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Grothendieck’s compactness principle for the absolute
weak topology

Geraldo Botelho*, José Lucas P. Luiz and Vinicius C. C. Mirandal

Abstract

We prove the following results: (i) Every absolutely weakly compact set in a
Banach lattice is absolutely weakly sequentially compact. (ii) The converse of (i)
holds if E is separable or Bg«~ is absolutely weak® compact. (iii) Every absolutely
weakly compact subset of a Banach lattice is contained in the closed convex hull of
an absolutely weakly null sequence if and only if the Banach lattice has the positive
Schur property. Examples and applications are provided.

1 Introduction and background

The compactness principle proved by Grothendieck in [I8, p.112] states that every norm
compact subset of a Banach space is contained in the closed convex hull of a norm null
sequence. In [I13], the authors studied a version of this principle concerning the weak
topology and proved the following outstanding result: every weakly compact subset of
a Banach space is contained in the closed convex hull of a weakly null sequence if and
only if the Banach space has the Schur property (meaning that weakly null sequences are
norm null). The hard part of their proof uses basic sequence techniques. Later, another
proof appeared in [19] using an operator theoretic approach. As expected, Grothendieck
compactness-type principles have been considered for different topologies. For instance,
P. N. Dowling and D. Mupasiri [I5] proved a Grothendieck compactness principle for the
Mackey dual topology. We also refer the reader to [7] and [14] for different perspectives
concerning Grothendieck’s compactness principle.

In Banach lattice theory, topologies related to the order structure play a central role.
Perhaps the most known of these topologies is the absolute weak topology |o|(E, E*) on a
Banach lattice E, which lies between the weak and norm topologies. It is known that the
weak and the absolute weak topologies coincide only on finite dimensional Banach lattices.
Compact (and sequentially compact) sets in these topologies are also different in general
(cf. Example[2.H). The main purpose of this paper is to prove a Grothendieck compactness
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principle for the weak absolute topology. The lattice counterpart of the Schur property is
the positive Schur property (meaning that positive weakly null sequences are norm null),
so, bearing in mind the weak compactness principle proved in [I3] Theorem 1], if the weak
topology is replaced with the absolute weak topology, then it is natural to replace the
Schur property with the positive Schur property. So, from the beginning we tried to prove
that every absolutely weakly compact subset of a Banach lattice is contained in the closed
convex hull of an absolutely weakly null sequence if and only if the Banach lattice has the
positive Schur property.

In our way to prove the main result, we realized that some well known results on
the weak topology on Banach spaces that are often used in the proofs of compactness
principles have no known analogues for the absolute weak topology on Banach lattices.
The result is that we were forced to prove lattice versions for the absolute weak topol-
ogy of known results for the weak topology. As any expert on the field knows, the two
implications of the Eberlein-Smulian Theorem (weak compactness coincides with weak
sequential compactness in Banach spaces) are among these results. Eberlein-Smulian-type
results have been studied for different topologies in Banach lattices, a very recent devel-
opment can be found in [20, Section 8]. But we have not been able to find anything in
this direction for the absolute weak topology. In Section 2 we prove that a Smulian The-
orem holds in full generality: absolutely weakly compact subsets of Banach lattices are
absolutely weakly sequentially compact (cf. Theorem 7). Since Eberlein’s Theorem is
usually proved applying Alaoglu’s Theorem, we investigated the validity of an analogue of
Alaoglu’s Theorem for the absolute weak topology. We ended up proving that this is not
case (cf. Proposition and Example 2.7)). We thus proved a partial Eberlein Theorem,
establishing that absolutely weakly sequentially compact subsets of Banach lattice E are
absolutely weakly compact if E is separable or the closed unit ball of E** is absolutely
weak*-compact (cf. Theorem 20). Examples of nonseparable Banach lattices for which
the closed unit ball of E** is absolutely weak*-compact are provided.

Although Theorem is only a partial version of Eberlein’s Theorem, in Section 3 we
managed to overcome this drawback. In the end we prove the Grothendieck compactness
principle for the absolute weak topology exactly as we have tried from the beginning (cf.
Theorem BH). It is worth mentioning that a crucial part of the proof of [I3, Theorem
1], which we isolated in Lemma B4l plays an important role in our proof as well. As an
application we obtain two characterizations of the dual positive Schur property relating it
to the absolute weak* topology.

We refer the reader to [3|, 24] for background on Banach lattices and to [16] for Banach
space theory. Throughout this paper X, Y denote Banach spaces and F, ' denote Banach
lattices. We denote by By the closed unit ball of X and by X* its topological dual. For
a subset A C X, @(A) denotes the closed convex hull of A. As usual, the weak topology
on a Banach space X shall be denoted by o(X, X*) or w, and the weak* topology on X*
by o(X*, X) or w*.



2 Eberlein-Smulian Theorem

For a Banach lattice £ and a nonempty subset A of the topological dual E* of F, the
absolute weak topology |o|(E, A) is the locally convex-solid topology on E generated by
the family {p,~ : * € A} of lattice seminorms, where p,-(z) = |z*|(|z|) for all z € E and
x*€ A Forall e >0and z7, ...,z € A, set

V(0; 27|, s |zl e) i={z e E:|x}|(|z]) <e,i=1,...,n}.

The collection of all sets of this form is a basis of zero neighborhoods for |o|(E, A). Mor-
ever, the weak topology o(F,A) on E determined by the functionals belonging to A is
contained in |o|(E, A). In this paper, we are interested in the case A = E*. It follows
from [2, Theorems 2.36 and 2.38] that the weak topology ¢(E, E*) and the absolute weak
topology |o|(E, E*) coincide only on finite dimensional Banach lattices. Naturally, this
remarkable fact raises the question of whether analogues of known results for the weak
topology in Banach spaces hold for the absolute weak topology in Banach lattices. In this
section we address this question for the Eberlein-Smulian Theorem.

We start by showing that the absolute weak topology on a Banach sublattice coincides
with the corresponding induced topology. By 7|y we denote the topology on a subset Y
of a topological X induced by the topology 7 of X.

Lemma 2.1. For a Banach sublattice F' of the Banach lattice E, the absolute weak topology
on F coincides with the topology induced by the absolute weak topology of E, that is,
(F, |o|(F, F7)) = (F, |o|(E, E*)|F).

Proof. 1t is enough to check that basic neighborhoods of zero in one of the topologies belong
to the other one. In one direction, apply the Hahn—Banach-type extension theorem for
positive functionals (see [22, Corollary 1.3]); and in the other direction just use that the
restriction of a positive functional to a sublattice is a positive functional. O

As usual, we say that a net (z,), in a Banach lattice F is absolutely weakly convergent

if it is convergent with respect to the absolute weak topology, that is, if there exists
E,E* . . . .
x € E such that z, ‘U‘(—> ) x. In particular, (x,), is said to be absolutely weakly null if

T |U|(i’]>5 ) 0. The following facts shall be used without reference.

Remark 2.2. (i) z, IELD i B if and only if x*(|z, — z|) — 0 for every 0 < a* €
E*. Thus, every absolutely weakly convergent sequence is weakly convergent to the same
element.
(ii) A net (2,)q in a Banach lattice is absolutely weakly null if and only if (|z4])s is weakly
null. In particular, a positive net is absolutely weakly null in a Banach lattice E if and
only if it is weakly null.
(iii) A disjoint sequence is absolutely weakly null in a Banach lattice if and only if it is
weakly null.

(i) and (ii) follow from the definition of the absolute weak topology. For (iii), if (z,,), is
a disjoint weakly null sequence in a Banach lattice E, then |x,| — 0 by [29, Proposition
1.3], hence (x,,), is absolutely weakly null.



A subset K of a Banach lattice FE is said to be absolutely weakly compact (respectively,
absolutely weakly sequentially compact) if it is compact in the topology |o|(FE, E*), or
simply, if it is |o|(F, E*)-compact (respectively. if it is |o|(F, E*)-sequentially compact,
that is, if every sequence in K has an absolutely weakly convergent subsequence to an
element of K). It is immediate that every absolutely weakly compact subset of a Banach
lattice is weakly compact. Moreover, as a consequence of the Eberlein-Smulian Theorem
every absolutely weakly sequentially compact subset of a Banach lattice is weakly compact
as well.

Lemma 2.3. If a subset K of a separable Banach lattice E is absolutely weakly compact
or absolutely weakly sequentially compact, then the absolute weak topology |o|(E, E*) is
metrizable on K.

Proof. Let {z,, : n € N} be a dense subset of E. By Hahn-Banach we can take D = {z} :
n € N} C E* such that ||z}|| = 1 and z}(z,) = ||| for every n € N. Combining the
denseness of the set {z,, : n € N} with these properties of the functionals (z}),, it is easy
to check that the bounded linear operator
T:FE—/ly, T(x)=(2:())n,

is an isometric embedding. Consider the locally convex-solid topology |o|(E, D) which is
generated by the sequence {p,- : n € N} of seminorms given by p,:(z) = |z;|(|z|) for
every x € E. If x € E is such that p,-(z) = 0 for every n € N, then

|z ()| < lan|([2]) = pay, (2) = 0

for every n € N, therefore ||z| = ||T(z)|| = 0. By [I, Lemma 5.76] it follows that
|o|(E, D) is a Hausdorff locally convex topology on E generated by the sequence {p,: :
n € N} of seminorms. So, by [Il Lemma 5.75] we conclude that |o|(E, D) is metrizable.
Moreover, since D C E*| it is immediate that |o|(F, D) C |o|(E, E*), hence the identity
map Id: (K, |o|(E, E*)) — (K, |o|(E, D)) is continuous.

Supposing that K is absolutely weakly compact, we get from [I, Theorem 2.36] that
Id is an homeomorphism because (K, |o|(E, E*)) is compact and (K, |o|(F, D)) is Haus-
dorff. Therefore |o|(E, D) and |o|(E, E*) coincide on K, from which it follows that
(K, |o|(E, E¥)) is metrizable.

Assume now that K is absolutely weakly sequentially compact. In order to prove that
Id is an homeomorphism, let F' be a |o|(E, E*)|k-closed subset of K and let (x,), C F

be such that x,, ‘U‘EE R x for some x € K. Since F' C K, the assumption yields that there
exist a subsequence (x,, ) of (z,), and y € K such that z,,, oIEL y. As F'is |o|(E, E*)-

closed, y € I'. Moreover, since D C E*, x,, ‘U@D) y, which gives x = y. This proves that

Id(F) = F is sequentially |o|(E, D)-closed and, since |o|(E, D) is metrizable, we obtain
that F' is |o|(E, D)-closed. Thus Id is an homeomorphism. It follows that |o|(E, D)|k
and |o|(E, E*)|k coincide on K, and we conclude that (K, |o|(E, E*)) is metrizable.  [J

We are ready to prove the Smulian part of the Eberlein-Smulian Theorem for the
absolute weak topology.



Theorem 2.4. Absolutely weakly compact subsets of Banach lattices are absolutely weakly
sequentially compact.

Proof. Let K be an absolutely weakly compact subset of a Banach lattice F. Given a
sequence (x,), in K, put X = span{z, : n € N}. It follows from [3| Exercise 9, p. 204] that
there exists a separable Banach sublattice F' of E containing X. Since the absolute weak
topology |o|(F, F*) on F coincides with the absolute weak topology |o|(F, E*) of E induced
on F' (Proposition [2]), we have that K N F' is |o|(F, F’*)-compact, so (K N F, |o|(F, F*))
is metrizable by Lemma As (x,,), is contained in K N F, there exist a subsequence

(@, )k of (2,,)r and an element x € K NF such that z,, — x with respect to the topology

|o|(F, F*). Calling on Proposition 2] once again we get the convergence x,, oIEL") x,

which completes the proof. O

As a first application we give an example of a weakly compact set which is neither
absolutely weakly compact nor absolutely weakly sequentially compact.

Example 2.5. It is well known that the sequence (r,,), formed by the Rademacher func-
tions is weakly null in L,[0,1]. So, K := {r, : n € N} U {0} is a weakly compact subset
of L1]0,1]. Suppose that K is absolutely weakly sequentially compact. In this case there

are a subsequence (ry,); of (r,), and f € L[0,1] such that r,, oIELD f. Since the
weak topology is contained in |o|(E, E*), the subsequence (ry,); is weakly convergent to
f. But (ry,); is weakly null as a subsequence of a weakly null sequence, so f = 0, meaning

that 7y, IELD By Remark Z2(ii) it follows that (|r,,|); is weakly null. But, for every
j € N, |ry,| is the constant function equal to 1, so (|r,,,|); converges weakly to the constant
function equal to 1. This contradiction shows that there is no |o|(F, E*)-convergent sub-
sequence of (1), proving that K is not absolutely weakly sequentially compact. Theorem
2.4 assures that K is not absolutely weakly compact.

The usual proof of the Eberlein part of the Eberlein-Smulian Theorem uses the weak*
compactness of the closed unit ball of the dual of any Banach space (Alaoglu’s Theorem).
This led us to consider the absolute weak* topology |o|(E*, E') on the dual E* of a Banach
lattice, which is obviously defined as the locally convex-solid topology on E* generated by
the family {q, : = € E} of lattice seminorms, where ¢, (z*) = |z*|(|z|) for all z* € E* and
xr € E. In particular, we have that

o(E*,E) C |o|(E*,E) C |o|(E*, E™).
It just so happens that there is no Alaoglu’s Theorem for the absolute weak* topology:

Proposition 2.6. Let E be a Banach lattice. If Bg- is absolutely weak® compact, then E
has order continuous norm.

Proof. Since o(E*, E) C |o|(E*, E), the identity operator

Id: (BE*,

o|(E*,FE)) — (Bg+,0(E*, F))

is continuous. As Bpg- is assumed to be |o|(E*, E)-compact and the weak* topology
o(E*, E) is Hausdorff, we obtain by [I, Theorem 2.36] that Id is a homeomorphism. We
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claim now that (E*, |o|(E*, E))* = E. Indeed, on the one hand, given a weak* continuous
linear functional z**: E* — R, for every open subset U of R we have

(*)7'(U) € o(E*, E) C |o|(E", E),

showing that z** is |o|(E*, E)-continuous. On the other hand, if z**: F* — R is
a |o|(E*, E)-continuous linear functional, the restriction of z** to Bp« is |o|(E*, F)-
continuous as well. Calling on the inclusion o(E*, E) C |o|(E*, F) once again, we get
that 2**|p,. is weak™-continuous. By [I6, Corollary 3.94], 2** is weak™-continuous. This

proves that
(E% |o|(E", E))" = (B, 0(E", E))" = E,

where the last equality is well known for Banach spaces. Thus |o|(E*, E) is a topology on
E* consistent to the dual pair < E, E* >, and so E has order continuous norm (see [I]
Theorems 8.60 and 9.22]). O

Before proceeding, let us see that the Banach lattice E' having order continuous norm
is not sufficient for Bg« to be an absolute weak™® compact subset of E*:

Example 2.7. Let 1 < p < co. The Banach lattice L,[0, 1] has order continuous norm
because it is reflexive. Using that the Rademacher sequence (r,), is weakly null in L,[0, 1],
the same argument we used in Example shows that (r,), has no absolutely weakly
null subsequence. So, By o,1) is not absolutely weakly sequentially compact. Theorem 2.4]
gives that By o) fails to be absolute weakly compact. Since the absolute weak topology
and the absolute weak* topologies coincide on reflexive Banach lattices, we conclude that
Br,0,1) is not absolute weak® compact.

We shall prove a partial converse of Theorem 24 that is, a partial Eberlein part of
the Eberlein-Smulian Theorem. We just need one more tool.

Lemma 2.8. Let J: E — E** be the canonical embedding from a Banach lattice to its
bidual. Then
J: (B, |o|(E, EY)) — (J(E),[o|(E™, E7))

s an homeomorphism.

Proof. Since J is a linear map between two topological vector spaces, it is enough to
prove that J and its inverse J~': J(F) — E are continuous at zero with respect to the
prescribed topologies. For a net (z,), in F, we have

2o B0 = J(|zal)(|27]) = |27](|2a]) — O for every o € E7.

The fact that the canonical embedding is a lattice homomorphism (see [24, Proposition
1.4.5]), we obtain that

|lo|(E*" E*)
—

2o "EEV 0 = |J(@a)|(|2]) — 0 for every o* € B* = J(x,) 0,
which completes the proof. O



Theorem 2.9. Let K be an absolutely weakly sequentially compact subset of a Banach
lattice E. If E is separable or Bg« 1is absolutely weak® compact, then K 1is absolutely
weakly compact.

Proof. If E is a separable Banach lattice, the result follows from Lemma and the fact

that compactness and sequential compactness are equivalent on metrizable spaces.
Suppose that Bg« is a |o|(E**, E*)-compact set. Let us stress first that K is norm

bounded. Indeed, if K were not norm bounded, there would exist a sequence (z,), in K

such that ||x,|| > n for every n € N. By the absolute weak sequential compactness of K,

there would exist a subsequence (z,, ), of (z,), and x € K such that x,, ‘U‘(—> ) x, that

is, |7, | — |z|. This implies that (|z,,|) is a bounded sequence, which is a contradiction
because |||z, ||| = ||n,|| > k for every k € N. This establishes that K is norm bounded.
Now, if J: E — E** denotes the canonical embedding, J(K') is a norm bounded subset of
E** so there exists C' > 0 such that J(K) C C'- Bg«. On the other hand, the |o|(E**, E¥)

compactness of Bp« gives that C' - Bgs is |o|(E**, E*)-compact as well. It follows that
J(K)‘o‘(E v (E**, E*)-compact. Let z** € (K)‘o‘(E ) be given. From the fact
that o(E**, E*) C |o|(E*™, E*) we know that z** € (K)U(E I Let (xn)n C K be
the sequence given by Whitley’s Lemma (see [3, Lemma 3.39]) associated to z*™*. As K

is absolutely weakly sequentially compact, there exist a subsequence (z,, ), of (x,), and

x € K such that z,, ‘U‘(—> ) x. This implies that = is a weak accumulation point of

{z, : n € N}; therefore, by Whitley’s Lemma, ™ = J(z) € J(K). We have just proved
that J(K) = J(K)lal(E v ), which gives that J(K) is |o|(E**, E*)-compact. By Lemma

2.8 we conclude that K is absolutely weakly compact. O

) .
is |o

To establish the usefulness of the theorem above in the nonseparable case, we should
give examples of nonseparable Banach lattices E for which Bg« is absolutely weak™ com-
pact.

Proposition 2.10. Let E' be Banach lattice such that E* and E** have order continuous
norms and E** is atomic. Then Bg« is absolutely weak* compact. In particular, Bg«— =
Bg is absolutely weak* compact for every reflexive atomic Banach lattice.

Proof. Let (2)7)q be a net in Bg«. From Alaoglu’s Theorem there exist a subnet (z75")s
of (z3")s and an element z** € B+ such that z3" %y 2% in E*. In particular, (x5 —

™) “5 0in E**. The assumptions on E* and E** imply, by [20, Theorems 8.4 and 8.1],

o|(E** E* , o|(E** E* .
that (23" — 2*) Io1CE™5%) 0, that is, x5 UETE) ex  Therefore every net in Bg« has

an absolute weak™ convergent subnet to an element of Bg«, which implies that Bg« is
|o|(E**, E*)-compact. The second assertion follows from the fact that reflexive Banach
lattices have order continuous norms. O

Example 2.11. Let I" be an uncountable set and 1 < p < co. Then £,(I") is a nonseparable
reflexive atomic Banach lattice (for the nonseparability, see |16l p. 23]). By the proposition
above,

{€,(T') : 1 < p < oo and I' is uncountable}

is a quite large family of nonseparable Banach lattices E for which By = Bg«« is absolutely
weak® compact.



3 Grothendieck’s compactness principle

As announced in the Introduction, the purpose of this section is to prove that an analogue
of Grothendieck’s compactness principle for the weak topology in a Banach space holds
for the absolute weak topology in a Banach lattice by replacing the Schur property with
the positive Schur property. The two main theorems of the previous section shall be used.
As an application, we prove a new characterization of the dual positive Schur property by
means of the absolute weak* topology.

Recall that a Banach lattice E has the positive Schur property if positive (or, equiva-
lently, disjoint or positive disjoint) weakly null sequences in £ are norm null. This property
was introduced by W. Wnuk [27, 28] and F. Rébiger [25] and has been extensively studied
for many experts, recent developments can be found, e.g., in [5] 6, [8, 9] [10] 26].

The following connections between the positive Schur property and the absolute weak
topology shall be useful. The proof follows easily from the facts stated in Remark 2.2

Proposition 3.1. The following are equivalent for a Banach lattice E:
(a) E has the positive Schur property.

(b) Absolutely weakly null sequences in E are norm null.

(¢c) Positive absolutely weakly null sequences in E are norm null.

(d) Positive disjoint absolutely weakly null sequences in E are norm null.
(e) Disjoint absolutely weakly null sequences in E are norm null.

Now we need some preparatory lemmas.

Lemma 3.2. For every absolutely weakly null sequence (x,), in a Banach lattice E, the

set
{Zana:n ca, € R for everyn € N and Z la,| < 1}

n=1 n=1

15 absolutely weakly sequentially compact, hence norm closed.

Proof. Call K the set whose absolute weak sequential compactness we have to prove. Let
(zx)r be a sequence in K. For each k E N there exists a sequence of real numbers (ayn)n

such that Z lag,] < 1 and 2z, = Z agnTn. By a standard diagonal argument (see,
e.g., [ p.325], [12] p.621] or [21] p.233]), we can find a subsequence (k;); of N and a

sequence (@), such that lim ag,, = a, for every n € Noand } |a,| < 1. We claim that
J—0 n=1

e . . E.E* .
2= Y a,r,. Given e >0 and 0 < z* € E*, since x, ‘0‘(—> ) 0, there exists

n=1
No € N such that 2*(|z,|) < /4 for every n > Ny. On the other hand, as ag; 5 a, for
every n € N, for each n = 1,... Ny, there exists j,, € N such that |ay,, — an| < e/(2NoL)
for every j > j,, where L = sup 2*(|z,|). Thus, for j > max{ji, ..., jn, }, we have

e (|zw; — 2)) = ( )

o|(E,E*
lo|( )

ij

E a'kj,nIn E ApTp




[e.e]

No
§Z|akj7n_an|x*(|xn|)+ Z ;0 — an| 27 (2n])
n=1

n=Np+1
NO c c o0 o0
<3 gt 5 (3 ol 3 o)
n=1 n=No+1 n=No+1
< ° + - €
2 2 7

This shows that z, — 2 ‘U‘(—> ) 0, hence 2, ‘U‘(—> z as claimed. Since z € K, this

proves that K is absolutely weakly sequentially compact. From the inclusion o(FE, E*) C
lo|(E, E*) we get that K is weakly sequentially compact. It is easy to see that absolutely
weakly sequentially compact sets are norm closed. O

)

Lemma 3.3. The closed convex hull of any absolutely weakly null sequence in a Banach
lattice is absolutely weakly compact.

Proof. Let x, Ialﬂf R 0 in a Banach lattice E. The set

K = {Zanxn :a, € R for every n € N and Z\an| < 1}

is absolutely weakly sequentially compact by Lemma 3.2l Setting C' := co{x, : n € N}
and denoting by 7. the norm topology of E, we have

—o(E,E*)

C:=CM " cgtt =,

where the first two inclusions follow from o(E, E*) C |o|(E, E*) C 7 and the last one

from Mazur’s theorem (recall that C' is convex). It follows that C = UIJI(E’E*), so C is
a |o|(E, E*)-closed subset of E. Observe that K is norm closed (Lemma B.2), convex
(easy) and contains {z, : n € N} (obvious). It follows that C' = co{x, : n € N} C K.
In summary, C is a |o|(E, E*)-closed subset of E contained in the |o|(E, E*)-sequentially
compact set K. Therefore, every sequence in C has a |o|(E, E*)-convergent subsequence
to an element of C.

Putting X = span{x,, : n € N}, it follows from [3, Exercise 9, p.204] that there exists
a separable Banach sublattice F' of E containing X. Let us see that every sequence in
C has a |o|(F, F’*)-convergent subsequence to an element of C. Indeed, given (z,), in C,

by the first part of the proof there exist a subsequence (z,, )i of (2,), and z € C such

that z,, oI 87) z, and so |z*|(|z,, — 2|) — 0 for every z* € E*. For any y* € F*,

we can extend |y*| to a positive linear functional z* € E* [22] Corollary 1.3], hence

%1 (12me — 21) = [2%](|2m, — 2]) — 0, that is, 2, "% 2 € T. This proves that C is

|o|(F, F*)-sequentially compact. Since F'is separable, C'is |o|(F, F*)-compact by Theorem
It follows from Lemma 2T that C' is |o|(E, E*)-compact. O

According to the reasoning above, C := C''l = U'UKE’E*) for every convex subset C' of
a Banach lattice E. For simplicity, we shall henceforth write C.
The proof of the next lemma can be found within the proof of [13, Theorem 1].
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Lemma 3.4. In a Banach space X one cannot find weakly null sequences (x,,), and (yn)n
with ||x,|| = 1 for every n € N such that

o0 1
U |(n-@@({x,:neN}))N EBX c co({y, : n € N}).
n=1

Actually the fact stated in the lemma above is one of the most difficult parts of the
proofs of [13, Theorem 1] and [I5, Theorem 3]. Fortunately, it can also be used to prove
our main result:

Theorem 3.5. A Banach lattice E has the Schur property if and only if every absolutely
weakly compact subset of E is contained in the closed convex hull of an absolutely weakly
null sequence.

Proof. Assume first that E has the positive Schur property. Let K be an absolutely

weakly compact subset of £ and let (x,), be a sequence in K. By Theorem [24] there exist

o|(E,E* . .
a subsequence (ng); of N and x € K such that z,, | ‘(—> ) x, that is, (z,, — x); is an

absolutely weakly null sequence in E. Proposition B.I] gives that ||z, —z|| — 0, proving
that K is norm compact. It follows from Grothendieck’s compactness principle that there
exists a norm null sequence (y,,), C F such that K C ¢o({y, : n € N}). Since the absolute
weak topology is contained in the norm topology we have that (y,), is absolutely weakly
null.

Now assume that every |o|(E, E*)-compact subset of E is contained in the |o|(E, E*)-
closed convex hull of a |o|(E, E*)-null sequence. Suppose that F fails the positive Schur
property. Then there exists, by Proposition Bl a |o|(E, E*)-null sequence (z,) C E which
is not norm null. Without loss of generality, we may assume that there exists ¢ > 0 such

that ||z,|| > ¢ for every n € N. Take z,, = 72y for each n € N. Using that ||z—1n|| < 1 for
every n, it follows that (x,), is a |o|(E, E*)-null sequence with ||z,| = 1 for every n € N.
Define

1 00
K, = (n-tw({z,:neN}))N—=Bg foreach n and K = |J K,.
n

n=1
Each K, is a closed convex subset of F, hence K, is a |o|(E, E*)-closed subset of the
lo|(E, E*)-compact set n - co({x, : n € N}) (Lemma B3)). So each K, is |o|(E, E*)-
compact. We claim that K is |o|(F, E*)-compact. Indeed, let C be a |o|(E, E*)-open
cover of K. Since z,, € K; for every n, (z,), is a |¢|(E, E*)-null sequence contained in

K,s00 € K7"F) Thus we can take U € C so that 0 € U. As U is lo|(E, E*)-open
and contains 0, it is contained in a basic |o|(E, E*)-neighborhood of 0, that is, there exist
d>0and z3,...,25 € (E*)" such that

V(d,z7,...,x5)={z e E:z/(Jz|]) <6 Vi=1,...,k} CU.

Fix0<n< and let Ny € N be such that % < n for every j > Ny. We have

[
maxi<;<p ||z}
K; CcnBg CV(6x7,....,25) CU
for every j > Ny. As a finite union of |o|(E, E*)-compact sets, K1 U---UKy, is |o|(E, E¥)-
compact itself, so we can pick Uy, ...,Uy, € C such that K1 U---UKy, CU;U---UUy,,

which yields that
KcUU---UUy, UU.
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This proves that K is |o|(E, E*)-compact. By assumption, there exists a |o|(E, E*)-null
sequence (y,), C E such that K C @@({y, : n € N}). Since (z,), and (y,), are, in
particular, weakly null sequences in F, Lemma [3.4] yields a contradiction that completes
the proof. O

It is natural to wonder how the dual positive Schur property can be connected to the
absolute weak topology. Recall from [29] that a Banach lattice £ has the dual positive
Schur property (respectively, the positive Grothendieck property) if every positive weak*
null sequence in E* is norm null (respectively, weakly null). Both of these properties were
introduced by Wnuk in [29] and they have attracted the attention of many experts; for
recent developments we refer the reader to [11l [I7], 23] 26]. It was pointed out by Wnuk
that E has the dual positive Schur property if and only if £ has the positive Grothendieck
property and E* has the positive Schur property. Combining this characterization with
Theorem and Theorem 2.4, we obtain the following connections between the absolute
weak™® topology and the dual positive Schur property.

Corollary 3.6. The following are equivalent for a Banach lattice E:

(a) E has the dual positive Schur property.

(b) Every absolutely weak™ null sequence in E* is norm null.

(¢) E has the positive Grothendieck property and every sequentially absolutely weak*-
compact subset of E* is contained in the closed convex hull of an absolutely weak* null
sequence.

Proof. (a) = (b) If (z}), is an absolute weak™ null sequence in E*, then (|z7|), is a weak™
null sequence in E*, so ||z} || = |||z%||| — 0.

(b) = (c) If (), is a positive weak™ null sequence in E*, then (), is absolute weak*
null, so ||%|] — 0 in E*. In particular, 7, — 0, proving that E has the positive

Grothendieck property. Now, let K be a |o|(E*, E)- sequentially compact subset of E*.

Given (7}), C K, take (z,,) such that x; oI x*, that is, (2}, — ") is a [o|(E*, E)-

null sequence in E*. By assumption, [z} — z*[] — 0, so K is norm compact. By
Grothendieck’s compactness principle, there exists a norm null sequence (y.:), in E* such

that K C co({y: : n € N}). We are done because y oIELE)

(¢c) = (a) Since E has the positive Grothendieck property, by [29] all that is left to be
proved is that £ has the positive Schur property. To do so, let K is an absolutely weakly
compact subset of E*. Then K is absolutely weakly sequentially compact by Theorem 2.4]

so K is absolutely weak* sequentially compact. By assumption, there exists an absolute
weak* null sequence (y), in E* such that K C ¢6({y} : n € N}). From y! IEE i

n

E* we get that |y | “% 0 in E*. Since E has the positive Grothendieck property, || = 0,
|o|(E,E7)

so yr  — 0 in E*. By Theorem we conclude that E* has the positive Schur
property. U
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