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M]JJ Principle of interpolation

AGH

Consider discrete points (Xq,Yo), (X1,Y1), - (X, Y1)
How does one find the value of y at any other value
of x ?
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“]JJ Approximation vs.
AGH interpolation

> <

interpolation (x3, v3)
\

(X2 ¥2)

‘ (X0 Vo) \

approximation
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Approximation

We would like to approximate f(x) by linear combination of
functions that belong to a certain, particular class .

{(x"} (n=0,1,...) like in Taylor's series

{pn (X)} (n = 0,1,...) p.(X) is a polynomial of order n

{sin(nx), COS(nx)} (n — O, 1, 2 ) trigonometric polynomials

The most important is a polynomial interpolation
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1l

ol Approximation

Linear approximation f(x)
f(x)=aygy(x)+a,g(x)+...+a,g,(x)
{g,(x)} (n=0,1,...)

Constant coefficients: a,(i =0,1,...,m)

Linear approximation is widely used, because non-linear
approximation is very complex and difficult.

Sometimes rational function approximation is better:

f(X) ~ aOgO(x) + algl(x) ..t Ay 8m (X)
by&o(x)+ b8 (x) +...+ b g (x)




1l

ol Approximation

The selection criteria for constant coefficients

a,(i=0,l,...,m)

There exist three types of approximations of major importance:

einterpolation

coefficients are chosen, so that at the points

x,(i=12,..., p)

the approximate function with its first derivatives is equal with f(x)
and its derivatives (with the accuracy of rounding errors)
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Approximation

The selection criteria for constant coefficients a, (i =0,1,..., m)
emean square approximation

We want to find a minimum of integral of the square of the
difference between f(x) and its approximation in interval <xy,X,>
or weighted sum of squared errors in collection of discrete points
within the interval <x;,x,>

euniform approximation

finding the maximum of the smallest difference between
f(x) and its approximation within the interval <x;,x,>
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M“]JJJ The least squares methods
AGH Linear regression

n 2

S’ :Z[yi—(axi+b)] = min

I

f(x)=ax+b
0| a=323,b=208

Yi .
fx) 20— g
N
O | | | | | ! | |
4 6 x 8 10 12 14 16
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ob

Linear equations for a and b

ayx; +bYx; =YXy,
ay x, +bn=73%y,
Solving the above set of equations gives a and b:
N2 XY, — 2 X; 2 Y,
w

SxIT Yy, - Y XY x,y,
w

a =

b =

Numerical Methods - Lecture 2
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AGH

where: the main determinant W is given by:

W = ”inz _(in)2

Standard deviation for u(a) and u(b):

w(@) = | \/52
n_
u(b)-u(a),/

n

Numerical Methods - Lecture 2
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mJJ Polynominal approximation

A polynomial is a common choice for an interpolating
function becasue polynominals are easy to:

Bevaluate
B differentiate

"integrate

Numerical Methods - Lecture 2 12



AGH Polynominal interpolation

Assumption:

In the [a, b] interval are (n +1) different points x,, Xy, ..., X,,, called interpolation
nodes, and the value of a function y = f (x) at these points:

f(x)=y;dla i=0,1,...n.

Jix)

interpolation s

\ {xb .}’ij

{xz, v3)

Y
4
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“]JJ Polynomial interpolation

Main goal of interpolation:

Determination of the approximate value of the function at points
which are not nodes and estimation of interpolation error

1. We want to find F(x) which approximates function f(x) in the [a,b]
interval.

2. The function F(x) in the nodes of interpolation has the same value
as a functiony = f (x).

3. There is a unique polynomial of degree less than or equal to n
passing through n+1 given points

Numerical Methods - Lecture 2 14



AGH Interpolation - direct method

Polynomial interpolation involves finding a polynomial of order n
that passes through the n+1 (Xq,Yo), (X1,Y1), ----(X,,Y,) POiNts

Y=0,+aX+.ccccimnnnn. +ax'.

n
where a,, a4, .... a, are constant coefficients (R)

e Consider n+1 equations to find n+1 constant

e Use x value in polynomial to find y value

Numerical Methods - Lecture 2 15
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Table 1 Velocity v as a function of time t

t(s) v(m/s) 1000 .
0 0 s ]| e data points

10 227.04 | ¥ J°
15 362.78 | § ™ .

20 517.35 | = - o

22.5 602.97 o] o

30 901.67 o 5 10 15 20 25 30

time t(s)

Determine the value of the velocity at t = 16 s using the direct method
of interpolation
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Linear interpolation

AGH
v(t) =a,+tal
Y
v(15)=a, +a,(15)=362.78 ! o)
vw20)=a, +a,(20)=517.35
(20)=a, +a,(20) <x%f<x>
The solution of equations |
a, =—100.93
a, =30.914
So: w(t)=-100.93+30.914¢, 15<¢ <20

v(16)=—-100.93+30.914(16)=393.7 m/s

Numerical Methods - Lecture 2
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Quadratic interpolation
v(t) =da,t+al+ a2t2 Vo

W10)=a, +a,(10)+a,(10)" =227.04
W15)=a, +a,(15)+a,(15) =36278
20) = a, +4,(20)+a,(20)° =517.35

The solution of equations
a,=12.05 a,=17733 a, =0.3766

v(t)=12.05+17.733t+0.3766¢>, 10 <t <20
1(16)=12.05+17.733(16)+0.3766(16)" =392.19 m/s

Numerical Methods - Lecture 2
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AGH Quadratic interpolation

v()=12.05+17.733¢+0.3766¢*, 10 <t <20
1(16)=392.19m/ s

1000

Relative error: 8°°: /
B E 600-. ‘/.
c |= 392.19-393.770 <100 : . &/
392.19 > ] P
~0.38410% T
° 3({1'0 ' 1'5 ' 20 25 30
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AGH Cubic interpolation
y A

v(t) =a,+at+at’ +at (x.1)

(xoayo)

1(10)=227.04 = a, + a,(10)+ a,(10)* + a,(10)’
W(15)=362.78=a, +a,(15)+a,(15) +a,(15)
1(20)=517.35=a, +a,(20)+ a,(20) + a,(20)
1(22.5)=602.97 = a, + a,(22.5)+ a,(22.5) +a,(22.5)

Numerical Methods - Lecture 2
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Cubic interpolation

Homework

The solution of equations:

" ay+10a, +100a, +1000a; = 227.04
ay +15a, +225a, +3375a; =362.78

a, +20a, +400a, +8000a; =517.35

L ay +22.5a, +506.25a, +11390.625a; = 602.97

Calculate and draw v(t)

Numerical Methods - Lecture 2
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“]JJ Cubic interpolation - solution

a, = —4.2540
a, =21.266

a, =0.13204

a, = 0.0054347 10<7<22.5

W(t) = —4.2540+21.266¢ +0.13204¢> +0.0054347¢,

v(16)=392.06 m /s

x 100

Relative error

a

392.06 -392.19
392.06

= 0.033269 %

Numerical Methods - Lecture 2
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Comparison
Polynomianl order 1 2 3
v(t = 16)m/s 393.7 392.19 392.06
Relative error | ---------- 0.38410 % | 0.033269 %

Numerical Methods - Lecture 2
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“]JJ Displacement

from t=11s to t=16s
v(t)=—4.2540+21.266¢ +0.13204¢* + 0.0054347£°,10 <t < 22.5

16

s(16)—s(11)= [v(¢)dt

11

16
= j(—4.2540 +21.266¢ +0.13204¢% +0.0054347¢° it
11

2 3 4 16

_| —4.2540¢ + 21.266%+ 0.13204%+ 0.0054347tZ
11
=1605m

Numerical Methods - Lecture 2 24



“]JJ Acceleration

v(t)=—4.2540 +21.266¢ +0.13204> +0.0054347£*,10 < t < 22.5

= i(— 4.2540 +21.266¢+ 0.13204 > + 0.0054347 r3)

dt
=21.266 +0.26408 1 + 0.016304 t*, 10 <¢<22.5

a(16)=21.266 +0.26408(16)+0.016304 (16 )
=29.665 m/s”

Numerical Methods - Lecture 2
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Linear interpolation: data points

Let’s find:

Si(x)=by +b,(x—x;)

-

by = f(x;)

b = f(x)— f(x,)

X1 — Xy

Numerical Methods - Lecture 2

y

(Xg. ¥ )

(x(),y()), (xlayl)a

fifx)

Newton's divided difference interpolation

(g0 )/

26



Il

Table 1 Velocity v as a time function t

t(s) v(m/s) %7 .
0 0 s ]| e data points

10 227.04 | ¥ J°
15 362.78 | § ™ .

20 517.35 | = - o

22.5 602.97 o] o

30 901.67 o 5 10 15 20 25 30

time t(s)

Determine the value of the velocity at time t = 16 s using Newton's
method of interpolation
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“]JJ Linear interpolation
W(t) =by + by (1 — 1)

It is known that : We found:
t, =15, v(t,) =362.78 b, = v(t,) =362.78
t, =20, v(¢,)=517.35 b, _v(t) — () 130914
tl _tO
So:

W) =by+b(t—ty)=
= 362.78+30.914(t—15), 15<¢< 20

Homework: please compare obtained result with the direct method
of interpolation

Numerical Methods - Lecture 2 28



mmJJ Linear interpolation

AGH v(t)=by +b,(t—t,)
Velocity at t=16 s is:
v(t) =by +b(t—1)) =
=362.78+30.914(16 —15)

=393.69 m/s
520 - u
500 —m—data points
480
460
/U? 4
Y 440
E 420!
> 4
400
380
360 =
15 16 17 18 19 20
time t(s)

Numerical Methods - Lecture 2
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AGH

Cor]sider the (x()ay())a (X19y1)9 (x29y2)9
points:

fr(x)=by +b(x—xy) + b, (x —x,)(x— x,)

( b, = f(x,)
MIEAEYLED

< X, — X,
SOo)— () f(x)—f(x)
b - X, — X, X, — X,
S Xy =X

Numerical Methods - Lecture 2
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“]JJ Quadratic interpolation

It is known that : We found:
t, =10, v(t,)=227.04

t, =15, v(t;) =362.78
t, =20, v(t,) =517.35

by =v(t,) =227.04
p V() —v(t) _ 362.78-227.04
1 L =1 15-10
—07.148

v(t,)—v(t) v(t)—v(t,)

b =

=(0.37660

Numerical Methods - Lecture 2 31



AGH

So:
v(t) =Dy +b(t—1))+by(t—1y)E— 1)) =
—227.04+27.148(1 —10) + 0.37660(1 —10)( —15), 10<¢ <20

for t=16s:

v(16)=b, +b,(16—¢,))+b,(16—¢,)(16—1,) =
=227.04+27.148(16-10)+0.37660(16 —10)(16 —15)
=392.19 m/s

Homework: please compare obtained result with the direct
method of interpolation

Numerical Methods - Lecture 2 32



“]JJ Quadratic interpolation

—s—data points

200 +-r—r—+—r—+r"r""TrTT—TTT T T T T
9 10 11 12 13 14 15 16 17 18 19 20 21

time t(s)
The relative error in comparison with the previous interpolation

a

~ ‘392.19—393.69

x100
392.19 ‘

=0.38502 %

Numerical Methods - Lecture 2



“]JJ General formula

Jo(X) =Dy +b,(x—xy) + b,y (x — X, )(x —x;)
where
by = fIx,1= f(x,)
b = flx,,x,]= J)= /(%) first order difference quotient

X, — X,
Jx) =) f )= f(x)
bzzf[xz X, xo]_f[xzax1]_f[xlaxo]: Xy, =X X — X
Xy =X \ /V Xy =X
So: second order difference quotient

Fo(x) = flxo 1+ fIx,x01(x = x0) + flxy,x, %0 1(x — x40 )(x — x,)

Numerical Methods - Lecture 3
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AGH
Consider (n+1) points
(x5 70 1 1o 9 v (5 9, ) (3,0 9,)
f.(x)=b,+b,(x—x,)+...+b (x —x,)(x—x,)..(x—x,_,)
where
by = flx,]
b, = flx,,x,]
b, = flx,,x,,%,]

D, = fIX, 13X, 5seees X, ]

D, = fIX,,X, |seees X ]

Numerical Methods - Lecture 2 35



“]JJ Cubic interpolation

3-rd degree polynomial, with data (x, y,), (x,,¥,), (x5, ¥,), (x5, 3), 18

S3() = flxg 1+ fIx,x0 1(x = x0) + f1x5, %, %0 1(x = x )(x — x;)

+ fxs, x5, %, %0 1(x — X0 )(x — x )(x — x;)

A/
Xo S(xy) \ /

STx %]
X1 f(x)) < > Slxy,x,, xo]\ /b3

Slxy,x] S35 x5, %, %]
Xy S (x,) < SIx5, x5, x1]/

Slxs,x,]
X3 S(x3)

Numerical Methods - Lecture 2
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Cubic interpolation

Homework

Find the equation and calculate the speed v at 16s. Use the
Newton cubic method of interpolation :

V(t) :bo "'bl(t_to)+b2(t_to)(t_t1)+b3(t_to)(t_t1)(t_t2)

bata 4 =10, w(t,) =227.04
t, =22.5, v(t;) = 602.97

Find the coefficients b,

Find the distance covered by the rocket fromt=11stot=16s.
Find the accelerationatt=16s

Numerical Methods - Lecture 2 c¥4



“]JJ Solution

AGH
/ b,
t, =10 227.04\ b
27.14 - b,
t, =15, 362.78< 0. 37660 b
30.91 5 4347x107
t, =20, 517.35< 0.44453
o 34.248

1, =225 602.97

bo=227.04; b, =27.148; b, = 0.37660; b; =5.4347*%10"

Numerical Methods - Lecture 2 38



“]JJ Comparison

AGH
Polynomial order 1 2 3
v(t=16) 393.69 392.19 392.06
m/s
The relative error | ---------- 0.38502 % | 0.033427 %
of approximation

Numerical Methods - Lecture 2 c)



,@]]],JJ Interpolation at equidistant points

Consider the function f(x;)=y,; for i=0,1,...n at
equidistant points: x, = x, +ih

The first Newton’s polynomial interpolation is:

Ay, A2)’o
N('x) y0+1'h ('x x0)+2!h2

(x—x)(x—x)+...+

(x—x)(x—=x)0c..(x—=x,_,)

where AKf(X,) is a progressive k-th order difference
Af = f(x+h)—f(x)
A f=AATf)

Numerical Methods - Lecture 2
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@JIJJ Interpolation at equidistant points

Newton polynomial interpolation is preferred near
beginning of the array. Near the end of the array we use

Ay Azy
17 _ n . n — —
Nn (x)_yn + I'h (x xn)+ 2'h2 (x xn)(x xn—1)+ +
A]’l
+ y: (x=x)(x=x,,)....(x—x,)
n'h

Newton second polynomial interpolation with backward differences

Vy, =&y, = f(x)— f(x.)

kai = Akyi—k

Numerical Methods - Lecture 2 41



“IJJ Forward difference

Ay, = f(x;+h)= f(x)=Y.— Y

Ny, =AAy,)=Ay,, -y,

Backward difference
Vy, = f(xi)_f(xi —h) = Vi~ Via

V?y, =V(Vy,)=Vy,-Vy,,

Numerical Methods - Lecture 2
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“]JJ INTERPOLATION BY LAGRANGE
AGH POLYNOMIAL

(2= 2,)(0= %)= X, )@= X,,)X =,
('xj _‘xO)(xj _'xl)"'('xj _xj—l)(xj _xj+1)°"(xj _xn)

W (x) = if(xp

General:
o L @) i o, (x)
(x) ]Z(;f(x])(x_x) e zf( e
/ X=x; ]|
where: ®,(x)=(x—xy)(x—x))...(x —x,)

w’n(X;) is the value of the derivative of a polynomial w,(x) at point X;
which is a root of the polynomial

Numerical Methods - Lecture 2 43



Il

Table 1 Velocity v as a function of time t

t(s) v(m/s) :
0 0 s ]| e data points

10 227.04 f J°
15 362.78 | § ™ .

20 517.35 | > - o

22.5 602.97 o] o

30 901.67 R S A S AT R

time t(s)

Determine the value of the velocity at t = 16 s using the Lagrange
polynomial interpolation method

Numerical Methods - Lecture 2



“]JJ INTERPOLATION BY LAGRANGE

ol | POLYNOMIAL
w(t) = ;)Li (v(t;) = Loy ()v(ty) + L (0)v(¢))
It is known that: We get:
tO :15, V(fo)=36278 Lo(f)z ll[ t_tj _ -1
0 to—t. ty—t
t, =20, v(t,)=517.35 S0 0T A
L=11 =0
> t—t, t—1,
w(t) = v(Zy) + v(t)) =
I — 4 L =1l
_ 1720 360784+ L710 51735
15-20 20-15

Homework: please compare the obtained result with the
direct method of interpolation

Numerical Methods - Lecture 2
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“]JJ INTERPOLATION BY LAGRANGE
POLYNOMIAL

v(16) = 16-20 (362.78) + 16-15 (517.35)
15-20 20-15

=0.8 (362.78)+0.2 (517.35) =
=393.7 m/s

520 - .
500 -
480
460
/(,? e
L 440-
E 4201
> 4
4004
380-
3604 ™

—m—data points

time t(s)

Numerical Methods - Lecture 2
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AGH

Cor]sider the (xo,yo), (Xlah)» (XzayQ)
points:

We want to find:
2
v(t) =Y L(t)v(t;) =
i=0

=LM0W%;+A@»UQ+LAQWQ>

\
(X 0 )

[—1

2 .
Ll (l«.) — H J (X3.2)
J#l

(Xo.Yo)

Numerical Methods - Lecture 2
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AGH

It is known that: We get:
t, =10, v(t,)=227.04 Lo (1) = 2 1=t (-4 )e-1y)
t, =15, v(t;)=362.78 I fo 1 (tg =1 Nto = 12)
t, =20, v(t,)=517.35 Ll(t):ﬁ 'l — (t_IO)(t_Q)
= L =1 (6, =10t —1,)

Then: J#2
(—t, t—t, (—t, t—t, (—t, t—t,

V() = V() + v(t)) + v(t,)
lo—l Iyh— 1, L=t — 1 Iy =ly I, —

Numerical Methods - Lecture 2 48



AGH
for t=16s:

(16-15) (16-20) 0y, (16-10) (16-20)
(10—15) (10— 20) (15-10) (15-20)
. (16-10) (16-15)
(20-10) (20—15)
= (~0.08)(227.04) +(0.96)(362.78) +(0.12)(517.35)
=392.19 m/s

W(16) = (362.78)

(517.35) =

Homework: please compare obtained result with the direct
method and the Newton method of interpolation
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“]JJ Quadratic interpolation

550

500 _
—s—data points

450 -

400+

350 4
300+
2504

200 +-r—r—+—r—+r"r""TrTT—TTT T T T T
9 10 11 12 13 14 15 16 17 18 19 20 21

time t(s)
The relative error in comparison with the previous interpolation

- 1392.19-393.70
392.19

=0.38502%

v(m/s)

x 100

a

Numerical Methods - Lecture 2



MJ Cubic interpolation

Homework

Find the equation expressing speed and calculate v (16s) using
Lagrange cubic interpolation

Dat
T4 =10, () =227.04

t, =15, v(t,) =362.78

£, =22.5, v(t;) = 602.97

Find the distance covered fromt=11stot = 16 s.

Find the acceleration att = 16 s
Compare the results with those obtained on the basis
of the direct interpolation method and Newton method.

Numerical Methods - Lecture 2
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Comparison
AGH
Polynomial order 1 2 3
v(t=16) 393.69 392.19 392.06
m/s
The relative error | ---------- 0.38502 % | 0.033427 %

Numerical Methods - Lecture 2
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“]JJ Interpolation by Lagrange
AGH polynomial - example

Suppose we are given points: 0, 1, 3, 6. Find the Lagrange

interpolation polynomial
(T
f(x)=2-sm(g-x)

The values of the function f(x) at the interpolation nodes are as
follows:

YO:f(O):Oa J’1:f(1):1> y2=f(3)=2, J/3:f(6)20'

Solution:

It can be shown that the Lagrange polynomial interpolation is:
3 2
x> 1Ix” 17x
W) =35
90 90 15

Numerical Methods - Lecture 2 53




“]JJ Interpolation by Lagrange
polynomial - example

function f(x)

Iterpolation
polynomial W;5(x)

_x3 _ll,x2 Jr17x
90 90 15

-15

-20 4

-25 -

T T T T T T T T T T T 1
-15 -10 -5 0 5 10 15

X

The interpolation polynomial approximates the function f (x) only
in the interval [0,6].

The smaller distance between the nodes, the better the
approximation.

Numerical Methods - Lecture 2 54



@!JJ Spline Method of Interpolation

Motivation
Disadvantages of polynomial interpolation:

Worse results of interpolation when the number of nodes is increased.

Example: f(x)= ‘x‘
Runge's phenomenon (example of ill- conditioned task):

Polynomial interpolation of high degree at constant node distances
leads to a serious deviation from the interpolated function especially
at the ends of the interval. Interpolation of the central parts of the
range is, however very good and useful.

1
1+ 25x2

Numerical Methods - Lecture 2 55
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@JJ Polynomial interpolation - example

f(x) =]
1.2 T T [ T
i — f(x)=Ixl ‘
1 , — Wix)=x*2
, 3 == 4th degree
3 . ~ 10th degree

0.8

0.6/

0.4

0.2

Numerical Methods - Lecture 2



Runge's phenomenon

5th degree
12th degree

19th degree
f(x)=1/(1425x"2)

Numerical Methods - Lecture 2
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@JJ! (Linear) Spline Method of Interpolation

With data points:
(X905 0)s (X5 V1 )see (X5 Vit )5 (X5 )

we draw straight lines between points.

y
A

(x}- y .~3)

(0. Yo)

Numerical Methods - Lecture 2 58
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AGH

J(x)=f(x)+

J ()= f(x)+

S (x)— 1 (xg)

X1 —Xp

S (x)—f(x)

(x—2xg)

J ()= f(x,)+

Numerical Methods - Lecture 2

(x—xl)
A

v

slope between
nodes

A
[ )

f(xn) _f(xn—l)

Xy =X

(X o xn—l)

Xg S X <X

X Sx2 X,

X

“]JJ (Linear) Spline Method of Interpolation
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AGH
With data points:

points.

A

o Vo d

“]JJ (Quadratic) Spline Method of

Interpolation

(xo,yo), (xlayl)a'"(xn—layn—l)a (xnayn)

we write a variety of quadratic functions between each pair of

% + A X+ 7%

l LAY /

(2.3

|

2 %t +hx+e,

(Taa¥a /

' V!

2
/—_;x +hx+e,
L ]

= I-x:'e—lr Fa1!

Numerical Methods - Lecture 2
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“]JJ (Quadratic) Spline Method of

Interpolation
AGH
f(x):dlx2+b1x+cl xO Sxle
f(x)=a,x* +byx+c, X Sx<x,
f(x)=a,x*+bx+c, X, <x<x,
Find the coefficients a;, bi > C; i=12,...n

We have 3n unknown values so we need 3n equations

Numerical Methods - Lecture 2



“]JJ (Quadratic) Spline Method of
Interpolation

M

AGH

Each parabola passes through two points, so we have 2n
equations

2
S (xg) =aixy” +bxy+¢

2
S (x)=ax;” +bx; +¢

2
S (i) =ax; " +bix +c

l

2
f(x)=ax;” +bx; +c

2
f(xn—l) — anxn—l + bnxn—l + Cn
2
f(x,)=a,x,” +b,x,+c,

Numerical Methods - Lecture 2
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“]JJ (Quadratic) Spline Method of
Interpolation

M

AGH

Additional conditions imposing continuity of the first
derivatives in n-1 internal nodes can be obtained :

2
ax +bx+c /> ) 2a,x+ b,
for /(%) 2. p > 2a,x+b
a,x“+byx+c, T X+ Db,
- Yy
SO. ey
2611)(,'1 + bl — 2a2x1 + b2 /——;iape-Za,x+b,
- .' Fhony)
Slope = 2a;x+ & 2 '{&a%‘)
l Y
T (e22)
2an_1xn_1 + bl’l—l — 2dnxn_1 + bl’l ) Slope = 2a,x + b,
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“]JJ (Quadratic) Spline Method of
Interpolation

M

AGH
As a results, we get n-1 equations: 2a,x, +b, —2a,x, —b, =0

2a,%x, +b, —2a;x, —b; =0

120

2a, x, +b, —2a,x, ,—b, =0

n

The total number of equations is 2n+(n-1)=3n-1

The one needed equation may take a form of @, =0

The first spline function is linear.
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Example

Table 1 Velocity v as a function of time t

t(s) v(m/s)
0 0
10 227.04
15 362.78
20 517.35
22.5 602.97
30 901.67

velocity v(m/s)

1000

800 -

600 4

400 4

200 4

04

e data

time t(s)

Find speed at t = 16 s using the quadratic spline interpolation

Numerical Methods - Lecture 2
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Il

v(t)=at” +bt+c,
=a,t’ +b,t+c,,
=a,t’ +b,t+c,,
=a,t’ +b,it+c,,

2
=a.t” + b +cs,

Numerical Methods - Lecture 2

15<¢ <20

20<¢ <225
22.5<1t<30
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M

AGH data points

v(t)=a,t” +bt+c,,

1000

0<¢<10

“]JJ Each spline goes through two adjacent

< a, (0)2 +b1 (O) TC = 0 ~ 0- o data points
| a,(10)2 +5,(10) + ¢, = 227.04% .

Numerical Methods - Lecture 2

time t(s)
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o e | @0 +b,(10) +c, =227.04

0 0 a,(15)° +b,(15)+c, =362.78

10 227.04 a.(15)> + b, (15) + ¢, = 362.78
362.78
;(5) 5?7.;5 a;(20)° +b5(20) + ¢, = 517.35

22.5 | 602.97 a,(20)° +b,(20)+c, =517.35

30 901.67 a,(22.5)° +b,(22.5) +c, =602.97

There are 10 equations, g (22.5)* +5,(22.5)+ ¢, =602.97
15 coefficients to calculate a, (30)2 n b5 (30) +c, = 001.67
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“]JJ The continuity of derivatives

v(t)=a,t> +bt+c,, 0<i<10

2
=a,t” +b,t+c,, 10<¢<15

%(altz +bt+c, )

(Zalt +b, )‘t:m = (Zazt +b, )‘

2a,(10)+b, =2a,(10)+b,
20a,+b,-20a, -b, =0

Numerical Methods - Lecture 2

t=10

dt

= i(aztz +b,t+ 02)

t=10

t=10
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@!JJ The continuity of derivatives — cont.

for t=10s 2a,(10) +b, —2a,(10)-b, =0

for t=15s 2a,(15)+b, —2a,(15)—-b, =0
for t=20s 2a;(20) + by —2a,(20) - b, =0
for t=22.5s 2a,(22.5)+b, —2a,(22.5)—b, =0

4 additional equations

The last equation a, =0
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The final matrix of 15 equations and 15 unknowns

227.04

227.04

362.78

362.78

517.35

517.35

602.97

602.97

901.67

S O O O O

¢

a,

¢y

ds

bs

C3

dy

0 b

0
0

0

0
100

100 10 1

0
0

1
1

10
15

0 O

0 0 225

0| b,

0
0
0

1
1

0

1
1

15

0 0 225
0 0 400 20

0

0
0

0
400
0 0 506.25 225

20

0

1

0

0

0 506.25 225

0

30

900

-1

0
0
0
—45
0

0
0
0
0
0

-1
1
0
0

-30

0
0
0 0 40
0
0

-1
1

—-20
30
0
0
0

0
0
0
0
0

1
0
0
0
0

20
0
0
0
1
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k7 Solution
i a D, C;
1 0 22.704 0
2 0.8888 4,928 88.88
3 -0.1356 35.66 -141.61
4 1.6048 | -33.956 | 554.55
5 0.20889 28.86 -152.13

Make sure that these values are correct

Numerical Methods - Lecture 2
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Solution

v(t) = 22.704¢,
—=(0.8888¢° +4.928¢ + 88.88,
=—0.1356¢" +35.66¢t —141.61,

=1.6048¢* —33.956¢ + 554.55,

=0.20889¢% +28.861 —152.13,

Numerical Methods - Lecture 2

Velocity (m/s)

1000

0<r<10
10<¢ <15

15<t<20
20<¢ <225
22.5<t<30

800+

600

400+

200+

20
Time(s)

30
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@!JJ Velocity at a specific moment

a) Velocity att=16s
v(t) =22.704¢, 0<r<10
= (0.8888¢> +4.9287+88.88, 10<7<15

=—0.1356¢" +35.66t —141.61,° 15<¢ <20

=1.6048¢* —33.956¢ +554.55, 20<¢<22.5
=0.20889¢° +28.86¢ —152.13, 22.5<¢<30

v(16)=-0.1356(16)° +35.66(16)—141.61
=394.24 m/s

As a homework, please compare the calculated value of the
velocity with the value obtained by polynomial interpolation
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;@]]!JJ Acceleration at a specific moment

b) Acceleration at t=16s

v(t) = 22.704¢, 0<¢t<10

= (0.8888 ¢* +4.928¢+88.88, 10<¢<15
= —0.1356¢ +35.66¢t —141.61, 15<¢<20

=1.6048t° —33.956¢ +554.55,20<¢t<22.5
=0.20889¢> + 28.86t —152.13, 22.5<t<30

d

a(l6)=—v
(16) ”

(t)‘ =16
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@!JJ Acceleration at a specific moment

The quadratic spline function at the point t = 16s is given as:

v(t)=—-0.1356 1> +35.66¢ —141.61, 15<¢<20

a(t) = %(—0.135&2 +35.66t —141.61)

=—0.2712¢ +35.66,

a(16) =—-0.2712(16) +35.66 =31.321m/s>

As a homework, please compare the calculated value of the
acceleration with the value obtained by polynomial
interpolation

Numerical Methods - Lecture 2
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Numerical Methods - Lecture 2

MMJ Calculation of a distance covered
AGH

c) Find the distance covered by the rocket between t=11s to t=16s.
w(t) = 22.704t, 0<1<10
=(0.8888¢" +4.928¢ + 88.88, 10<t <15
=—0.1356¢> +35.66t —141.61,  15<¢<20

=1.6048¢% —33.956t +554.55, 20<¢<22.5
=0.20889¢> +28.86r —152.13,  22.5<¢<30

S(16)—S(11)= lfv(t)dt

11

4



“]JJ Calculation of a distance covered

v(t)=10.8888¢” +4.928¢+88.88, 10<s<15
=—0.1356¢> + 35.66¢ — 141 .61, 15<1<20

16 15

S(16)—-S(11)= j v(t)dt = j v(2)dt + Tv(t)dt

11 11

15
= I(O.888812 +4.928¢ +88.88)dt
11

16
+ j(—o.1356z2 +35.66t—141.61)dt =1595.9 m
15

As a homework, please compare the calculated value of the
distance with the value obtained by polynomial interpolation
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“]JJ Error of interpolation

sup | £ (x)

n

£ () =W, (x)] < 2==222 T (x=x;)
(n+1)! i=0
Assuming that: M . = sup ‘f(”“)(x)‘
xe<a,b>

7

The upper limit of the module (n+1)t" derivative of f(x) in <a,b>

,(x) = (x—x,)(x = x)-(x—x,)
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“]JJ Error of interpolation

f(x) - W(X)| o @, ()

Example: +1)!

Assess with what accuracy you can calculate the value of In 100.5
using Lagrange interpolation formula, if the given values are: |In 100
In 101 In 102 In 103

f(x)=1In(x), n =3, a=100, b =103, f<4> (x) = —x—64
M,= su ) (x
* xe<100€03>‘f ( )‘ 1004
In 100,51 (100,5) < —2—-0,5-0,5-1,5-2,5 = 2,344-10°
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“]JJ The optimum choice of interpolation
AGH nodes

f(x) - W(X)| oo @, (%)

+1)!

The value of the error depends on the choice of the interpolation
nodes - w,. We cannot affect the M_, ,

How to choose the interpolation nodes x; to achieve the lowest value
of:

sup |@, (x))

xe<a,b>

This issue was formulated by Russian mathematician P.L.
Chebyshev as a problem of finding the best algebraic polynomial
approximating zero in a given interval.
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mJJ Chebyshev polynomials

Chebyshev polynomials (of the first type):

T (x)=cos(n arccosx)

It can be shown that the polynomial T,(x) is identical with a certain
algebraic polynomial limited to the interval<-1,1>.

T,(x) =1
T, (x) =cos(arccosx)=x
T,(x) = cos(2arccos x) = 2x* —1
T,(x) = cos(3arccos x) = 4x> —3x

T, (x)=2xT,_,(x) =T, ,(x)
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@I!J' Chebyshev polynomials of the first type

T (x)=1 1,(x)=cos(arccosx) =x
u 5
1 Tgfﬁ"} : |
Ta(z) Ta(x) |
Talr]
| 1 T =1 0 1 r

TS(-T)
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Chebyshev polynomials of the first type are the solution of
the differential equation:

d T (x) dT (x)

(1-x°) —X +n’T (x)=0

dx

They are defined by the Rodrigues formula:

. Nl=x> d" [ 5 —1/2]
T (x)=(-1 l—x
Chebyshev polynomials of the first type are orthogonal in the
interval
<-1,1> with a weight: 1

w(x) =
1—x°

Numerical Methods - Lecture 2
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@IJJ' Chebyshev polynomials of the second type

U,(x)=1 U, (x)=2x U,(x)=4x" -1

Uy(z) =

Us(x)
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Chebyshev polynomials of the second type are the solution of

the differential equation:
dzU (x) dU (x)

X

—3x

(1-x%) +n(n+2)U, (x)=0

They are defined by the Rodrigues formula

n+l d” n+1/2
VB =l ﬂ@nﬂwdx -1

Chebyshev polynomials of the second type are orthogonal in the
interval <-1,1> with a weight :

w(x) =+1-x"

Numerical Methods - Lecture 2 86



M]JJ The optimal choice of interpolation nodes
AGH

Every Chebyshev polynomial of a degree n has roots at:

2m+1
2n

x, = cos( m), m=0,1,2,...,n—1

between -1 i +1

Coefficient of the highest power of T, (x) is equal to 2"-1.

We are looking for a polynomial, which has the highest power factor
of unity

T () =25 Ty () = (=5 )= %) (3,

where x.,(m=0, 1, 2, ..., n) are the roots of a polynomial T,

Numerical Methods - Lecture 2 87



M]JJ The optimal choice of interpolation nodes
AGH

Expression: sup ‘a)n (x)‘

xe<a,b>
in the interval<-1,1> has the lowest value for the polynomial :

0,0 =25 Ty () = (=X )63 (8-,

- - 1
in this case: sup Cf)n(x)‘ = oL
xe<-1,1>

When, in the interval<-1,1> we assume Chebyshev polynomial
zeros as the interpolation nodes , then:

Mn+1
f(x) =W, (x)| < 2 (n 1 1)
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M]JJ The optimal choice of interpolation nodes
AGH

At any range <a,b> estimated error is:

Mn+1 (b B a)n+1

YOS R TR

the selection of nodes:

X, 1 (b—az)(:os2m+1
2 2n+2

)+ (b+ a)}, m=0,1,2,....n

The new nodes x,,, are not evenly spaced, but are concentrated
at the ends of the interval.

1
x=—|[(b—a)z+®+a)]

Simple linear transformations convert x 2
from the interval <a,b> to z in the 1

interval<-1,1> 2= (Zx—b—a)

b—a

Numerical Methods - Lecture 2 89



mJJ Interpolation - summary

M

AGH

Conclusions:

1. When calculating the values of the polynomial interpolation
in one or more points the problem of selecting a
interpolation formula is not important.

2. The selected formula and distribution of nodes affect only
the calculation error.

3. The number of multiplications and division mainly
determines the total time needed for calculations

for the Lagrange polynomial n2+4n+2
For the Newton polynomial 1/2 n2+3/2 n
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