2% (n > k). For each
n €N, set D, = B, UUren(Bntk—14 Byik). Then D, = B,UDy 41 D Dy and also
ByAD,, C Ugen(Bnk—14Bpik), so that py (B,,Dy,) = 0asn — eo. Set B=,,cry Dy-
Then u(D,) — W(B) by the countable additivity of the measure u, and hence
Pu(Dy,B) — 0 as n — oo. We have

Pu(Bi,B) < pu(Bi,Bn) + pu(Bn,Dn) + pu(Du,B)  (k,n € N); 4.11)

we fix k € N, and then take limits in (4.11) as n — o to see that p, (By,B) < 1/2%,
giving the result. O

Theorem 4.3.6. Let (21,%, 1) and (£, X,, i) be two probability measure spaces
such that X, and Xy, are atomless Boolean algebras and (X, ,py, ) and (Zy,, py,)
are separable metric spaces. Then there is an isomorphism 0 : X, — X, such that

t2(8(B)) = (B) (BeXy).

Proof. Let {U,:n € N} and {V, : n € N} be countable, dense families in (Z,, py,)
and (X, ,py, ), respectively, where we write X, for X;/9,, fori=1,2.

We shall first define increasing sequences (F, : n € N) and (G, : n € N) of finite
Boolean subalgebras of X;;, and X,,, respectively, and an isomorphism

such that u»(6(B)) = (1 (B) (B € Uy Fy).



4.3 A Boolean ring 125

We start by setting F] = {0,Q,}, G; = {0,{,}, 0(0) =0, and 6(2;) = ,.

Now take n € N, and assume inductively that i, ..., F, and Gy,..., G, have been
defined in X;; and X;,, respectively, and that 6 has been defined on F,.

Suppose that n is even, and choose r € N to be the smallest number such that
U, € F,. By Proposition 4.3.2(iii), for each atom A € F,,, there exists E4 € 2y, such
that E4 < 6(A) and pr(Ea) = U1 (AAU,). We set

G(A/\Ur):EAa G(A_Ur)ZG(A)_EAa

for each such atom A, and we define F, ;| to be the (finite) Boolean subalgebra of
%y, generated by F, U{U,}; we then extend 0 to F, in the obvious way, and finally
set Gn+1 = G(Fn+1).

Suppose that n is odd, and choose r € N to be the smallest number such that
V. € G,. In a similar manner, we extend 6~! to the Boolean subalgebra of X,
generated by G, U {V,}. This completes the inductive construction.

‘We observe that
6: (UF’“pIJ) — <U GnuPV)
n=1 n=1

is an isometry and that | J;,_; F,, and ,,_ G, are dense in the metric spaces (X, py,)
and (X,,py,), respectively. By Proposition 4.3.5, these two metric spaces are
complete, and so the map 6 can be extended to an isometry, also called 0, from
(Zuy, Py, ) onto (Zy,, py, ). Clearly 6 is an isomorphism between X, and XZ,,. O

The following consequence of the above theorem, which refers to the measure
space (I, X,,,m), is sometimes called von Neumann’s isomorphism theorem. How-
ever, the result was essentially known in the 1930s (see Kolmogorov [158, §20] and
Szpilrajn [233, Theorem I; note the reference to Jaskowski (1932)]), but apparently
the first complete, published proof was by Caratheodory [52, Satz 7 (Hauptsatz)].
Several books now have a proof of this result; a short proof is in Birkhoff [36, p. 262,
Corollary]; see also Bogachev [39, Theorem 9.3.4], Halmos [132, §41, Theorem C],
and Royden [216, Theorem 15.4].

Corollary 4.3.7. Let (Q2,X, 1) be a probability measure space such that X is an
atomless Boolean algebra and (X,,py) is a separable metric space. Then there is
an isomorphism 0 : X, — X, such that m(6(B)) = u(B) (B € Xy).

Proof. Since m is a continuous measure, it follows from Corollary 4.3.3(i) that the
Boolean algebra X, is atomless, and (X,,, p,;) is a separable metric space. Now the
result follows from Theorem 4.3.6. O

Let K be a non-empty, locally compact space, and take p,v € M(K). In Defi-
nition 4.2.4, we said that 4 ~ v if 4 < v and v < U, so that ~ is an equivalence
relation on M(K). The equivalence class containing u is denoted by [u]. It is now
trivial to check that the relation < defined on M(K)/ ~ by

[u] <[v] ifandonlyif p<v

is a well-defined partial order on M(K)/ ~.
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We wish to show that the partially ordered space (M(K)/ ~, <) is a Boolean
ring with certain nice properties. In virtue of the fact that [i] = [|u|], the space
(M(K)/ ~, <) is isomorphic to (M(K)"/ ~, <), and so we shall simplify notation
and restrict the discussion to positive measures; in particular, for u € M(K )+, we
restrict u+ to M(K) ™.

Definition 4.3.8. Let K be a non-empty, locally compact space. We define opera-
tions V and A on M(K)*/ ~ by:

lvIvi=[pvv], (A =[rAv] (u,veMEK)).
We have to show that the above operations are well defined.

Proposition 4.3.9. Let K be a non-empty, locally compact space. Then
(M(K)"/~, <)

is a distributive lattice with a minimum element in which \/ and N\ are the supremum
and infimum in the partial order <. In particular, V and N are well defined.

Proof. Letu,v € M(K)", and set L=M(K)*/ ~and S = {[u],[v]} in L.

We claim that [i V V] is the supremum of S. Indeed, p < uVvand v« Vv,
and so [u V v] is an upper bound for S. Now suppose that 7 € M(K)" is such that
[n] is an upper bound for S. Then 4 < N and v < 7, and so y V v < 1, whence
[u Vv v] <[n]. The claim follows, and hence [u V v] = [u] V [v].

We also claim that [u A v] is the infimum of S. Indeed, U AV < tand U AV KL V,
and so [ A V] is a lower bound for S. Now suppose that n € M(K)™" is such that [n]
is a lower bound for S, so that u~ C n* and v- C n*. To show that [n] < [u A V],
we must show that (u A v)* C n. For this, take y € (U AV)*. Then yAu AV =0,
whence yAu € vt c nt,andso yAuAn =0,ie., yAn € ut C nt. It follows
that YA AN =0=7yAMN, and y € N+ as desired. The claim follows, and hence
[uAV] = [u]A[V].

We have shown that L is a lattice. Clearly [0] is the minimum element of L. That
L is a distributive lattice follows immediately from the distributivity of the lattice
(M(K)T, V, A). O

We remark that an examination of the proof of the preceding proposition shows
that an analogous result is valid for any distributive lattice with a minimum element,
provided that the relation a < b is defined by the formula b* C a*.

Theorem 4.3.10. Let K be a non-empty, locally compact space, and suppose that
ueMK)*t. Then
{[v]:veM(K)",v<u}

is a Boolean algebra in the order < inherited from (M(K)"/ ~,<), and it is iso-
morphic as a Boolean algebra to By, = Bk /Ny.
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Proof. Take v € M(K)' with v < u, and, using the Lebesgue decomposition theo-
rem, Theorem 4.2.9, write [t = L, + s, where U, 1, € M(K)™ are such that y, < v
and t; L v. Thus:

el <VI<u]; ] < fuls [us]A[v]=1[0].

We claim that [v] V [is] = [1]. Indeed, [v V 1] = [V + 5] by Proposition 4.2.12(ii),
and so

(1] = [pa+ 5] < [v+ ] =[vV]=[v]V[u] <[u],

proving the claim.

We have shown that [u] is the relative complement of [v] with respect to 1]
and that the order interval [[0], [t]] is a Boolean algebra. Moreover, we observe that
Uq ~ V, i.e., [Ug] = [v], because each is the (unique) relative complement of [LL]
with respect to [u].

The required Boolean isomorphism is as follows. Take v € M(K)" with v < 4.
By Proposition 4.2.10, v ~ u | B for some B € B; the image of v in B /Ny, is
the equivalence class of B. Note that for B,C € B, we have i | B~ u | C if and
only if u(BAC) =0, i.e., if and only if B and C define the same equivalence class in
B,,. It is now a simple matter to verify that the map so defined is a bijection which
preserves the Boolean operations. a

Theorem 4.3.11. Let K be a non-empty, locally compact space. Then
(M(K)"/ ~, <)

is a Dedekind complete Boolean ring such that, for each u € M(K)*, the order
interval [[0], [u]] is a complete Boolean algebra. Further; the Stone space

Sk :=8t(M(K)"/ ~, <)

is an extremely disconnected, locally compact space. For each u € M(K)™", the
space St(*B) is compact and open in Sk. Further, each compact-open subspace
of Sk has the form St(B,) for some u € M(K)™, and

Sk = J{St(Bp) :meMEK)™}.

Proof. By Proposition 4.3.9 and Theorem 4.3.10, (M(K)"/ ~, <) is a distributive
lattice with a minimum element such that each order interval [0, ] is a Boolean
algebra, and so it is a Boolean ring.

For each it € M(K)™, the order interval [[0], [u]] is isomorphic to B, which, by
Proposition 4.3.2(ii), is a complete Boolean algebra, and so S7(B,) is a Stonean
space. The form of Sk follows from Theorem 1.7.2. Thus (M(K)"/ ~, <) is
Dedekind complete and Sk is extremely disconnected. a
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4.4 The spaces L” (K, 1)

We now define the standard spaces L= (K, ) and LP (K, u) for g € M(K)™ and p
with 1 < p < eo. In fact, we have already mentioned these spaces when they are
defined on a general measure space (Q,X, 1); here we give more details in our
special setting.

Let K be a non-empty, locally compact space, and take tt € M(K)™. Then two
bounded, Borel functions f and g are said to be equivalent (with respect to u) if

u{xeK: f(x) #gx)}) =0, or, equivalently, if
/ |f —gldu =0;
K
the family of these equivalence classes is the standard Banach space

L (1) = L7(K. ),

with the essential supremum norm, || - ||.., so that

[f]l.. = inf{a > 0: u({x e K: |f(x)| > a}) =0}

The equivalence class containing an element f of B’(K) is sometimes denoted by
[f]- The collection of (equivalence classes of) real-valued functions in L=(u) is
denoted by L (i), and the positive functions form the space L= ().

We note that lin {[x3s] : B € Bk} is a dense linear subspace of L*(u).

We remark that every equivalence class in L*(K, 1) contains a representative
in the second Baire class, B»(K), that was defined in §3.3. This is a classical fact
for real functions on an interval in R; see [39, Example 2.12.15] or [116, Theorem
4b, p. 194], for example. The argument in the case of a general locally compact
space K and u € M(K)™ follows a parallel route based on Lusin’s theorem, Theo-
rem 4.1.7(i1).

Proposition 4.4.1. Let K be an infinite, locally compact space, and suppose that
1€ M(K)t with supp u = K. Then €= is isometrically isomorphic to a 1-comp-
lemented subspace of L (K, IL).

Proof. Let (U,) be a sequence of pairwise-disjoint, non-empty, open subsets of K,
so that 1 (U,) > 0 (n € N). The map

(a”) = 2 O‘n?CUn ’ 600 - Lw(Knu)v

n=1

is an isometric embedding, with range E, say. The map

Piio 3w

i / fdu)xU,,, L™(K,u) {7 =E,
n=1

Ju,



4.4 The spaces LP (K, 1) 129

is a bounded projection onto E with ||P|| = 1, and so E is a 1-complemented sub-
space of L (K, ). O

In the following, we shall write L*(G) for L*(G,m¢) when G is a locally com-
pact group G.

Theorem 4.4.2. Let G be a non-discrete, locally compact group. Then C*(G) is not
complemented in L™ (G), and so C*(G) is not injective.

Proof. Assume towards a contradiction that there is a bounded projection Q of
L(G) onto the closed subspace C?(G).

It is standard that there is a compact, symmetric neighbourhood U of e such that
Go := U{U" : n € N} is an infinite, clopen subgroup of G. By replacing G by Gy
and Q by R o (Q | L”(Gy)), where R denotes the restriction map from C?(G) onto
C’(Gy), we may suppose that G is 6-compact.

By [137, Theorem (8.7)], for each countable family {U, : n € N} in .4;, there is
a compact, normal subgroup N of G such that N C ({U, : n € N} and the quotient
group H := G/N is metrizable; take 11 : G — H to be the quotient map. Since G is
not discrete, we have mg({eg}) = 0, and so we may suppose that mg(N) = 0; this
implies that N is not open in G, and so H is not discrete. Hence there is a sequence
(x,) of distinct points in H with lim,,_..x, = ep.

For f € C*(G), define

(P = [ FGL)dm(0) (xeH).

so that Pf € C’(H) and the map P : C®(G) — C?(H) is a continuous linear surjec-
tion. The map

R:f = (f(xa) = flen)), C(H)— co,

is also a continuous linear surjection. As before, there exists a sequence (f;) in
C(H,I) with f,(x,) =1 (n € N) and such that supp f,, Nsupp f, = @ whenm,n € N
with m # n. The map

TI(X:(O(n)H ian(fnon)a Ew%Lw(G)7

n=1

is an isometric embedding, and T (co) C C*(G). Thus S:=RoPo Qo T : £~ — ¢y
is a bounded operator with S | ¢ = I.,. But Phillips’ theorem, Theorem 2.4.11,
shows that there is no such projection S.

Thus we have a contradiction, and so C?(G) is not complemented in L*(G). O

For a result related to the above, see [167, Theorem 4].

In fact, it is proved in [198, Theorem 8.9] that, for each infinite, compact group
G, the space C(G) is isomorphic to C(Z¥), where k¥ = w(G), so this gives another
route to the fact that C(G) is not injective for each infinite, compact group G: as we
remarked on page 79, C(Z5) is not injective. In contrast, there are many compact,
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non-metrizable spaces K such that C(K) is not isomorphic to a space of the form
C(ZX); such a K can be any infinite Stonean space, or any non-metrizable scattered
space, or any space not satisfying CCC [198, Theorem 8.13].

Corollary 4.4.3. Let G be an infinite, locally compact group. Then Co(G) is not
injective.

Proof. This follows from Theorem 4.4.2 when G is compact and from Theorem
2.4.12 when G is not pseudo-compact. However a locally compact group that is
pseudo-compact as a topological space is already compact. Indeed, take G to be
a locally compact, non-compact group, and let K be a compact, symmetric neigh-
bourhood of eg. Then K? # G: take x € G\ K%. Then xK N K = 0. Continuing, we
find infinitely many, pairwise-disjoint sets x,K, where x, € G (n € N). For each
n € N, there exists a function f, € C(G,I) with f,(x,) = 1 and supp f,, C x,K, and
then Y, nf, is an unbounded, continuous function on G, and so G is not pseudo-
compact. O

Corollary 4.4.4. Let G be a locally compact group that is extremely disconnected
as a topological space. Then G is discrete.

Proof. By Proposition 1.5.9(ii), BG is Stonean, and so, by Theorem 2.5.11, the
space C’(G) = C(BG) is l-injective. By Theorem 4.4.2, G is discrete. O

In fact, every locally compact group that is an F-space is discrete; for this, see
[60, §2.12].

It is clear that each space L™(K, i), for a non-empty, locally compact space K
and u € P(K), is a commutative, unital C*-algebra with respect to the pointwise
product and conjugation as involution.

Definition 4.4.5. Let K be a non-empty, locally compact space, and suppose that
i € P(K). Then the character space of the C*-algebra L™ (K, 1) is denoted by @y,
and the Gel’fand transform is ¢, : L (K, ) — C(®y).

Thus @, is a non-empty, compact space and &, is a unital C*-isomorphism and a
Banach-lattice isometry. It follows that (C(®, ), <) is a Dedekind complete Banach
lattice, and so, by Theorem 2.3.3, @, is a Stonean space.

Theorem 4.4.6. Let K be a non-empty, locally compact space, and suppose that
U € P(K). Then L (K, 1) is a 1-injective space.

Proof. We know that L= (K, ) =2 C(®y ) and that @, is a Stonean space. By Theo-
rem 2.5.11, C(®y ) is 1-injective. O

The following is a famous isomorphism theorem of Petczyniski [196].

Theorem 4.4.7. The spaces £~ and L= (1) are isomorphic, so that £= ~ L= (I).
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Proof. Set E=L"(Il) and F = ¢*. By Proposition2.2.6,E ~EXEand F ~ F X F.
By Theorem 4.4.6, both E and F are injective spaces. Since E is the dual of L' (I), it
follows from Proposition 2.2.17(iii), there is a linear isometry from E onto a closed
subspace of F'; by Proposition 4.4.1, there is a linear isometry from F onto a closed
subspace of E. It now follows from Proposition 2.5.4 that E ~ F'. a

The exact Banach-Mazur distance between £* and L= (I) seems to be unknown.

Again let K be a non-empty, locally compact space, and take y € M(K)™. For
each p with 1 < p < oo, we define

LP(K,u) =L (u) = {fe(CK:f measurable, /K|f|” du <°<>}

and y
p
I, = (flrrau) e,

As usual, we identify equivalent functions f and g, that is, those with || f — g|| , = 0.
Then (LP(u),|-|l,) is a Banach space. In particular, with K =1 and y = m, we
obtain the standard Banach spaces LP(I) of page 5, where we recall that every
Lebesgue measurable function on I is equivalent to a Borel measurable function.

The real-valued and positive functions in L”(ut) are denoted by L% (i) and
LP(u)*, respectively. Again LP(u) is a Dedekind complete Banach lattice: for an
explicit proof, see [39, Corollary 4.7.2] or [180, Example 23.3(iv), p. 126], where
these spaces are, in fact, shown to be super-Dedekind complete, which means that
each subset D of these spaces that is bounded above has a supremum which is,
moreover, the supremum of some countable subset of D.

We note that Co(K) and lin{[x3s] : B € Bk} are dense linear subspaces of L”(11)
for each p with 1 < p < oo,

Proposition 4.4.8. Let K be a non-empty, compact, metrizable space, and suppose
that u € M(K)* and 1 < p < oo. Then (LP(K, 1), -||,) is separable.

Proof. By Theorem 2.1.7(i), (C(K), | |x) is separable, and so this follows because
C(K) is dense in L? (K, ). O

The following theorem is the Radon—Nikodym theorem; see [39, Theorem 3.2.2],
[59, Theorem 4.2.4] and [217, Theorem 6.10(b)], for example.

Theorem 4.4.9. Let K be a non-empty, locally compact space, and suppose that
pueM(K)t and v € M(K) with v < . Then there is a unique function h € L' (1)
such that

v(B):/Bhd/.L, |v|(B):/B|h|d/,L (B € By).

Further, ||h||; = ||V|. In particular; there is a measurable function h on K with
|h(x)| =1 (x € K) and such that du = hd|u|. O
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Thus, when u,v € M(K)* with v < u, we may regard L' (v) as a closed linear
subspace of L' (). Further, we may identify L' (u) with the closed subspace

{veM(K):v<u}

of measures in M(K) that are absolutely continuous with respect to , so that
L'(u) is a lattice ideal in M(K); we have M(K) = L'(u) @; ut, so that L' (u)
is 1-complemented in M(K).

The measures on a locally compact group G that are absolutely continuous with
respect to left Haar measure mg are identified with the Banach space

Ll (G,m(;),

which is regarded as a closed subspace of M(G). This subspace is a closed ideal in
the measure algebra (M(G), x) of G, and it is called the group algebra of G; the
formula for the product of f and g in L' (G, mg) is:

(F+9)(s) = [ 10)s ) dmolt) (€ 6),

There is an enormous literature on the group algebra of a locally compact group; it
is the central object in the subject ‘harmonic analysis’. Again, for example, see the
books [68, 137, 194, 195] and the memoir [72].

The following duality theorem is given in [39, §4.4], [59, Proposition 3.5.2],
[137, Theorem (12.18)], and [217, Theorem 6.16], for example. For clause (ii), see
[138, Theorem (20.20)].

Theorem 4.4.10. (i) Let (2,%, 1) be a measure space, and take p with 1 < p < eo.
Then (LP(L,1),|[-1l,) is isometrically isomorphic to (L9(€2, 1), || -||,,), where q is
the conjugate index to p. The duality is given by

<f,x>:/fodu (f €L7(2,1), & € LY(Q, ).

(ii) Let (Q,X, 1) be a decomposable measure space. Then (L' (Q,p),|-|,) is
isometrically isomorphic to (L™ (Q, 1), || - ||..)- O

Corollary 4.4.11. Let K be a non-empty, locally compact space, and take | € P(K).
Then L' (K, 1) is 1-complemented in its bidual

Proof. We may suppose that K = supp i, and so Co(K) is a closed subspace of
LK, ).

Take A € L' (K, )". Then A acts on L' (K, 1)’ = L= (K, 1) and hence on Cy(K);
we set R(A) = A | Co(K), so that R is a bounded projection of L'(K,u)” onto
Co(K) = M(K) with ||R|| = 1. Since L'(K,u) is 1-complemented in M(K), the
result follows. a
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We now come to a certain uniqueness result for the Banach lattice L' (I,m). A
generalization to the lattices L” (I,m) for 1 < p < oo is given in the book [184, The-
orem 2.7.3].

Theorem 4.4.12. Let (Q1,X, 1) and (£22,2,, Up) be probability measure spaces
such that Xy, and X, are atomless Boolean algebras and the Banach spaces
L' (Qq, 1) and L' (£, 2) are separable. Then there is a Banach-lattice isometry
from L' (Qy, 1) onto L' (2, up).

Proof. Since L'(€y,p1) and L'(£,, 1) are separable Banach spaces, (Zy,,py,)
and (X,,py,) are separable metric spaces. By Theorem 4.3.6. there is an isomor-
phism 60 : X, — X, such that u(6(B)) = p1(B) (B € Z;). There is an exten-
sion of 0 to a linear bijection from lin{yp : B € Z;} onto lin{yc : C € X} with
0(x8) = Xo(s) (B € Z1), and this map is an isometry with respect to the respec-
tive norms || -||,. Finally, the map © extends to an isometry from L'(€;, ;) onto
L' (€2, 1p). Clearly the final map 6 is a lattice isomorphism. O

In fact, let us suppose just that (£2;,%;,1;) is a o-finite measure space. Then,
using a remark on page 6, the same conclusion follows.

Corollary 4.4.13. Let K and L be non-empty, locally compact spaces, and suppose
that i € P.(K) and v € P.(L) are such that (L'(K, ), ||-||;) and (L*(L,v),||-|I;)
are separable Banach spaces. Then there is a Banach-lattice isometry from L' (K, 1)
onto L' (L, v).

Proof. The Boolean algebras 95, and 25, are atomless by Corollary 4.3.3(i), and so
this is immediate from Theorem 4.4.12. O

Theorem 4.4.14. Let K be a non-empty, locally compact space, and suppose that
U € P.(K). Then there is an isometric lattice embedding of L' (1) into L' (K, ). In
the case where (L' (K, ), |- |,) is separable, L' (K, 1) is Banach-lattice isometric
to L' (I,m).

Proof. Since the measure U is continuous, it follows easily from Proposition 4.2.7
that there is a separable, complete, atomless Boolean algebra B contained in 5.
The isomorphism from ‘B, onto B extends to the required isometric lattice embed-
ding. a

Proposition 4.4.15. Let K be a non-empty, locally compact space.

(i) The extreme points of M(K)|) have the form { 6., where § € T and x € K, and
the extreme points of P(K) have the form Oy, where x € K.

(ii) Take € Mc(K)" with p # 0. Then ex L' (1)) = 0.

(iii) Take 1 € M(K)*. Then each extreme point of L' (1)) has the form {8,
where § € C, x € K, and || u({x}) = 1. Further, co(exLl(,u)[l]) =L (La) -
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Proof. (i) Take u € exM(K )[1], so that p # 0, and assume towards a contradiction
that supp 1 is not a singleton. Then there exists By € Bk with o := || (By) > 0 and
|| (B§) >0, so that o« € (0,1). Define

w(B) = u(BABo), w(B) = | u(BAE) (Be%By).

Then g, o € M(K)pjj and i = oty + (1 — o), but py # p and pip # U, a contra-
diction of the fact that y is an extreme point of M (K )[1]. The result follows.

(ii) Suppose that f € L' (u)ywith || f]|; = 1. Then there exists B € Bx with

0< [Irlau<1.
B

and now essentially the same argument as above shows that f is a convex comb-
ination of two distinct elements of L' (1)p1)- Thus exL! (W) =0.

(iii) Trivially, the extreme points of L! (Ka)(1) have the form £, where ¢ € C,
x € K and |{| u({x}) = 1. By (ii) and Proposition 2.1.10, ex L! (W = exL! (La)1)s
and so the result follows. a

Corollary 4.4.16. Let K be a non-empty, locally compact space. Then My(K)(y; is
weak*-dense in M(K)|y).

Proof. By the Krein—-Milman theorem, Theorem 2.6.1, each element of M(K )m
belongs to the weak*-closure of the convex hull of the set of extreme points of
M(K)(y)- By the proposition, the extreme points of M(K); belong to My(K)j). O

We saw in Theorem 2.4.15 that cq is not isomorphically a dual space: this fol-
lowed because c( is not complemented in its bidual. We now consider the analogous
question for the spaces L' (K, u) = (L' (K,u),| - |l;), especially in the case where
L'(K,u) is separable; by Proposition 4.4.8, the latter case includes that in which
K is compact and metrizable. However, we cannot follow the same argument as in
the case of ¢ because, by Corollary 4.4.11, L' (K, u) is complemented in its bidual.
The fact that the Banach space L!(I) is not isomorphic to a subspace of a separable
dual space was first proved by Gel’fand himself in 1938 [110, p. 265]. The situation
for more general spaces L' (K, it) is given below.

Theorem 4.4.17. Let K be a non-empty, locally compact space, and suppose that
u € P(K).
(i) The following are equivalent:
(a) L' (K, u) is isomorphic to a subspace of a separable dual space;

(b) L' (K, 1) is isometrically isomorphic to a subspace of a separable dual
space;

(c) W is a discrete measure.

(ii) The space L' (K, ) is isometrically a dual space if and only if W is discrete.
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Proof. We may suppose that L' (K, it) is an infinite-dimensional space.

First, suppose that y is discrete. Then L' (K, i) is isometrically isomorphic to a
Banach space of the form

{a— (o) : el = 3 lon| o <oo}

n=1

for a sequence (@,) in R™\ {0} such that 3> ; @, = 1. This space is the dual of the
Banach space

{(Bn) : [Bul /@ — 0 as n — oo},

taken with the norm ||(B,)|| = sup{|B4| /@, : n € N}, and so L' (K, ) is isometri-
cally a dual space.

(i) It is sufficient to show that (a) = (c).

Take a Banach space F with L (K, ) ~ F, where F is a closed subspace of a
separable dual space E’. Since E' is separable, E is separable by Proposition 2.1.6.
By Corollary 2.6.17, E' has the Krein-Milman property, and so F and L' (K, it) have
the Krein—Milman property. Take . € M.(K) and uy; € My (K) with 4 = e + ty.
Then L' (Ue)n) is closed, bounded, and convex in L'(K,u), and so, by Proposi-
tion 4.4.15(ii), 4. = 0. Hence, u = p is discrete.

(ii) Since u(K) =1, the set S := {x € K : u({x}) > 0} is countable. Let T be a
countable, dense subset of T. Then, with the identification of Proposition 4.4.15(iii),
{C8:/u({x}): { € T,x € S} is a countable, dense subset of exL' (K, 1)y}, and so
exL! (K, )}y is separable.

Now suppose that L' (K, i) is isometrically a dual space. By Theorem 4.1.10, the
space L' (K, 1) is separable, and so g is discrete by (i), (b) = (c). O

Corollary 4.4.18. Let K be a non-empty, locally compact space, and suppose that
u € M. (K)" and L' (K, 1) is separable. Then there is no embedding of L' (K, 1)
into a space £ (D) for an index set D.

Proof. Assume to the contrary that there is an embedding of L! (K, ) into a space
21(D). Since L' (K, u) is separable, there is a countable subset Dy of D such that
L'(K,u) embeds into £!(Dy), a separable dual space. This is a contradiction of
Theorem 4.4.17(i), (a) = (c). a

The above theorem gives Gel’fand’s theorem, which we state explicitly.

Theorem 4.4.19. The Banach space L' () is not isomorphic to a subspace of a sep-
arable dual space. In particular, L' (1) is not isomorphically a dual space. a

There is a different, self-contained proof of the above theorem, along with some
informative remarks, in [3, Theorem 6.3.7].

An alternative proof that the space L! (K, i) of Corollary 4.4.18 does not embed
in ¢! is mentioned after Corollary 4.5.8, below.

Let K be a non-empty, locally compact space. Using more sophisticated tech-
niques than the above, Petczyniski showed in [197] that, for a o-finite positive mea-
sure i, the space L' (K, it) is isomorphically a dual space if and only if u is discrete.
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See also [168] and [211]. A different proof, for the case of finite measures, is given
in [85, p. 83]. For positive measures ( on K that are not o-finite, it seems to be
unknown which L' (K, i) spaces are isomorphically dual spaces. In the isometric
theory, an early result of this type is given in [94, Exercise 4, p. 458]. Let (2, )
be a measure space, where y is a o-finite positive measure. Then L! (€, i) is iso-
metrically a dual space if and only if €2 is a countable union Q2 = | J€2;, where each
Q; is a measurable subset of Q with (1(£2;) < e and such that, for each measurable
subset A of each €;, we have either u(A) =0 or u(A) = p(£2;). Suppose that, in
fact, ({x}) = 1 for each x € Q. Then it follows that L' (Q, ) = ¢!.

We conclude this section with two well-known results on weak compactness in
L'-spaces that we shall use. The first proposition is a result on equi-continuity.

Proposition 4.4.20. Let K be a non-empty, compact space, and take v € M(K)™.
Suppose that (W,) is a sequence in L' (K, V) that converges weakly. Then, for each
€ > 0, there exists 6 > 0 such that |1,|(B) < & (n € N) whenever B € By with
v(B) < 6.

Proof. We may suppose that v € P(K). By Proposition 4.3.5, the metric space
(By,py) is complete.
First, suppose that (L,) converges weakly to 0. Fix € > 0, and, for n € N, set

G, ={BeBy:|ux(B)|<e (m>n)}.

Then each set G, is closed in the space (By,py), and U{G, : n € N} = B, because
lim,, . 1, (B) = 0 for each B € B . By Baire’s theorem, Theorem 1.4.11, there exist
ng € N, By € Bk, and 8y > 0 such that |1, (B)| < € whenever n > ny and B € Bg
with pV(B,B()) < 0p.

Suppose that B € Bk with v(B) < 8. Then py (ByUB,By) = v(B\ By) < & and
pv(Bo\ B,By) = v(ByNB) < &, and so

[ba(B)| < |12 (Bo UB)[ + |1a(Bo \ B)| < 2¢  (n = no).

By inequality (4.10), |u,| (B) < 8& (n > ng). By reducing Jy, if necessary, we may
suppose that the same inequality holds for each n € N,,,, and hence for all n € N.
The result now follows in this special case.

Now suppose that (,,) converges weakly to some limit in M(K). We claim that,
for each € > 0, there exist o > 0 and ny € N such that |, — .| (B) < €/2 whenever
m,n > ng and B € Bk with v(B) < §¢. Assume that this is not the case. Then there
exist € > 0, strictly increasing sequences (my) and (ny) in N, and sets By in Bk such
that v(By) < 1/k and |y, — i, | (Bx) > € for each k € N. Since

/}g?o(umk - nuﬂk)(B) =0 (B € SBK) )
this contradicts the result in the special case. Thus the claim holds.

Finally, choose & € (0,8¢) such that |u,|(B) < €/2 whenever n € N,, and
B € Bk with v(B) < §. Then the required conclusion follows. O
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Theorem 4.4.21. Let K be a non-empty, compact space, and take v € M(K)™. Sup-
pose that S is a subset of L' (K, v). Then S is relatively weakly compact if and only if:

(i) S is norm-bounded;

(ii) for each € > 0, there exists 6 > 0 such that |L(B)| < € (U € S) whenever
B € Bk with v(B) < 4.

Proof. Suppose that S is relatively weakly compact. Then S is weakly bounded, and
hence norm-bounded by Corollary 2.2.2, so that (i) holds. Assume towards a contra-
diction that (ii) fails. Then there exist € > 0, a sequence (Lt,) in S, and a sequence
(Bn) in Bk with v(B,) < 1/n and |u,(B,)| > € for all n € N. By the Eberlein—
Smulian theorem, Theorem 2.1.4(vii), (i,) has a weakly convergent subsequence,
say (Un ). By Proposition 4.4.20, there exists 8 > 0 with |, | (B) < £/2 (k € N)
whenever B € Bk with v(B) < 4. Take k € N with 1/n; < 8. Then

3 S ‘,unk(Bnk)‘ S ‘.unk’ (Bﬂk) S ;’

a contradiction. Thus (ii) holds.
Conversely, suppose that S satisfies clauses (i) and (ii). We regard E := L' (K, V)

and S as subsets of E”. Then S is norm-bounded in E”, and so has a weak*-limit
point, say M, in E”. Define

A(B) = (xs,M) (B€Bg).

Take € > 0, and choose 6 = §(€) > 0 as specified in (ii). Now take 1 > 0. For
each B € Bk with v(B) < 8, we have yp € E’, and so there exists i € S with

|(xs, M) —u(B)| <,

and then |4 (B)| < £+ 1. This holds for each 1 > 0, and so |A(B)| < €.

Suppose that (By,) is a sequence in Bg with v(B,) 0. Then [A(B,)| \, 0, and
so A is countably additive on Bk, and hence A € M(K). Also A < Vv, and so, by the
Radon-Nikodym theorem, Theorem 4.4.9, A € E. It follows that M is a weak-limit
point of S in E, and hence that S is relatively weakly compact. O

4.5 The space C(K) as a Grothendieck space

We now consider when a space C(K) for K compact is a Grothendieck space. Of
course we have characterized such spaces in the (unproved) Proposition 2.4.7. We
shall show in Corollary 4.5.10 that C(K) is a Grothendieck space whenever it is an
injective space.
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First note that C(K) is certainly not a Grothendieck space whenever K contains
a convergent sequence (x,) of distinct points, say with limit x € K. Indeed, the se-
quence (0x, — 0y) in M(K) converges weak* to 0, but it does not converge weakly to
0, as can be seen by considering the linear functional pt — Y, u({x,}) on M(K).

We shall also use the following result of Grothendieck from [124] about relative
weak compactness in the Banach space M(K).

Theorem 4.5.1. Let K be a non-empty, compact space, and take S to be a norm-
bounded subset of M(K). Then the following conditions are equivalent:

(a) S is relatively weakly compact;

(b) for each sequence (Uy,) in S, necessarily lim,_,e. 1, (U,) = 0 for each se-
quence (Uy) of pairwise-disjoint, open sets in K.

An early proof of this theorem is contained in Bade’s notes [24, §9]; see also
[3, §5.3], [94, Theorem IV.9.1], and [184, Theorem 2.5.5], for example.

We shall first prove two lemmas, in which we suppose that the set S is a norm-
bounded subset of M(K) that satisfies clause (b) of Theorem 4.5.1.

Lemma 4.5.2. Let (1) be a sequence in S. Then lim,_,e |ty| (U,) = 0 for each
sequence (Uy,) of pairwise-disjoint, open sets in K.

Proof. For n € N, take v, to be either Ry, or Su,. Then lim,_,e v, (U,) = 0 for
each sequence (U,) of pairwise-disjoint, open sets in K.

Assume to the contrary that there is a sequence (U,,) of pairwise-disjoint, open
sets in K such that (|v,|(U,)) does not converge to 0. Set v, = v, — v, (n € N);
we may suppose that (v;F (U,)) does not converge to 0, and, by passing to a sub-
sequence, we may suppose that there exists § > 0 with v,/ (U,) > 6 (n € N). By
Hahn’s decomposition theorem, Theorem 4.1.7(i), for each n € N, there is a Borel
subset B,, of U, with v,,(B,) = v, (Uy), and, by the regularity of v, there is an open
set V,, with B, C V,, C U, and v, (V,,) > §, a contradiction.

Thus limy,—,e |V, | (U ) = 0 for each sequence (U,) of pairwise-disjoint, open sets,
and then the result follows. O

The second lemma states that the subset S of M(K) is uniformly regular.

Lemma 4.5.3. For each compact subset L of K and each € > 0, there is an open
subset U of K with U D L such that |u|(U\L) <€ (1 €9).

Proof. Assume that the conclusion fails. Then there is a compact subset L of K
and € > 0 such that, for each open neighbourhood U of L, there exists y € S with
u[(U\L) > €.

We claim that there are a sequence (W) of open subsets of K such that the sets
W, are contained in K \ L and are pairwise disjoint and a sequence (U,) in S such
that |u,(Wy,)| > /4 (n €N).

Indeed, take V| = K, and choose u; € S with || (Vi \ L) > €. By the regularity
of |u;|, there is an open set W; in K with W; C Vi \ L and with |u;(W))| > €/4,
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where we are using inequality (4.10). Now take k € N, and assume that Wy,... W,
and Uy,...,H; have been determined to satisfy the claim for each n € Nj. Set
Vir1 = U§:1(K \ W;), and then choose Uiy € S and an open set Wy such that
Wir1r € Virr \ L and |1 (Wip1)| > €/4. This continues the inductive construc-
tion, and hence the claim holds.

However, the claim contradicts clause (b) of Theorem 4.5.1, and so the conclu-
sion holds. O

Proof of Theorem 4.5.1. We first show that clause (b) of Theorem 4.5.1 holds when-
ever S is relatively weakly compact.

Indeed, take a sequence () in S. By the Eberlein—-Smulian theorem, Theo-
rem 2.1.4(vii), we may suppose, by passing to a subsequence, that (u,) converges
weakly in M(K). Define

v— ; |‘2‘Z| e M(K)*. (4.12)

For each n € N, we have u,, < v, and so, by the Radon—-Nikodym theorem, Theo-
rem 4.4.9, we may suppose that i, € L' (K,v) (n € N). Clearly the sequence (u,)
converges weakly in L' (K, v), and so, by Proposition 4.4.20, clause (b) holds.

We now show that clause (b) implies that S is relatively weakly compact.

By the Eberlein-Smulian theorem, it is sufficient to show that each countable
subset of S is relatively weakly compact in M(K); we take such a countable set
T := {, : n € N}, and define v as in equation (4.12). Clearly, it suffices to show
that the set T is relatively weakly compact in L' (K, v); for this, we shall show that
T satisfies clauses (i) and (ii) of Theorem 4.4.21.

By hypothesis, S is norm-bounded in M(K), and so T satisfies clause (i) of 4.4.21.

Assume towards a contradiction that 7' does not satisfy clause (ii). Then, by using
the regularity of v and passing to a subsequence of (i, ), we may suppose that there
are € > 0 and a sequence (B,) of sets in Bg such that

1
V(Bn) < n and || (By) > [Un(By)| > €

forall n € N.
For each m € N, we have lim,,_.. || (B,) = 0, and so, by passing to a further
subsequence, we may suppose that

€
|| (Bn) < 2 (n>m,mneN).

Take m € N, and set C,, = By, \ U{By : n > m+ 1}. Then C,, is a Borel subset
of By, such that |t,| (Cy) > €/2. Further, the sets Gy, are pairwise disjoint. By the
regularity of the measures l,,, we can choose compact subsets L,, of C,, such that
|tm| (L) > €/2. It follows from Lemma 4.5.3 that there is an open set W, with
Wi D Ly, such that || (W, \ L) < €/2™** (n € N). We can then choose an open
set V,, suchthat L,, CV,,, CV,, CW,,.
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Now take m,n € N with m < n. Then
(VuOV,) C (Vi \ Lin) U (Vu \ L) C (W, \ L) U (W, \ Ly,) ,

and so || (V,NVy,) < €/2"3, For n > 2, set G, =V, \ VjU---UV,_;. Then
the sequence (G, : n > 2) consists of pairwise-disjoint, open subsets of K, and
|un| (Gy) > €/2 — €/4 = €/4. This is a contradiction of Lemma 4.5.2, and so T
satisfies clause (ii) of Theorem 4.4.21. By Theorem 4.4.21, T is relatively weakly
compact in L' (K, v), as required. O

Corollary 4.5.4. Let K be a non-empty, compact space, and take v € M(K). Then
the set {u € M(K) : |u| < |v|} is weakly compact.

Proof. This result follows immediately from Theorem 4.5.1. a

We shall use Corollary 4.5.4 to give the following direct, elementary proof that
each space Co(K) is Arens regular; in fact, this result will also follow from the
construction of the bidual of Cy(K), to be given in Theorem 5.4.1.

Theorem 4.5.5. Let K be a non-empty, locally compact space. Then the C*-algebra
Co(K) is Arens regular, and (Co(K)", O) is commutative.

Proof. Take M € Co(K)" =M(K) and u € CO(K)/M = M(K)jy}, and consider the
continuous linear functional

0:N— (MON,u) = (M,N-u), M(K) —C.
We claim that 6 is weak*-continuous on M (K)/m. For suppose that N, — Ny

in (M(K)El],G(M(K)’,M(K))). Then (Ng - ) isanetin {ve M(K) :|v| < |u|};

by Corollary 4.5.4, this latter set is weakly compact, and so (Ng, - 1) has a weakly
convergent subnet, say (Ng, - 11). For each f € Co(K), we have

and hence limg Ng,; - tt =No - in (M(K), 0(M(K),Co(K))). This implies that the
net (N, - it) converges weakly to Ny - u, and so

1im 8(Ng) = lim (M, No, - 1) = (M, No - 1) = 6(No).

giving the claim.
It follows from Theorem 2.1.4(iv), (c) = (a), that there exists v € M(K) such that

O(N)=(N,v) (NeM(K)).

For each f € Co(K), we have (f, v) = (M- f,u) = (M, f - u) = (f, 4 - M), and so
v = U - M. We have shown that
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(MON,u) =6(N) = (N,u - M) = (MON, 1) (M,N € Co(K)", € Co(K)'),

and hence MON =MON (M, N € Cy(K)"). Thus Cy(K) is Arens regular.
Since Cy(K) is commutative, (Co(K)”, O) is commutative. O

The next result is a classic theorem of Grothendieck [124]. Grothendieck’s proof
utilized a lemma of Phillips [202] on sequential convergence in the space of finitely
additive measures on #(N), as described in [24]; we give a direct and self-contained
proof.

Theorem 4.5.6. Let K be a Stonean space. Then C(K) is a Grothendieck space.

Proof. Let (1) be a sequence in C(K) = M(K) that converges weak® to 0; we
must show that (,,) converges weakly, and, for this, it suffices to show that the set
{lt : n € N} is relatively weakly compact in M(K).

Assume to the contrary that this fails. Then, it follows from Theorem 4.5.1
that, after passing to a subsequence and rescaling, we may suppose that there is
a pairwise-disjoint sequence (U,) of open subsets of K with |u,(U,)| > 1 (n € N).
Since K is Stonean and each y, is regular, we may suppose that all the sets U,, are
clopen.

We shall define inductively a subsequence (i, ) of (u,) such that (ny) is strictly
increasing in N and

1
|unr(Uns)| < 25+1 (}’,S € Na r#s)' (413)

First, take n; = 1. Now suppose that k € N, and assume that ny,...,n; have been
defined such that (4.13) holds whenever r,s € N, and r # 5. For each j € Ny, the set

1
{” eN: ‘“ﬂj(Uﬂ)‘ z 2k+2}

is finite and lim, e Uy (U, j) = 0, and so we can choose ng;| > ng; such that
‘,unj (Uny,)| <1722 and |ty (Unj)| < 1/2%! for j € Ny. This continues the in-
ductive construction of the sequence (r;). The sequence satisfies (4.13); set vy = ULy,
and Vy = U, fork e N.

As in Proposition 1.5.5, there are an index set A such that |A| = ¢ and a family
{Sa : o € A} of infinite subsets of N such that S, N Sg is finite whenever o, § € A
with o # 3. For each o € A, set

Wo = J{Vk: k€ Sa},

a clopen subset of K, and set V = [J{V; : k € N}, an open subset of K. We note
that {Wy \V : a € A} is a family of pairwise-disjoint, closed subsets of K. For each
k € N, it is the case that v (W, \ V) # 0 for only countably many values of & € A,



142 4 Measures

and so there exists a € A with v (W, \ V) =0 (k € N). Thus, for each k € Sq, we
have

| Qwe s Vi)l = [k W V) > (VI = D { (V)| 1 €N, j £k} > 1/2,

using (4.13), a contradiction of the fact that (v;) converges weak™ to 0.
The result follows. O

Definition 4.5.7. A Banach space E has the Schur property if every weakly con-
vergent sequence in E is norm-convergent.

Corollary 4.5.8. Let S be a non-empty set. Then £=(S) is a Grothendieck space.
Further, suppose that (U,) is sequence in M(BS) that is weak™-convergent to 0.
Then

lim [|, | S| =0,

and (' (S) has the Schur property.

Proof. Since £7(S) = C(BS) and BS is a Stonean space, certainly ¢(S) is a
Grothendieck space by Theorem 4.5.6.

Suppose that (i,) in M(BS) is weak*-convergent to 0, and assume towards a
contradiction that it is not true that lim,—.. ||, | S|| = 0. By passing to a sub-
sequence and rescaling, we may suppose that ||v,|| > 1 (n € N), where v, = 1, | S.
Essentially as in the above proof, there is a sequence (F,) of pairwise-disjoint, finite
subsets of S such that |u,(F,)| = |v.(F,)| > 1 (n € N). By Theorem 4.5.1, the se-
quence (U,) is not relatively weakly compact, and this contradicts Theorem 4.5.6.

In the case where (u,) is weakly convergent to 0 in £!(S), it follows that (L),
regarded as a sequence in M(f3S), is weak*-convergent to 0, and so (L,) is norm-
convergent to 0 in £!(S). O

The fact that £! has the Schur property goes back to Schur in 1921 and is included
in Banach’s book [30, Table (property 17), p. 245; also, p. 239]; for a modern dis-
cussion, see [2, Theorem 2.3.6 and p. 102].

It is easily seen that L' (I) does not have the Schur property, and hence also that
the spaces L!(K, i) for K locally compact and p € P.(K) do not have the Schur
property. Indeed, consider the sequence (s, ) of page 116. This sequence is weakly
convergent to 0 in L' (T). However, (s,) is certainly not norm-convergent to 0 in
L'(I). Hence L' (K, ut) does not embed in £'.

The above results give a slightly different proof of Phillips’ theorem, Theo-
rem 2.4.11. Indeed, assume towards a contradiction that P : £~ — ¢ is a bounded
projection, so that P’ : ¢f; — M(BN) is a bounded operator. Regard &, as a continu-
ous linear functional on ¢ for n € N. Then

(f,P'(8,))=(Pf,8)—0 as n—oe (fel™),
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and so P'(8,) — 0 weak* in M(BN). By Corollary 4.5.8, |P'(8,)({n})| — O as
n — 0. But P'(8,)({n}) =1 (n € N), a contradiction.

The following corollary of Theorem 4.5.6 was noted by Seever in [224]; see also
[184, Corollary 2.5.17].

Corollary 4.5.9. Let K be a compact F-space. Then C(K) is a Grothendieck space.

Proof. Let (U4,) be a sequence in M(K) = C(K)' that converges weak™ to 0, and de-
fine u =X | U,/2" € M(K). Set L = supp pt. By Proposition 4.1.6, L is a Stonean
space. Then, by Theorem 4.5.6, (U, | L) converges weak* to 0 in M(L), and so it
converges weakly to 0 in M(L), i.e., (it,) converges weakly to 0 in M(K). Hence
C(K) is a Grothendieck space. O

Corollary 4.5.10. Each injective space is a Grothendieck space.

Proof. Let E be a Banach space. By Proposition 2.2.14(i), there is a set S and an
isometric embedding of E onto a subspace, say F, of £7(S). In the case where E
is injective, F is complemented in £=(S). Since £*(S) is a Grothendieck space and
complemented subspaces of Grothendieck spaces are also Grothendieck spaces (see
page 73), E is a Grothendieck space. O

We shall see in Example 6.8.17 that there are compact spaces K such that C(K) is
a Grothendieck space, but C(K) is not injective. The Baire classes By, (I) for ordinals
o with 1 < o < @ are examples of C(K)-spaces that are Grothendieck spaces (see
Theorem 3.3.9), but are such that K is not an F-space when o < w; [76].

A beautiful generalization of Theorem 4.5.1 characterizing weak compactness
in the dual of a C*-algebra was given by Pfitzner in [200]. For a shorter proof, see
[101]; see also [2]. It follows that each von Neumann algebra is a Grothendieck
space; it is proved in [219] that each monotone o-complete C*-algebra is a Groth-
endieck space.

4.6 Singular families of measures

We now introduce singular families and maximal singular families of measures.

Definition 4.6.1. Let K be a non-empty, locally compact space. A family .%# of mea-
sures in M(K) ™ is singular if 4 1 v whenever y,v € % and U # v.

The collection of such singular families in M(K)™" is ordered by inclusion.

Let S be a non-empty subset of M(K)". It is clear from Zorn’s lemma that the
collection of singular families contained in S has a maximal member that contains
any specific singular family in S; this is a maximal singular family in S. In the case
where S = P(K), we may suppose that such a maximal singular family contains
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all the measures that are point masses and that all other members are continuous
measures, so that, in the case where K is discrete, the family of point masses is a
maximal singular family in P(K).

We shall see in Proposition 5.2.7 that any two infinite, maximal singular families
of continuous measures have the same cardinality.

Proposition 4.6.2. (i) Let K be a non-empty, locally compact space, and suppose
that S is a separable subspace of M(K) ™. Then each singular family of measures in
S is countable.

(ii) The space M (A) contains a singular family in P(A) of cardinality c.
(>iii) Let K be an uncountable, compact, metrizable space. Then there is a maxi-

mal singular family of measures in P(K) consisting of exactly ¢ point masses and ¢
continuous measures.

Proof. (i) Let .# be a singular family of measures in S. For each u,v € % with
u#v,wehave |u—v| =|ul|+||v|. Forn e N, set #, = {u € F : ||u|| > 1/n}.
For ,v € 7, with u # v, we have ||u — v|| > 2/n, and so the open balls B/, (1)
and B /,(v) are disjoint. Since S is separable, it follows that .%, is countable for
each n € N, and so .% is countable.

(ii) The Cantor cube L = Z2, identified with A, is a compact group and so has
a Haar measure, say my, as on page 112, and m;, € M.(L). By Proposition 1.4.5,
L contains ¢ pairwise-disjoint, closed subspaces, each homeomorphic to L. We may
transfer a copy of my, to each of these subspaces; the resulting measures are mutually
singular.

(iii) By Proposition 1.4.14, K contains A as a closed subspace. Let .% be a max-
imal singular family of measures in P(K) containing the family specified in (ii), so
that .7 contains at least ¢ continuous measures. By Proposition 4.2.3, |M(K)| =,
and so |.Z| < ¢. By Corollary 1.4.15, |K| = ¢, and hence .# contains exactly ¢ point
masses. O

We note that, under some mild set-theoretic axioms, such as Martin’s axiom,
there exists a compact space K with |K| = ¢ such that there is a maximal singular
family in P(K) of cardinality 2¢: see [108].

Lemma 4.6.3. Let K be a non-empty, locally compact space, and let F be a max-
imal singular family in P(K). Then, for each v € M(K), there exist a countable
subset I' of F and vy, € M(K) for each . € I such that vy < i (1 € I'), such that
v=Y{vy:u €I}, and such that

vl =S {lvall smer.

The correspondence v+ (vy,), M(K) — M(K)7, is a lattice homomorphism.

Proof. Take v € M(K). By the Lebesgue decomposition theorem, Theorem 4.2.9,
for each u € .7, there exist vy < u and oy, L u such that v = v, + oy. Set
I'={ueZ:v, #0}
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For distinct elements ,..., U, € %, we have |; L u; whenever i, j € N, with
i#j,andso v = vy +---+ vy, + 0 for some 6 € M(K) with o L v, (i € N,),
and then ¥, ||vy|| < [[v]|. It follows that I" is countable, that we can define
p=3{vu:uel}inM(K),and that X {||vu||: p €T} < |v].

Clearly |v — p| L u foreach p € #, and so v — p = 0 by the maximality of .%.
Thus v =Y{vy :u €'}, and so ||v| < X{||vul|: u €T}

It follows that ||v|| = 3{||vu| : n € T}.

Clearly, the correspondence v — (vy), M(K) — M(K)7, is a lattice homo-
morphism. a

Let K be a non-empty, locally compact space, and take u € P(K). As in Defin-
ition 4.4.5, @, denotes the character space of the C*-algebra L™ (K, 1t).

Definition 4.6.4. Let K be a non-empty, locally compact space, let S be a non-empty
subset of P(K), and let .# be a maximal singular family in S. Define Uz to be the
space that is the disjoint union of the sets @, for u € S, with the topology in which
each @, is a compact and open subspace of U .

We now give our first representation of the Banach space M(K)' = C((K)".

Theorem 4.6.5. Let K be a non-empty, locally compact space, and let F be a max-
imal singular family in P(K). Then

[All=sup{[(A, V)] :v<u, |v[[<1,ueF} (AeMK)), (4.14)
and M(K) = Ct(Ug).

Proof. SetU =Ug.
Take A € M(K)', say with ||A|| = 1. Foreach u € Z, set Ay = A | L'(K, 1), so
that Ay € L' (K, 1) = C(@y) with [|Ay || < 1. Hence there exists F; € C(®y) with

‘Fﬂ‘@” <1 and

(0, F) = (p,A) (peL!(K,p)).
Now define F € C?(U) by requiring that F | &, = F,, (u € F); set a = |F|, so
that ¢ < 1.
Take v € M(K)|;). By Lemma 4.6.3, there is a countable subset I' of ¥ and
Vu € M(K) foreach u € I' such that v, < u (u €T'),suchthatv=Y{v,:ner},
and such that [|v[| = 3{||vu|| : # € I'}. We have

(A V)= [T vi) s €T < S| (Fuvi)| s w e T} <,

and so 1 < a. Thus |F|,, = ||A]|. Set T(A) = F, so that T : M(K)' — Cb(U) is an
isometric linear map.

Conversely, given F € C*(U), set Fy = F | @, (1 € .F). For each v € M(K),
write v =Y{vy : u € I'}, as before, and define

A(v) :2{<Fuv"u> TpEF}.
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Then A € M(K)' and T(A) = F. It follows that T is a surjection, and so we have
shown that M(K)' = Cb(U).

To obtain equation (4.14), take A € M(K)' and € > 0. Then there exists a measure
1 € .Z such that [T(A) | d)u]% > ||A]| — &, and also there exists v € L'(K, u)

with [(A, V)| > ||A|| — €. Since v < U, equation (4.14) follows. O

Theorem 4.6.6. Let K be an uncountable, compact, metrizable space. Then there
are an index set J with |J| = ¢, measures |; € P.(K) for each j € J, and a set I" with
|| = ¢ such that

M(K) = P{L (K 1)) : jeT = P{L'D);: jet} (4.15)
1 1

and

MK) = P{L'W);: jelye (), (4.16)
1

where L'(I); = L' (1) for each j € J. Further, all the above identifications are
Banach-lattice isometries.

Proof. By Proposition 4.6.2(iii), there is a maximal singular family, say {u; : j € J},
where |J| = ¢, of measures in P.(K). Set

E=@{L"(K,uj):jel}.
1

Clearly E is a closed subspace of M. (K). Take u € M.(K). For each j € J, there
exist pj, 0; € M.(K) with pj < p and o L u; we can regard each p; as an element
of L' (). Tt follows from Lemma 4.6.3 that it = ¥ ;c; p;, with ||| = ;e |||
so that t € E. Thus M.(K) 2 @, {L' (K, ;) : j € J}; the identification is a Banach-
lattice isometry.

For each j € J, the space LI(K,uj) is separable, and so, by Theorem 4.4.14,
L'(u;) is Banach-lattice isometric to L' (I,m). Equation (4.15) follows.

Again by Proposition 4.6.2(iii), a maximal singular family in P(K) is the set
{uj:jeJ}Uu{é,:x €K}, and so equation (4.16) follows, where we set I" = K, so
that |I"| = ¢ by Proposition 1.4.14. O

Corollary 4.6.7. Let K and L be two uncountable, compact, metrizable spaces. Then
M(K) and M(L) are Banach-lattice isometric.

Proof. This is immediate from equation (4.16). O

A generalization of Theorem 4.6.6 for an arbitrary measure space is given in
Maharam’s theorem [182], which is discussed in [166, §14] and [225, §26].
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Theorem 4.6.8. Let K be a non-empty, locally compact space, and suppose that
{uj: j €J} is a singular family in P.(K) with J uncountable. Then there is no
embedding of the Banach space

P{L (K.u)):jeT}
1

into a Banach space of the form F @, (! (D) for any separable Banach space F and
any set D.

Proof. Let D be an index set, and take G to be the Banach space (¢!(D),||-||;), and
let F’ be a separable Banach space.

We shall apply Proposition 2.2.31. For each j € J, the Banach space L' (K, Uj)
contains an isometric copy of L' (I) by Theorem 4.4.14, and so, by Corollary 4.4.18,
there is no embedding of L' (K, u) into G = ¢'(D). Thus, by Proposition 2.2.31,
there is no embedding of @, {L! (K, ;) : j € J} into F & £1(D). O

Corollary 4.6.9. Let K be an uncountable, compact, metrizable space. Then the
spaces M.(K) and M(K) are not isomorphic to any closed subspace of a space
of the form F @ £ (D), where F is a separable Banach space and D is any set.

Proof. Let M.(K) and M(K) have the forms specified in equations (4.15) and
(4.16), respectively. By Theorem 4.6.8, there is no isomorphism from the space
@D {L'(K,u;): j € J} into F & £!(D), and so there is no such isomorphism from
either M;(K) or M(K). O

4.7 Normal measures

Let K be a non-empty, locally compact space. In this section, we shall introduce the
(complex) Banach lattice N(K) that consists of the normal measures on K, and we
shall give a variety of examples of compact spaces K such that N(K) = {0} and
such that N(K) # {0}. A ‘normal measure’ was defined by Dixmier [91] to be an
order-continuous measure it € M(K). Thus we have the following definition.

Definition 4.7.1. Let K be a non-empty, locally compact space, and let u € M(K).
Then p is normal if (fo, 1) — O for each net (fo : & € A) in (Co(K)™, <) with
fo ¢ 0 in the lattice, and U is o-normal if y is o-order-continuous, in the sense
that(f,, ) — 0 for each sequence (f, : n € N) in (Co(K)™, <) with f,, \, 0.

Definition 4.7.2. Let K be a non-empty, locally compact space. The subset of M(K)
consisting of the normal measures is N(K); the set of real-valued measures in N(K)
is Ngr (K), and the set of positive measures in N(K) is N(K) ™. The sets of continuous
and discrete normal measures on K are denoted by N.(K) and N, (K), respectively;
further, we set N.(K)* = N.(K)NM(K)" and Ny(K)" = Ny(K)NM(K)™".
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It follows easily that N(K), Ny(K), and N.(K) are closed linear subspaces of
M(K). The point mass at an isolated point of K is a discrete normal measure.

The following proposition was proved in [91] and in detail by Bade in [24]. At
certain points these sources require that the space K be Stonean; this is also the as-
sumption in [234, Proposition I1I.1.11]. However, this assumption is not necessary.

Proposition 4.7.3. Let K be a non-empty, locally compact space. Then:
(1) u € M(K) is normal if and only if Ru and Sy are normal;

(i) 4 € Mg (K) is normal if and only if |u| is normal if and only if u* and p~
are normal;

(iii) 4 € M(K) is normal if and only if ||| is normal;
(iv) N(K) is a lattice ideal in M(K ), and N(K) = Ny(K) &1 N:(K).

Proof. (i) This is immediate.

(ii) Suppose that u*, = € N(K). Then certainly i, |u| € N(K).
Suppose that |¢t| € N(K) and that v € M(K) with |v| < |u]|. Then

og’/fadv
JK

< [ fadlul >0 @.17)
K

when fo \,0in Cy(K)™, and so v € N(K). In particular, i, u*, and y~ are normal
whenever || is normal.

Suppose that 4 € Mg (K) is normal and that f, "\, 0 in CO(K)H]. Let {P,N} be a
Hahn decomposition of K with respect to i, as in Theorem 4.1.7(i), and take £ > 0.
Since u is regular, there exist a compact set L and an opensetU in K with LC P C U
and || (U\L) < €. By Theorem 1.4.25, there exists g € Coo(K) ™ with y < g < yv.
Then

[ fadut = [ fadu < [ efadu+ [ efadu+2e= [ gfudu2e.
K P L U\L K

Since gfy N\ 0 and p is normal, limgy (g fo, 1) =0, and so

limsup (fo,u") < 2e.
o

This holds true for each € > 0, and so limg {fo, ™) = 0. Thus u* is normal; simi-
larly, u~ is normal.

(iii) Suppose that u € N(K). Then |Ru|+|3u| € N(K) from (i) and (ii). However
| < |9+ [Sul, and so || € N(K).

(iv) This is immediate from (4.17). a

Note that Ay € N(K) for each A € L=(u) and u € N(K)*, and so we may re-
gard L= (K, ) as a closed subspace of N(K) for each u € N(K)". In particular,
the restriction of a normal measure on K to a Borel subspace of K is still a normal
measure in the space N(K).
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The spaces of o-normal measures on K have analogous properties to those in
Proposition 4.7.3.

Let K be a locally compact space. Recall from Definition 1.4.1 that £ denotes
the family of compact subsets L of K such that int gL = (. Clause (i) of the following
theorem, for Stonean spaces K, is due to Dixmier [91]; see [225, p. 341]. Clause (ii)
was formulated and proved in [76, p. 405].

Theorem 4.7.4. Let K be a non-empty, locally compact space. Then:
(i) a measure 4 € M(K) is normal if and only if u(L) =0 (L € Hk);

(i) a measure 4 € M(K) is o-normal if and only if j1(L) = 0 for each Gg-set
Le xx.

Proof. (i) Suppose that u € N(K). By Proposition 4.7.3(iii), we may suppose that
U € N(K)". Now take L € ¥k, and consider the non-empty set

F ={feCr(K):f= .}
Suppose that g = inf.% in Co r(K). Then g(x) =0 (x € K\ L), and so g = 0 because
intgL = 0. Thus inf # = 0. Since u(L) = inf{{f, u) : f € F}, we have u(L) = 0.
Conversely, suppose that 4 € M(K) and (L) =0 (L € k). Again by Prop-

osition 4.7.3(iii), it suffices to suppose that u € M(K)*. Take (f) in Co(K)™ with
Jfo \\ 0; we may suppose that f, < 1 for each o. Set

8) = inffuls) (x€K).

Then g is a Borel function because g~ (V') is an F5-set in K for each open set V in
R,and g > 0. Forn € N, set B, = {x € K : g(x) > 1/n}, so that B, € Bg. For each
compact subset L of B,,, we have intgL = 0, and so (L) = 0. Thus u(B,) =0, and
sou({x € K:g(x) >0}) =0, whence [, gdu = 0. Hence it suffices to show that

lim/ fadu:/gdu. (4.18)
a JK K

Take € > 0. By Lusin’s theorem, Proposition 4.1.7(ii), there is a compact subset L of
K with u(K'\ L) < € and such that g | L € C(L). By Dini’s theorem, Theorem 1.4.28,
limy |fo | L—g | L|;, =0, and so there exists o with |fo, | L—g | L|; < € (o0 > ap).
It follows that

'/mw—/m@</m—mw+%<mwmm(az%x
K K L

giving (4.18).

(i1) This is similar. a

Consider Lebesgue measure m on I. There are Cantor-type closed subsets L of I
such that intL = @ and m(L) > 0. This shows that m is not a 6-normal measure.
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Corollary 4.7.5. Let K be a non-empty, locally compact space, and suppose that
U € M(K). Then the following are equivalent:

(@) ueNK);

(b) |u| (B\ intB) = 0 for each B € Bk,

(c) u(By) = U(By) for each By,B; € Bk with B| = B,.

Proof. We may suppose that t € M(K)™".

(a) = (b) Take B € Bg. For each € > 0, there exists an open set U in K with
BCUand u(U\B) <e.Since U\U € J#k, we have u(U\U) = 0. Thus

u(B) < pu(B) < u(U)=pU) < u(B)+e,

and so 1 (B) = u(B). By taking complements, it follows that pt (int B) = u(B). Hence
w(B\intB) = 0.

(a) = (c) We know that u(B) = 0 for each nowhere dense set B in B, and so
W (B) =0 for each meagre set B in Bg. Thus u(B;) = u(B,) whenever By, B, € Bk
with B{AB; meagre.

(b), (c¢) = (a) These are immediate from Theorem 4.7.4(i). O

Corollary 4.7.6. Let K be a Stonean space, and suppose that L € N(K) N P(K)
is a strictly positive measure. Then every equivalence class in L”(K, L) con-
tains a continuous function, the C*-algebras (L (K, 1), || - ||..) and (C(K),|-|x) are
C*-isomorphic, and @y is homeomorphic to K.

Proof. By Theorem 3.3.5(iii), there is a C*-isomorphism P : B?(K) /My — C(K).
However p(B) = 0 for each meagre set B € Bk by Corollary 4.7.5, and so ker P is
exactly the kernel of the projection of B”(K) onto L= (K, ). The result follows. O

Proposition 4.7.7. Let K be a non-empty, locally compact space satisfying CCC.
Then every ¢-normal measure on K is normal.

Proof. Let 4 € M(K) be o-normal. We must show that yu € N(K); it suffices to
suppose that it € M(K)™. Recall from page 23 that Z(K) denotes the family of zero
sets of K. By Theorem 4.7.4(ii), u(Z) = 0 for each Z € J#x NZ(K).

Take L € k. We claim that there exists Z € #g NZ(K) such that L C Z. Indeed,
let .7 be a maximal disjoint family of cozero sets contained in the open set K \ L.
By CCC, .7 is countable, and so the set

Z:=({K\V:VeZF}

is a zero set containing L. Hence Z has empty interior by the maximality of .%,
proving the claim.

By hypothesis, (Z) =0. Thus y (L) = 0, and so it follows from Theorem 4.7.4(i)
that u € N(K). O
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Consider the compact space K := [0,®]. Then &,, € M(K)" and 64, (Z) =0
for each Z € % that is a zero set because each zero set that contains @; has non-
empty interior. Thus &, is a o-normal measure on K which is not normal (because
{®} is compact with empty interior). Another such example will be given below
in Example 4.7.16.

We note that, if one asks whether such an example can be found on a Stonean
space K, large cardinals come into the picture. The existence of a Stonean space K
with a non-zero o-normal measure which is not normal is equivalent to the existence
of a measurable cardinal; see [107, Theorem 363S] or [179].

Theorem 4.7.8. Let K be a non-empty, locally compact space. Then:

(i) N(K) is a Dedekind complete lattice ideal in M(K);

(ii) there is a closed subspace S(K) of M(K) such that M(K) = N(K) & S(K)
andv 1 o foreachv € N(K) and o € S(K);

(iii) N(K) is a 1-complemented subspace of M(K).
Proof. (i) By Proposition 4.7.3(iv), N(K) is a lattice ideal in M(K).

Let § be a family that is bounded above in N(K)*, and set 4 = \/§ in M(K)™,
so that

w(B) =sup{v(B):vegF} (BeBk).
This implies that 4 (L) =0 (L € #k), and so u € N(K)™T; clearly, u is the supremum
of §in N(K)*, and so N(K) is Dedekind complete.
(ii) Set
S(K)y={oceM(K):vLlo (veNK))}.
Then S(K) is a closed linear subspace of M(K) and N(K)NS(K) = {0}.
Now take p € M(K)™, and set

= \/{veN(EK)":v<u},

so that u, € N(K)™; set s =  — 4. For v € N(K) ", we have tn + (Us A v) < i, and
hence iy + (Us A V) < tpn. Thus s Av =0 (v € N(K) ™). It follows that us € S(K) ™.

For u € M(K), write L = 1y — tp +i(t3 — Hg), where g, ..., 1y € M(K)™". For
i=1,...,4, the measure |; can be decomposed as [; n + Ui s With U;n € N(K)" and
Uin € S(K)+. Set

Mn=Min—Mon+i(U3n—Uan) and = Uy s—Htos+i(U3s— Uas).

Then u, € N(K), Uus € S(K), and pt = Uy + U, so that M(K) = N(K) & S(K). Since
n L s, we have [|]| = | tall + 11, and so M(K) = N(K) &1 S(K).
(iii) This is immediate from (ii). O

The measures in S(K) are sometimes called the singular measures, although this
is a somewhat unfortunate term.

Proposition 4.7.9. Let K be a non-empty, locally compact space, and suppose that
W € N(K). Then supp U is a regular—closed set.
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Proof. Since supp (L = supp ||, we may suppose that i € N(K)™.

Set F = supp U, a closed set, and set U = intF, so that U C F. Since F \ U is
nowhere dense, i(F \ U) = 0 by Theorem 4.7.4(i). Thus u(K\U) = 0, and so, by
the definition of supp u, we have K\U C K\F. Hence U = F, and F is regular-
closed. a

The next corollary does use the fact that K is Stonean; the result is due to Dixmier
[91], and is set out by Bade in [23, Lemma 8.6].

Corollary 4.7.10. Let K be a Stonean space, and suppose that u € N(K)™\ {0}.
(1) The space supp U is clopen in K, and hence Stonean.
(ii) For each B € Bk, there is a unique set C € Cx with C C supp U and
U(BAC) =0, and so each equivalence class in By contains a unique clopen subset

of supp M.

Proof. (i) In a Stonean space, every regular—closed set is clopen.

(ii) By (i), supp i is a clopen subset of K and p (K \ supput) = 0, and so we may
suppose that K = supp UL

Take B € *Bg. By Proposition 1.4.4, there is a unique C € €k with B = C, and then
U(BAC) = 0. Suppose that C;,C; € €k are such that u(BAC;) = u(BAGC,) = 0.
Then C1AC, C (BACy)U(BAG,), so that u(C1AC,) = 0. Since C1AC; is an open
set and K = supp U, it follows from Proposition 4.1.6 that C{AC, = 0, i.e., C; = C,.
This establishes the required uniqueness of C. O

Corollary 4.7.11. Let K be a Stonean space, and suppose that [, v € N(K). Then:
(1) supp v C supp U if and only if v < U ;
(ii) supp v = supp U if and only if v ~ 1L ;
(iii) u L v if and only if supp uNsupp v = 0.
Proof. (i) Always supp v C supp 4 when v < UL.
For the converse, we may suppose that i, v € N(K)™. By Proposition 1.4.4, for
each B € B, there exists C € € with C = B. Now suppose that B € 91,,. Then, by

Corollary 4.7.5(ii), C € My, and so CNsupp v = 0, whence v(B) = v(C) = 0. This
shows that v < u.

(i1) This is immediate from (i).

(iii) Clearly u L v when supp u Nsupp v = 0.

Now suppose that 4 L v, and set U = supp u Nsupp v, so that, by Corol-
lary 4.7.10(1), U is an open set. Then (v | U) L u and, by (i), v | U < u. Thus
v|U =0, and hence U = 0. O

We now determine the set of extreme points of the closed unit ball of the normal
measures. Recall that Dx denotes the set of isolated points of a topological space X.

Proposition 4.7.12. Let K be a non-empty, locally compact space. Then

exN(K)jj={86:: £ €T,xe Dk} and exN(K)NP(K)={6;:x€ Dg}.
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Proof. By Proposition 2.1.10 and Theorem 4.7.8(ii),
ex M(K)m =eXx N(K)m U ex S(K)m .

Thus, by Proposition 4.4.15(i), each point of ex N(K)(;) has the form {6, for some
{ € T and x € K. By Theorem 4.7.4(i), intg {x} # 0, and so x € Dg.
Conversely, {6y € ex N(K)(;) whenever € T and x € Dg. O

Corollary 4.7.13. Let K be a non-empty, locally compact space. Then we can iden-
tify Ny(K) with £'(Dg) and N.(K) with N(K \ Dx).

Proof. We know that §, € N;(K) for each x € D, and so ¢!(Dg) C Ny(K). Con-
versely, it is clear that Ny(K) C £ (Dg). Thus Ny (K) = ¢'(Dx).

For each u € N(K), we have |u|(Dk \ Dg) = 0 by Corollary 4.7.5, and so we
have supp 4 C K \ Dk for each 1 € N.(K). Conversely, take it € N(K \ D). Then
|t ({x}) =0 (x € K\ Dk), and so u € N.(K). O

Corollary 4.7.14. Let S be a non-empty set. Then N(BS) = Ny(BS) = £1(S) and
Nc(BS) = N($*) = {0}.

Proof. By Proposition 1.5.9(ii), BS is Stonean, and Dgg = S = S. By Corol-
lary 4.7.13, N(BS) = Ny (BS) = £!(S) and N.(BS) = {0}.

We now show that N(S*) = {0}. Assume to the contrary that u € N(S*) with
u # 0. By Theorem 4.7.4(i), supp u has non-empty interior, and so supp u contains
a clopen set of the form A*, where A is an infinite subset of S. By Proposition 1.5.5,
A* contains an uncountable family of non-empty, pairwise-disjoint, open subsets.
But this contradicts the fact that, by Proposition 4.1.6, supp u satisfies CCC. Thus
u=0. O

Corollary 4.7.15. Let X be a non-empty, compact space such that N(X) is isomet-
rically a dual space. Suppose that Dx is countable and infinite. Then N(X) = (1.

Proof. Take E to be a Banach space with E’' = N(X); we shall apply Theorem 4.1.10
with K taken to be E[’l]. Take a countable, dense subset 7 of T, and consider the

countable set
D={{6,: T, xeDx}.

Then, using Proposition 4.7.12, we see that D is || - ||-dense in ex K, and so, by The-
orem 4.1.10, K is the || - ||-closure of the absolutely convex hull of {6, : x € Dx}. It
follows that E' = ¢!, and so N(X) = /1. O

The next example gives some o-normal measures on a space K that is such that
N(K) = {0}.
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Example 4.7.16. Consider the compact space K = N*. By Proposition 1.5.3(i), there
are no non-empty Gg-sets in .#x. Thus all measures in M(K) are o-normal. How-
ever N(K) = {0} by Corollary 4.7.14. O

Let K and L be non-empty, compact spaces, and again suppose that ) : K — L is
a continuous surjection. Recall that we defined

n°:f—fomn, C(L)—CK),

in equation (2.9) on page 83, so that 11° is a unital C*-embedding and a lattice
homomorphism. The dual of 1 ° is therefore a surjection

Ty:=(n°)" :M(K) = M(L)
with HT,, || = 1; of course, as in equation (4.7) on page 116,

(Tyu)(B)=p(n~'(B)) (Be B, ueMK)), (4.19)

and Ty, it is the image measure 7 [it]. We shall use this notation in the next result.

Note that Tyu € M(L)" when u € M(K)*, and so Ty is a positive operator
on the Banach lattice M(K), and hence is an order homomorphism. (However,
it is easily seen that 7, is not necessarily a lattice homomorphism.) Now take
v € M(L)". Then v defines a positive linear functional on n°(C(L)), and so has
a norm-preserving extension to a linear functional on C(K), and hence to a measure
U1 € M(K) with ||u|| = ||v]|; by equation (4.2), u € M(K)™. In particular, this shows
that Ty (M(K)") =M(L)*.

Proposition 4.7.17. Let K and L be non-empty, compact spaces, and suppose that
N : K — L is a continuous surjection that is either open or irreducible. Then

Ty(N(K)) C N(L).

Suppose, further, that N(L) = {0}. Then N(K) = {0}.

Proof. Take u € N(K). For Lo € 1, set Koy =N~ (Lo). Then Kj is certainly com-
pact in K. We claim that intgKy = 0. This is obvious when 1 is open, and fol-
lows from Proposition 1.4.21(ii) when 1 is irreducible. Thus Ky € .#k. By The-
orem 4.7.4(i), u(Ko) =0, and so (Tyu)(Lo) = 0. Again by Theorem 4.7.4(i),
Typ € N(L). Thus T, (N(K)) C N(L).

Now suppose that N(L) = {0}, and take p € N(K)". Then Tu = 0. But this
implies that pt(K) = (Tyut)(L) =0, and hence p = 0. Thus N(K) = {0}. O

Theorem 4.7.18. Let K and L be two non-empty, compact spaces, and suppose that
N : K — Lis an irreducible surjection. Then the map

Ty | N(K) : N(K) = N(L) (4.20)

is a Banach-lattice isometry.
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Proof. By Proposition 4.7.17, Ty (N(K)) C N(L). We shall now show that the map
Ty : N(K) — N(L) is a bijection.
Set
n'(Br) ={n"'(B): BeB.},

so that (B is a subset of Bg.

We claim that each C € By is congruent to a set in n~!(8). First suppose
that U is a non-empty, open set in K, and define V = {y € L: F, C U}, where
F,=n"'({y}) (v € L). By Proposition 1.4.21(ii), V is openin L and n~'(V) is a
dense, open subset of U, and so n ' (V) e n~1(B.) and U = n~! (V). As on page
13, each C € B, has the Baire property, and so there is an open set U in K with
C =U. The claim follows.

Now suppose that it € N(K) with Tt = 0. Then u(n~'(B)) =0 (B € B), and
so 1(C) =0 (C € Bg) by the claim and Corollary 4.7.5, (a) = (c). Thus the map
Ty : N(K) — N(L) is an injection.

We next claim that Ty, : N(K) — N(L) is a surjection and that the map

Ty | N(K)" :N(K)* = N(L)*

is an isometry. Indeed, take v € N(L)". As above, there exists 4 € M(K)* with
|lu|l =1|v|| and Ty = v. Take Ky € #k , and set Lo = nt(Kp). By Proposition 1.4.22,
Lo € #1, and so v(Lg) = 0. Thus u(m!(Lg)) = 0. Since u € M(K)*, it follows
that 1t(Ko) = 0, and hence 1 € N(K)" by Theorem 4.7.4(i). The claim follows.

We have shown that the map Ty, | Ng(K) — Ngr(L) is a bijection and that it is
an order isomorphism, and so T;; | N(K) : N(K) — N(L) is a Banach-lattice isomor-
phism. By Proposition 2.3.5 and the above claim, it is a Banach-lattice isometry. O

Corollary 4.7.19. Let L be a non-empty, compact space. Then the map
Ty, | N(Gr) : N(G1) = N(L)
is a Banach-lattice isometry. In particular, N(Gr) = N(L).

Proof. As in Theorem 1.6.5, the map 7y : G — L is an irreducible surjection, and
so this is a special case of the theorem. O

Later, we shall be concerned with compact spaces that have many normal mea-
sures, but first we shall give various examples of compact spaces that have no non-
zero normal measures.

Proposition 4.7.20. Let K be a non-empty, separable, locally compact space with-
out isolated points. Then there are no non-zero ¢-normal measures on K, and so

N(K) = {0}

Proof. We first claim that each o-normal measure ( on EK is a continuous measure.
Indeed, take x € K. Since the point x is not isolated, there is a countable subset, say
S = {x,:n €N}, of K\ {x} such that S is dense in K. Choose a sequence (Uy) in A%
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such that U; is compact and such that U, .| C U, and x,, &€ U, for each n € N, and
set L = (\U,. Then L is a compact Gg-set in K with x € L, and intgL = @ because
LNS =0.By Theorem 4.7.4(ii), u (L) = 0. This implies that u({x}) = 0, and hence
U is continuous, as claimed.

Again, let {x, : n € N} be a dense subset of K. Fix € > 0 and a compact subset L of
K; take g € Cor(K) with g > x; and g(K) C I. For each n € N, take U, € .45, with
|| (Un) < €/2", choose f, € Coo(K) with x4,y < fu < xu,,and set g, =g AV'_; fj,
so that g, /g in Co(K)™*. We have

(s [1]) < [ul (LnJ Uk) < i lu[(Uk) <& (neN).

k=1 k=1

Since [u] is o-normal, {g,, [u]) / (g, |ul) in BY, and so || (L) < (g, |u]) < &.
This holds true for each £ > 0, and hence |u| (L) = 0. Thus u = 0.
This gives the result. O

It is natural to wonder whether N(K) = {0} when the condition ‘separable’ in
Proposition 4.7.20 is replaced by the weaker condition that K satisfies CCC. The
example of Theorem 4.7.26, to be given below, will show that this is not the case.

Corollary 4.7.21. There are no non-zero, c-normal measures on G, and hence
N(Gy) ={0}.

Proof. As remarked within Example 1.7.16, Gy is an infinite, separable Stonean
space without isolated points, and so this follows from the proposition. The result
also follows from Proposition 1.7.13. a

Corollary 4.7.22. Let G be a locally compact group that is not discrete. Then
N(G) ={0}.

Proof. Take u € N(G)™ and a compact subspace K of G. Then there is an infinite,
clopen, o-compact subgroup Gy of G with Gy D K. As in Theorem 4.4.2, there is
a non-discrete, metrizable group H and a quotient map 1 : Gy — H; the map 7 is
open. The space 1(K) is separable and has no isolated points, and so, by Proposi-
tion 4.7.20, N(n(K)) = {0}. By Proposition 4.7.17, N(K) = {0}, and so u(K) = 0.
It follows that N(G) = {0}. O

The following result is essentially contained in [103].

Theorem 4.7.23. Let K be a non-empty, locally connected, locally compact space
without isolated points. Then N(K) = {0}.

Proof. Assume that there exists 4 € N(K)* with g # 0. Again, 4 € N.(K) ™.
For each n € N, let .%, be a family of non-empty, open subsets of K such that .,
is maximal with respect to the following properties:
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() u(U) < 1/nforeachU € %#,; (ii) distinct sets in .%, are disjoint.
It is clear from Zorn’s lemma that such a family %, exists. Set G, = J{U : U € Z#,,
an open subset of K. Since u is continuous, each open set in K contains an open set
of arbitrary small y-measure, and so G, = K. By Theorem 4.7.4(i), (K \ G,) =0.

Now set H = N{G, : n € N}, a Gg-set in K. We have u(K\ H) =0, and so
W(H) > 0. By Theorem 4.7.4(i), p(intg H) > 0. Assume that each x € intxgH has an
open neighbourhood V; in K with pt(Vy) = 0. For each compact subset L of intxH,
there are finitely many points xi,...,x, € intxH with L C V, U---UV,,, and so
u(L) =0. But

w(intgH) = sup{p(L) : L compact, L C intgH}

because [ is a regular measure, and so u(intgH) = 0, a contradiction. Thus there
exists xo € intgH such that (V) > 0 for each V € N;,- Let Vg be an open neigh-
bourhood of xy with Vjy C intgH. Since K is locally connected, we may suppose that
Vo is connected. We have Vy C G,, for each n € N.

Since p(Vp) > 0, there exists n € N with p(Vp) > 1/n. Choose U € .%, with
xo €U, andsetV =G, \ U, so that V is open in K. Since u(U) < 1/n < u(Vp), we
have VoN'V # 0, and so {VyNU,VypNV} is a partition of Vj into two non-empty,
disjoint, open subsets, a contradiction of the fact that Vj is connected.

Thus N(K) = {0}, as required. O

Proposition 4.7.24. Let K be a non-empty, connected, locally compact F-space.
Then N(K) = {0}.

Proof. Assume that there exists 4t € N(K)*\ {0}, and choose a compact subset L of
K such that p(L) > 0. Since L is a compact F-space satisfying CCC (by Proposition
4.1.6), the space L is Stonean, and so there is a non-empty, open subset U of K with
U C L. Choose a non-empty, open subset V of K such that V C U. Then V is open
in U, and hence in K. We have shown that K contains a non-empty, clopen subset,
and so K is not connected, the required contradiction. a

Proposition 4.7.25. Let L be a compact space without isolated points which is either
separable or a locally compact group or locally connected or a connected F-space,
and suppose that K is a compact space such that there is a continuous surjection that
is open or irreducible from K onto L. Then N(K) = {0}. In particular, N(G) = {0}
and N(L x R) = {0} for each compact space R.

Proof. This follows from Proposition 4.7.17, Proposition 4.7.20, Corollary 4.7.22,
Theorem 4.7.23, and Proposition 4.7.24. O

In the text [220, p. 2], a monotone complete C*-algebra is said to be wild if there
are no non-zero normal states. Let K be a non-empty, compact space. Then, as we
remarked on page 107, C(K) is a monotone complete C*-algebra if and only if K
is Stonean; C(K) is wild if and only if N(K) = {0}. In [220, §4.3], it is shown that
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there are many examples of monotone complete C*-subalgebras of ¢* that are wild,
and so we obtain many examples of Stonean spaces K such that N(K) = {0}.

In the light of Theorem 4.7.23 and Proposition 4.7.24, it is natural to wonder
whether N(K) = {0} for each connected, compact set K. This question was an-
swered by Grzegorz Plebanek [206] with the following counter-example; we are
very grateful to him for his permission to include it here. Preliminary results on
inverse systems with measures were given in §4.1.

Theorem 4.7.26. There is a non-empty, connected, compact set K satisfying CCC,
and such that N(K) # {0}. Indeed, there exists a strictly positive measure in N(K).

Proof. Let L =1, a connected, compact space, and take m to be the strictly positive
measure on [ that is Lebesgue measure.
We shall define inductively an inverse system with strictly positive measures

(Kﬂhnuohng OSQSB <0)1)

with Ky = L and o = m.

When 0 < y < o, is such that (Kg, U, ng :0 < a < B <7y)is an inverse sys-
tem with non-empty, connected, compact spaces K and strictly positive measures
Ue € P(Ky) (for 0 < a < ), we define Ky, | and p,41 by applying Theorem 4.1.16
with L = Ky and v = [, and by setting Ky = K;f and [y = ,u;f (and defining the
maps ngﬂ to be n* o 7} for 0 < o < y and ”;]//ill to be the identity on Ky 1).

As in Theorem 4.1.16, we have intg,, | (n;/ﬂ)’l(W) # 0 for each W € Z(Ky)
with (W) > 0.

When 0 < y < @, 7 is a limit ordinal, and K, and s € P(K,) are defined for
0 < a < v, we define (Ky, i 0<a< ) to be the inverse limit of the inverse

system (K, ng :0 < a < fB <7v) (and take ), to be the continuous surjections that
arise in Theorem 1.4.32), so that K, is compact and connected; we take u, € P(Ky)
to be the strictly positive measure specified in Proposition 4.1.15. In the special case
in which y = @1, we set K = Ky, U = iy € P(K), and n = 1.

It follows from Corollary 1.4.33 that, for each Z € Z(K), there exists o < @1 and
W € Z(K¢) such that Z = 7' (W). Suppose that i (Z) > 0. Then gy (W) > 0, and
so (7% *1)~1(W) has non-empty interior. Hence

intxZ = intx (1.}, (g ") ' (W))) #0,

and so U(Z) = 0 whenever Z € Z(K) and intxZ = 0, i.e., it is o-normal by Theo-
rem 4.7.4(ii). Since u is strictly positive, K satisfies CCC, as is generally the case
for the support of any yt € M(K). By Proposition 4.7.7, u € N(K).

This completes the proof of the theorem. O

It can be shown, using the remark after Theorem 4.1.16, that w(K) = ¢, where K
is the space of the above proof.
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We have earlier defined a ‘normal measure’ on a Boolean algebra; see Defini-
tion 1.7.12. One might guess that a normal measure on a compact space K would
give a normal measure on the Boolean algebra 5. However this is not correct.
Indeed, suppose that there exists it € N.(K)* with ||| = 1, and take the net (Uy)
in Bk consisting of the complements of the finite subsets of K, so that Uy \, 0 in
B, but 1 (Uy) = 1 for each a, and so limyeq U (Uy) # 0. However, we do have the
following result involving the Boolean algebra of regular—open sets, as defined in
Example 1.7.16.

Theorem 4.7.27. Let K be a non-empty, compact space. Then the map
RI,LL'—>‘U|SRK, N(K)_)N(mK)a
is a Riesz isomorphism

Proof. Take u € N(K). Then it is clear that Ry is a measure on the Boolean algebra
Rk in the sense of Definition 1.7.12.

We first claim that Ry € N(FR). For this, it suffices to suppose that u € N(K) ™.
Take a net (Uy,) with Uy N\, @ in Rk, and consider the set

r=J{reck): y, <r}

regarded as a downward-directed netin C(K)*. Take g € C(K) " withg < f (f€T');
we shall show that g = 0. Indeed, assume towards a contradiction that g # 0. Then
there is a non-empty, open set V in K with g(x) >0 (x € V). Assume that « is such
that V ¢ Uy. Then V ¢ Uy, because Uy, is regular—open, and so there exists x € V and
f€C(K) with f(x) =0and yy, < f, using the fact that K is compact. Thus f € I,
and hence g(x) = 0, a contradiction. This shows that V C (\Uy, a contradiction of
the fact that Uy, “\, 0. Hence g = 0, and so infI" = 0.

Since u € N(K) ™, we see that inf{p(f) : f € I'} = 0. However, for each f € T,
there exists o with yy,, < f, and so infy, (1 (Uy ) = 0. We have shown that Ru satisfies
the condition given in Definition 1.7.12 for it to be a normal measure on Rk, and so
Ru € N(Rk)™, giving the claim.

It is clear that R : N(K) — N(9Rk) is a Riesz homomorphism.

We now claim that R is injective. Indeed, suppose that u € Ng(K) with Ry = 0.
Then R(|u|) = |Ru| =0, and so || (K) = R(|u])(K) = 0. Thus g =0, and so R is
injective, as claimed.

We finally claim that R is surjective. Indeed, take v € N(PRg)™, and define
U(B) = v(Vg) (B € Bk), where Vg is the unique regular—open subset of K with
B=Vp.

We claim that ﬁ is a measure on K. First, note that, for disjoint sets B,C € By,
we have VgNVe =BNC =0, and so {(BUC) = li(B) + 1(C). Now suppose that
(By) is an increasing sequence in Bg with union B € B. Then

BA (U{VBn ‘ne N}) C U{BnAVB,, :neN}
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is meagre. Set U = \/{V3, : n € N} in Rk, so that UAB is meagre and U = V. Then
U(B) = v(Vg) = lim, .. v(V3,) because v is normal, and so 1i(B) = lim, e U(By,).
This shows that [I is 6-additive. Thus I € M(K), and [i(B) >0 (B € Bk ). (Note that
it is not immediately obvious that [i is regular, but [i does define a continuous linear
functional on C(K).) By the Riesz representation theorem, there exists 4 € M(K)*
with

/K Fdu=(f,0) (f€C(K)).

Let L be a non-empty, closed subspace of K. The family % of sets in g that
contain L is a net with infimum intL in Rk, and so {v(U):U € Z } is anetin R
with infimum v (intL). For each U € % , there exists fiy € C(K) with y1. < fu < v,
and then

N(L)S/Kfudu: (f, i) <AU) = v(U).

Thus (L) < v(intL).

Take U € k. By the previous remark, we have u(U) = u(intU) < v(U),
and hence p(int(K\U)) < v(int(K\U)), i.e., u(U") < v(U'), which implies that
w(U) > v(U). It follows that u(U) = v(U).

For each B € B, the set BAVp is meagre, and so 4 (B) = u(Vg) = v(Vg) = U(B).
Thus g = li. Clearly Ry = v and so R is a surjection.

We conclude that R : N(K) — N(fRk) is a Riesz isomorphism. O

Corollary 4.7.28. Let K and L be two compact spaces such that R and Ry, are iso-
morphic as Boolean algebras. Then N(K) and N(L) are Banach-lattice isometric.

Proof. Let p : Rg — P be an isomorphism, and then define
PU(V)=ulp~'(V)) (neN®),V€R),
so that p : N(JRg) — N(Ry.) is the induced Riesz isomorphism. Next, let
Rx:N(K) = N(Rg) and Rp:N(L)— N(RL)
be the Riesz isomorphisms given by the theorem. Set
T=R;"opoRg:N(K)—N(L).

Then T is a Riesz isomorphism. Further, ||[Tu|| = |Tup|(L) = |u|(K) (1 € N(K))
because p~!(L) = K. By Proposition 2.3.5, there is a Banach-lattice isometry from
N(K) onto N(L). O

We recall from Example 1.7.16 that SR and PR, are isomorphic as Boolean
algebras if and only if the Gleason covers Gx and G are homeomorphic. Thus
Corollary 4.7.28 also follows easily from Corollary 4.7.19.
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