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Modern physics

6. Hydrogen atom in quantum mechanics
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Three-dimensional potential well of hydrogen atom is more complex than
those treated previously (e.g. rectangular box). The potential energy U(r)
results from Coulomb interaction between a single electron and proton in
nucleus.
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This potential well does not have sharply
defined walls. The potential is the only
function of radial distance r. It means this is
central potential

Amazingly, solving the Schrédinger equation
for hydrogen atom, we will find the energy

values are given by the same formula as that r,=0.0529xn2 [nm]
resulting from the (incorrect) Bohr model E,=-13.6/n2[eV]
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Therefore, the changes in the energy due to emission or absorption of
light and the wavelengths for Balmer, Paschen, Lyman, etc. series will be
correctly described by the same expressions as those derived from the

Bohr model.

Energy difference between the levels d -

T ’

AE=13.6(1/n2-1/n?) g ,|
% n=6fF— —— 0544 eV
,,,,, B4 nod [ -0.850 8V
For example, transition between B | =3 Fadtd
n=2 and n=1 (as drawn in the . L =g nilialState, g 4q o

picture) will release the energy

% AE=10.2 eV

N Ground wot final state, rl":s.e oV

AE=13.6(1/n2-1/n2)=13.6(1/12-1/22)=10.2 eV

Lectures in Physics, summer 2011 4



2011-05-30

@“J]JJ 6.1. Hydro?‘:a:czg:r;l;n quantum

In classical physics a central force has an important feature:
There is no torque relative to the origin on the object under the influence
of the force and, therefore, angular momentum does not vary with time

We expect that in quantum mechanics, the angular momentum will be
conserved as well.

Schrédinger equation can be written for such potential:

Il o ) - e?
2m, | ox®  oy? oz v Ame ¥

Y(F) = Ey(P)

To solve it we need to change the variables from the Cartesian
coordinates (x,y,z) to spherical ones (r,6,¢) where 0 is the polar angle
and @ is the azimuthal angle.
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In spherical coordinates the time-independent Schrddinger equation takes

a very complicated form (!):

2 [ 42 2 2 2
h {6+2 0 +1[8+C0t98+1 0 J]w(F)—Ar;:S rw(F)=Elv(T’)

0

“omg a2 ror r2| a0? 0  sin20 5¢®

\/

Laplacian in spherical coordinates

This complicated partial differential equation can be reduced to a set of one-
dimensional differential equations in 8 and ¢ that can be solved directly, without the
need of introducing Coulomb potential because the potential does not depend on
orientation (angles: 6, @)
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We can use the same technique as before, separation of variables:

W(r) =R(NY(6,¢)
~

trial solution

We will refer to R(r) as the radial wave function and Y(8,®) is known
as a spherical harmonic.

Further on, we can separate 8 and ¢ by assuming:

Y(6,¢) = F(0)®(p)
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Finally we get a set of three separated equations to solve: A = —ﬁ(( —|—1)

2 (42
_# (d*R() , 20R(M) , R
2mg | dr? r dr r2

——

] ;

- R(r) = ER(r)
4meg,yr

/

ordinary differential eingenvalue equation for radial function R(r) with energy E as

the eigenvalue

2
Each of these equations is an (d F(©) +coto dF(6) -m ZF(O) = AF(0)
ordinary differential equation, do2 do !

involving single variables, 8 and . 2
They are easily solved even without d“d(p) 2
the knowledge of the potential 2 —m, (D((P)
because the potential does not d(P

appear here.

m 2 and A are the ,separation” constants related to quantum numbers
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Quantum numbers for the hydrogen atom

Although the energies of the hydrogen atom states can be described by
the single quantum number n, the wave functions describing these
states require three quantum numbers, corresponding to the three
dimensions of the space in which electron can move.

Each set of quantum numbers (n, [, my) identifies the wave function of
a particular quantum state.

Quantum number n, called the principal quantum number appears in the
expression for the energy of the state

Quantum number l: called the orbital quantum number, is a measure of

the magnitude of the angular momentum associated with the quantum
state

Quantum number my called the orbital magnetic quantum number is
related to the orientation in space of the angular momentum vector
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n Principal quantum number 1,2,3...
[ Orbital quantum number 0,1,2,3,...,n-1
mg Orbital magnetic quantum L-(Fy,..., +(F), +(

number

The restrictions on the values of the quantum numbers for hydrogen atom
are not arbitrary but come out of the solution to Schrodinger equation.

Example: for the ground state (n=1), [=0, m =0 (there is no other
possibility).

The hydrogen atom in its ground state has zero angular momentum which
is not predicted by Bohr model.

L=nh, for n=1,2,3.... in Bohr model
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Solutions of the time-independent Schrédinger equation - wave functions

of the hydrogen atom

Spherical harmonics Y, Radial eigenfunctions R,/
1
Yoo = —— 2
" Jan Rio =gt e ground state
Y11=\/Esin 0exp(io) Ron = 2 (1_L)e—”23
8n 07 22)%2" 2a
Yi0 =+ 3 coso Ry— Lt 1 T
4n A7 /3 (2a)%? a
[15 ) 4rn?
Yoo == sin® 0exp(2ig) ais the Bohr radius 2=——
32 mee

However, these functions do not have any physical meaning. We are
interested in the probability density of finding an electron, i.e. MZ
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The Bohr idea that electrons in atoms follow well-defined orbits like planets
moving around the Sun, is incorrect.

,Dot plot” suggests the probabilistic nature of the wave function and
provides a useful mental model of the hydrogen atom in different states.

orbital 1s, volume probability o 2

density for the ground state of S ‘Rlo(r)‘

the hydrogen atom o 1
n=

2
|Rng(l’)| r2dr = probability of finding an electron within a gap of width dr
about the radial distance r

|Y£m (9,(P)|2 sin 0dOd¢ = probability of finding an electron within an area
dBdp about the angular location (6,¢)
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6.1. Hydrogen atom in quantum
mechanics

Hydrogen atom states with n=2

There are four states of the hydrogen atom with n=2.

n r my
2 0 0
2 1 +1
2 1 0
2 1 -1

All quantum states with (=0 have
spherically symmetric wave functions. If
(=0, the angular momentum is zero,
which requires that there is no preferred
axis of symmetry for the probability
density
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orbital 2s, volume probability
density for the hydrogen atom in
the quantum state with n=2, (=0,
m.=0; the gap in the dot density
pattern marks a spherical surface
over which the radial wave
function is zero
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Three states of the hydrogen atom with n=2, (=1.
n r my
2 0 0
2 1 +1
2 1 0
2 1 -1

These plots are symmetric about z axis
but they are not spherically symmetric.
The probability densities for these three
states are functions of r and the angular
coordinate 6

What is there about the hydrogen atom
that establishes the axis of symmetry?
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orbitals 2p, volume probability

density for the hydrogen atom in
the quantum state with n=2, (=1
and three different m, Probability
density is symmetric about z axis
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Energy eigenvalues for hydrogen

The possible values of energy - the eigenvalues - that emerge from
the radial Schrodinger equation
2 (42 2
_ne(d R(r)+ng(r)+KR(r) _ Ze
2me ( dr? rodr r2 4nme

. R(r)=ER(r)

0

Z-atomic number (Z=1 for hydrogen)

are given by 1 262 1
E=-2m, 5
2 "\ Aneoh ) (n,+0+1)
where n, is the new radial quantum number, n,=0,1,2..

Principal quantum number n defined as
n=n,+/+1
is always a positive integer
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Energy eigenvalues for hydrogen
1 1
In terms of the principal quantum number n, = ——mec2 ¢0cf —
e? 1 !
where a= is fine-structure constant

4me hc zﬁ
This is exactly the form the bound-state energies take in the Bohr model

As the energy depends on n only, n? states have the same energy; we
have n2 degeneracy for hydrogen atom (electrons have spin which
means that in fact the degeneracy is 2n?)

Example: for n=3 i corresponds to corresponds to
::ar:::ponds to five  {hree states one state
R31(r)Y1m(6,p) R30(r)Yoo(6,P)
R32(r)Yom(6,9) wsith m:l‘.,O:-l * o

Thus, there are a total of
5+3+1=9=32 degenerate =
states with energy ==
corresponding to n=3

with m=2,1,0,-l<<2 \ l

n=0,¢=2 n=1¢£€=1 n=2¢=0
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Hydrogen atom states with n=2

As the energy of a state depends only on the principal quantum number n
and is independent of [and m/for an isolated hydrogen atom there is no
way to differentiate experimentally between the three states shown below

These three states (for (=1) are degenerate

=0

Moreover the state with (=0 has also the
same energy; this is 4-fold degeneracy

n r my
We can view all four states, given in table, as 2 0 g
forming a spherically symmetric shell specified 2 1 +1
by the single quantum number n 2 1 0
2 1 -1
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Hydrogen atom states with n=2
If we add the volume probability densities for the three states for which

n=2 and [ =1, the combined probability density turns out to be spherically
symmetrical with no unique axis.

One can think of the electron spending one-
third of its time in each of three states

I'm=0

One can think of the weighted sum of the three
independent wave functions as defining a
spherically symmetric subshell specified by the
quantum numbers n=2 and [ =1

The individual states will display their separate existence (the
degeneracy will be lifted) only if we place the hydrogen atom in an
external electric or magnetic field (Zeeman effect).
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o and magnetic dipole moment

The solutions of the angular part of Schrodinger equation - the
spherical harmonics Y, /(8,¢p) have a special physical significance

related to the angular momentum.

The classical definition of the angular-momentum vector of a particle
relative to some point P is

L=rxp

—

P is momentum of the particle

I s the radius vector of the particle from the fixed point P

The vector product can be written component by component as follows

I-x =Yp; - Zpy Ly = ZPy — XP; I-z = Xpy — YPx
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In quantum mechanics we use the operators, for momentum:
., 0 .. O G,
=—1h— =—lh— =—1h—
Px x D oy Pz oz

Then, the angular momentum operator is
Le=-in(y 2 -22)
oz oy

. 0 0
L, =—iAa(z——-x—
y ( oxX az)

G 0
L, = _m(xa— Y&)

We shall also be interested in the square of the angular momentum
2 2 2 2
L =L +Ly + L5
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In spherical coordinates: 12 - _p2 6—22+00t92+ 12 6_22
o0 0 sin“0 op

This operator involves only the angles and not the radial coordinate

The z-component of the angular momentum takes a particularly simple
form in spherical coordinates: P
L, =—ih—
o0

We already know the eigenfunctions and possible eigenvalues of L2 and L,
The eigenvalue equation for L2 is: | 2 2
9 a LYy (6,9) =L (4 +1)Y€m (0,¢)

/ eigenvalues of L2 operator
spherical harmonics are eigenfunctions of L2 operator
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Therefore, an electron trapped in an atom has an orbital angular
momentum:

L=naJ0(¢+)
1

orbital quantum number

The projection L, of angular momentum vector L on an arbitrary 'z’
axis is quantized and measurable and can give values:

LZ = hmg

)

orbital magnetic quantum number
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This figure shows the five quantized components L, of the orbital
angular momentum for an electron with (=2, as well as the associated

orientations of the angular momentum vector (however, we should not
take the figure literally as we cannot detect L this way)
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A magnetic dipole has an orbital magnetic dipole moment related
to the angular momentum:

e -
oo &7
Rorp 2m,
Neither JHop nor [ can be measured

However, we can measure the components of these two vectors along a
given axis.

We can measure, for instance, the z-components of orbital magnetic

dipole moment and angular momentum vector along the axis that is given
by the direction of the magnetic field B.

The components p,, , are quantized and given by: g, ; =—Mylig

Bohr magneton g =Zei =9.274x107%4 /T
m

(]

Lectures in Physics, summer 2011 24

12



!

6.3 Electron spin

Whether an electron is trapped in atom or is free,

it has an intrinsic spin angular momentum

is always

1A

The magnitude of spin
depends on a spin quantum number s, which
protons~and

for

electrons,

is quantized and

In addition, the component of spin, measured along any axis is

quantized and depends on a spin magnetic quantum number m,

which can have only the value +2 or --.
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Quantum number Symbol Allowed values Related to

Principal n 1,2, 3, .. distance from
the nucleus

Orbital | 0,1, 2,.. (n-1) | orbital angular
momentum

Orbital magnetic m, 0, £1, £2, ..., orbital angular
momentum

(z component)
Spin s 2 spin angular
momentum
Spin magnetic mg % spin angular

momentum
(z component)
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Upon absorption of a photon of energy hf the
proton in the magnetic field can reverse its
spin (change from spin-up state to the spin-
down state) - spin-flipping

Parallel hf — 2“2 B

Anti-parallel Because many substances have unique NMR
signatures, this technique is used to identify
AN S unknown substances (i.e. forensic work of the
criminal investigation)

applied in medical diagnosis with great success.
Protons in the various tissues of human body,
are found in different internal magnetic
environments. Spin-flipping can be imaged in
strong external magnetic field.
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